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Preface

The 65th birthday of Jaak Peetre is a natural time for a very special celebration. As
July 29, 2000 drew closer, this was quite obvious to all of us who work in the theory
of interpolation spaces, or apply this theory to other fields, and also to many working
in other fields where Jaak has also left an indelible mark.

So, indeed, on August 17–22, 2000, the Centre for Mathematical Sciences at Lund
University held a conference in honour of Jaak’s birthday. This auspicious event was
attended by 130 mathematicians from 19 countries and these Proceedings contain
(mostly) contributions delivered at the conference.

The conference was organized by Michael Cwikel, Björn Jawerth, Jacques-Louis
Lions, Lars-Erik Persson, and Gunnar Sparr, with invaluable assistance from Genkai
Zhang and also from Ann-Kristin Ottosson, Sven Spanne, Lars Vretare, and other
members of the staff of the Centre for Mathematical Sciences at Lund University.

To enable these Proceedings to better serve as a record of the conference, we have
recalled and presented various details of the speakers and the program in some of
the pages to follow. The reader wishing to further participate in the special spirit of
the conference is invited to visit the website http://www.maths.lth.se/confer-
ences/peetre65.html including the pictures on display there, and to remember or
imagine the wonderful banquet in the Trollenäs castle, complete with medieval music
and memorable speeches by Lars Gårding, Jaak himself, and others.

Given the great depth and breadth of Jaak Peetre’s mathematical work, a detailed
survey and discussion of it could fill an entire volume, and it would be larger than this
one. We have confined ourselves to giving a brief summary of this work, including
a list of Jaak’s publications. We are particularly grateful that Jaak himself agreed to
augment our efforts here with an article giving some of his perspectives on the history
of the theory to which he has contributed so substantially.

It seems particularly fitting that the article appearing immediately after Jaak’s
is a contribution from Jacques-Louis Lions, Jaak’s co-author for the creation of the
“espaces de moyennes” in their illustrious seminal paper about the “real” interpolation
method. As already mentioned above, Jacques-Louis Lions was also actively involved
in the organization of the conference, even though he was not able to actually attend
it. Very sadly, he passed away soon after we received this paper from him.

There was also another tragic event which occurred just a short time before the
conference. Yet another outstanding mathematician, Thomas Wolff, who was to have
been one of the main speakers, perished in a road accident. On the day and at the
time when Tom had been scheduled to speak, we honoured his memory by sharing
recollections of him and recalling highlights of his work in a memorial session.

The main speakers at the conference were Jonathan Arazy, Yuri Brudnyi, Mischa
Cotlar, Ciprian Foias, Svante Janson, Nigel Kalton, Sergey Kislyakov, Peter Lindqvist,
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Vladimir Maz’ya, Vladimir Ovchinnikov, Vladimir Peller, Richard Rochberg, Evgueni
Semenov, Hans Triebel, Hans Wallin, and Nahum Zobin. In all, 73 oral presentations
were delivered, a full list of which can be found at the end of this volume.

We hope that this volume will give the reader valuable insights about new results
and trends in some important fields of analysis which have all been strongly influenced
by the work of Jaak Peetre.

Finally we would like to express our gratitude to the Publishing House Walter de
Gruyter, Berlin, for fruitful collaboration.

Haifa, Prague, Luleå, Lund Michael Cwikel, Miroslav Engliš, Alois Kufner,
April 2002 Lars-Erik Persson, and Gunnar Sparr
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Opening address

by Hans Wallin, Umeå University

Dear Jaak,
Dear fellow mathematicians,

We have come to this conference to celebrate Jaak as a mathematician and as our
friend. Jaak is well-known and respected all over the mathematical world and it is a
great pleasure for me to say a few words to him and about him at the opening of this
conference.

I would like to start by quoting the author G. B. Shaw:

The reasonable man adapts himself to the world;
the unreasonable one persists in trying to adapt the world to himself.

Therefore all progress depends on the unreasonable.

I think that a successful mathematician has to be a little unreasonable, and I think
that Jaak has understood this.

Jaak is a great mathematician with a strong curiosity and a big appetite for math-
ematics. He is, together with Jacques-Louis Lions, the creator of the real method
in interpolation theory. Jaak talked about that method as an invited speaker at the
International Congress of Mathematicians in 1970. Jaak’s fundamental contribution
to interpolation theory and related fields such as function spaces and approximation
theory has been very influential. It has inspired many mathematicians, including many
attending this conference. In particular, I want to mention his charming monograph
“New thoughts on Besov spaces”. This book is written in such a good way that when
you read it you can even forgive Besov spaces for having three indices.

Jaak’s mathematical interests are very broad. He has made contributions on partial
differential equations, spectral theory, singular integrals, differential geometry, Hankel
operators, and other areas.

Let me give you some figures about Jaak:
• Jaak was born in Estonia and came to Sweden at the age of 9. He has kept

his contact with Estonia and is an honorary member of the Estonian Mathematical
Society. He is, by the way, also one of the three honorary members of the Swedish
Mathematical Society.

• He became professor in Lund at the age of 27 – he was then the youngest professor
in Sweden. Recently he became the youngest retired professor in Sweden; the age of
retirement in Sweden is 65.

• He has been the thesis advisor of approximately 15 PhD students.
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• He has written more than 200 mathematical papers.
• He has joint publications with 44 different mathematicians from 13 countries.
• He got 65 and retired in July this year. Somebody told me that before his

retirement he had some kind of device in his office showing how many seconds there
remained to his retirement.

• He has successfully run 19 marathon races. He is a tough long distance runner.
Once at a conference in Budapest, on an extremely hot day, I was running with him.
The only thing that kept me running with him the whole distance was his patience
with me and the heat – when I tried to stop I felt the heat burning like a fire inside me.

In a newspaper interview recently Jaak said that the best part of summer is June
with its changes in nature and the worst part is July which he claims is in some sense
a dead month. He did not say anything about August. However, I feel that this year
August, with this conference, will be the best part of summer.

Dear Jaak,
I am proud that I know you.
I am happy that you are my friend.
I look forward to this week.

I declare the conference opened.



Jaak Peetre, the man and his work

Michael Cwikel, Lars-Erik Persson, Richard Rochberg
and Gunnar Sparr

1. A brief biography – from 1935 to today

Jaak Peetre was born on July 29, 1935 in Tallinn, Estonia. He grew up in the ancient
town of Pärnu, some 120 kilometers south of Tallinn.

The turmoil of World War II did not spare Estonia. On September 15, 1944 Jaak
and his family left Pärnu for Tallinn and soon afterwards they sailed from there to
Sweden while Tallinn harbour was attacked by aircraft. Two days later most of the
mediæval quarter of their former home town Pärnu was destroyed in another air raid.
On January 13, 1945, the family settled in Lund, which has been Jaak’s home and
place of work for most of the time ever since.

By the time Jaak had completed high school, his passion and talent for mathematics
were completely apparent, and he enthusiastically and unhesitatingly set out along the
path towards making mathematics his life’s work.

By 1959 he had already completed his undergraduate and graduate studies at Lund
University with a Ph.D. in the area of partial differential equations. In that same year
the university appointed him as a docent in mathematics.

A number of mathematicians greatly influenced and inspired Jaak’s early research.
These included Åke Pleijel, who was his supervisor for licentiate studies, and also
Lars Gårding, Lars Hörmander, Jan Odhnoff, and Bernard Malgrange.

In 1963 Jaak Peetre became the youngest professor of mathematics in Sweden. His
appointment was at the newly created Lund Institute of Technology (Lunds Tekniska
Högskola), which is a part of Lund University. Apart from the period of his profes-
sorial appointment at Stockholm University (1988–1992), Jaak has worked at Lund
University ever since.

In 1962 Jaak married Irene Kunnos. Their three children, Mikaela, Jakob (Oppi)
and Benjamin were born in 1963, 1964 and 1968.

Irene’s tragic and untimely death in 1972 meant that Jaak, for many years, would
combine his mathematical research and other duties with the no less demanding and
essential rôle of being both parents for his young children. Among mathematicians,
Jaak likes to refer fondly to his children as “BMO”.

In August 2000, Hans Wallin gave an eloquent and heartfelt welcoming address
which opened the conference in Lund celebrating Jaak’s 65th birthday, a celebration
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which continues in these pages. We are very happy to reproduce Hans’ text elsewhere
in this volume. It includes a list of impressive “facts and figures” about Jaak. We
would now like to expand upon some of the items in that list, and add a few more:

• Yes, as may surprise those who know him only by his publications, Jaak is indeed a
long distance runner and he has run 19 marathon races. His best time for a marathon
is 2 hours 59 minutes!

• The list of languages that he knows and uses obviously includes Estonian, Swedish
and English, but there are also Finnish, French, German, Latin, Russian and Spanish
and even a few words of Hebrew1 and quite possibly some other languages that he
has not yet told us about.

• Among his other diverse skills we can mention, for example, baking. His repertoire
here includes a wonderful flax seed bread, and “glace au four”, a remarkable cake
which, despite spending considerable time in the oven, emerges with frozen ice
cream in its interior.

• Jaak has maintained his links with his native Estonia in various ways:

He is an honorary member of the Estonian Mathematical Society.

Last year, on February 24, Estonia’s national day, Jaak was among those who
received the III Class of the Order of theWhite Star (Valgetähe orden) from President
Lennart Meri.

Many of Jaak’s colleagues recall that the letters we received from him in past times
would often bear stickers with pictures of Estonian dissidents, calling for their
freedom. This cause may have sometimes seemed quite hopeless to many of us
then, but Jaak’s persistence would be well justified and bear its fruits in due course.

• Apart from being one of the few (now five in all) honorary members of the Swedish
Mathematical Society, Jaak was also president of the society during the years
1984–1987.

• Jaak was elected to membership of the Royal Swedish Academy of Sciences in
1983.

• Jaak Peetre has supervised 16 graduate students. We give some details about them
below (see Section 3). To this day, each of Jaak’s former students is working and/or
teaching enthusiastically and significantly in some branch of mathematics or some
other related field. Several of them have apparently been “infected” by Jaak’s taste
for a wide and imaginative range and interplay of interests, since they have headed
in widely divergent directions, some of them reaching fascinating new interfaces of
mathematics with other disciplines.

1Many years ago when Jaak attended a lecture, in Hebrew, given in Jerusalem by one of the authors
of this article, another member of the audience, namely Joram Lindenstrauss, interrupted the lecturer and
said, in Hebrew, that he should be lecturing in English for the benefit of our guest from abroad. But that
guest immediately called out “Lo!” (“no” in Hebrew).
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• We will later have more to say about the fundamental paper [21] by Jacques-Louis
Lions and Jaak Peetre which founded the real interpolation method and developed
a substantial part of its theory. This paper apparently has the added distinction of
containing the only research in pure mathematics to have ever been supported by
Interpol! The reader is invited to read the footnote on the first page of [21] and draw
his or her own conclusions!

On September 22, 1985, Jaak met Eila, and they have shared life together ever since.
Nowadays they live in the former fishermen’s village of Kåseberga, 80 kilometers from
Lund. All those who wish to become acquainted with Jaak and Eila’s rose garden, and
many other things, are warmly invited to visit Jaak’s homepage!

http://www.maths.lth.se/matematiklu/personal/jaak/engJP.html

2. Research

We hope that this section will help you share our great enthusiasm about Jaak’s math-
ematical creations and Jaak’s own great enthusiasm about mathematics. We should
stress that we have not sought to engage in any rigorous processes of allocating credits
or priorities. We of course connect Jaak’s work with the work of others, but inevitably
we can only indicate some small part of the big picture. We certainly do not intend to
make any judgements, even implicitly or by omission, concerning the works of other
mathematicians.

Let us begin by attempting to divide Jaak’s scientific output into a number of
main subjects or subject groups. Of course, in the nature of things, there are overlaps
between these groups and some papers may be listed under more than one heading.
The numbers here refer to the list of Jaak’s publications which appears as a separate
item immediately after this article2.

1. Partial differential equations. ([1–8], [10–13], [15], [18], [19], [38], [43], [44],
[46], [87], [98]).

2. Interpolation spaces and interpolation of operators. ([9], [14], [16], [17], [20],
[21], [23–25], [28], [31], [33–35], [37], [39], [41], [42], [45–47], [50–53], [56–58],
[60–63], [65], [67], [70], [71], [78], [79], [81], [85], [86], [88], [90], [92], [94], [95],
[97], [98], [100], [105], [107], [126], [140], [149], [164], [169], [173], [174]).

3. Spectral theory and distribution semigroups. ([22], [26], [27], [29], [36], [37],
[54], [59]).

4. Besov spaces and related function spaces. ([9], [32], [40], [48], [59], [68], [73–78],
[80], [84], [90], [115]).

2We have not systematically included the research reports and other less formal bibliographical items
( [201] to [289] ) in this classification. Many of them also fit into one or another of the listed categories.
Some deal with entirely different topics, e.g. automata theory.
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5. Approximation theory. ([49], [55], [63], [64], [75], [93], [117]).

6. Fock spaces and Clifford analysis. ([116], [120], [123], [124], [142], [146], [147],
[151], [157],[167]).

7. Inequalities, means and iteration of means. ([66], [95], [102], [106], [114], [132],
[133], [144]).

8. Hankel operators and invariant function spaces. ([93], [95], [96], [99], [101], [103],
[104], [108], [109], [110], [111], [112], [116], [118], [121], [122], [124], [125], [127],
[128], [130], [136], [138], [139], [141], [143], [145], [148], [152], [155], [156], [159],
[160], [162], [165], [168], [178], [182]).

9. Green’s functions and the Berezin transform. ([134], [136], [166], [170], [171],
[172], [178], [179], [187]).

10. Multilinear forms, trilinear forms in Hilbert spaces. ([93], [104], [136], [150],
[175], [180], [181], [184], [210],[217], [220], [221], [222], [227–230]).

11. Special functions. ([69], [89], [91], [96], [135], [145]).

12. Fourier analysis and more general harmonic analysis. ([51], [141], [98], [155],
[165]).

13. History of mathematics and related questions. ([113], [158], [161], [176], [177],
[186], [206], [207], [208]).

14. Other miscellaneous topics. (Differential geometry: [82], [83]. Generalized
translations: [49], [72]. Ordinary differential equations: [158]. Singular integrals:
[30]. Stieltjes algorithm: [137]. None of the above: [119], [129], [131], [153], [154],
[157], [163], [183], [185].)

15. Editorial work and translations. ([188–200]).

Our original hope was to provide a survey of Jaak’s work in all or most of the above
categories. But the constraints of space and time have obliged us to very reluctantly
settle for a partial description. In the following four subsections we have concentrated
on items 1, 2, 8 and 10. The reader should be well aware that many of Jaak’s other
fascinating and significant results have not been mentioned here. Thus, alas, for
example, we have said nothing about his important book “New thoughts on Besov
spaces”, and we have hardly discussed his more recent works with Miroslav Engliš
and with Peter Lindqvist, and so on and so on . . . .

Partial differential equations

Jaak’s career began in the realm of p.d.e. His very first papers are the short notes
[1] and [2] which appeared in 1957. They extend a result of his supervisor Åke
Pleijel to the case of Riemannian manifolds and give asymptotic estimates for the
number of nodal domains for eigenfunctions of the Laplace–Beltrami operator. One
important ingredient is an extension of the Rayleigh–Faber–Krahn estimate for the
lowest eigenvalue of the Dirichlet problem to this same context. (Coincidentally,
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Krahn had been Jaak’s mother’s teacher in Tartu in 1925–1929.) Jaak himself has
tended to dismiss these youthful beginnings as rather insignificant, but others have
taken them rather more seriously. They found their place among a distinguished
family of results discussed by Robert Osserman in his address to the ICM in Helsinki
in 1978.

A result about elliptic operators by Felix Browder [Br] was the starting point for
Jaak’s Ph.D. thesis [6]. He extended Browder’s result to the class of (formally) hypoel-
liptic operators. It was in this connection that he introduced the class of “operators of
type (P )”, which have since come to be more commonly referred to as “operators of
constant strength” and have been extensively studied. (See, for example, the chapters
about them in both of Hörmander’s books [Hö1] and [Hö2] (part II, Chap. XIII).) The
thesis also dealt with elliptic boundary value problems, to which its author would later
return in greater detail.

There are also a number of other more “technical” innovations in the thesis which
should be particularly mentioned:

1o a useful definition of the Sobolev spaces Hs(�), where � is a domain in R
n,

as a quotient of Hs(Rn).
2o the introduction of the operator ∂/∂t + i

√
1−�′ (where �′ = ∂2/∂x2

1 +· · ·+
∂2/∂x2

n−1 and t = xn), which preserves the class of distributions in Hs(Rn) which
are supported in the halfspace {t ≥ 0}.

3o the definition of distributional boundary values for solutions of a general p.d.e.
in a domain with noncharacteristic boundary, along with an accompanying Green’s
formula. (A microlocal version of this result was subsequently obtained by Melrose
[Me].)

We have already alluded in Section 1 to the important influence of several mathe-
maticians on Jaak’s early research. More specifically, in connection with his thesis, we
should particularly mention Lars Gårding and Lars Hörmander and also Jan Odhnoff,
a fellow student whom Jaak especially appreciated. Furthermore, some discussions
with Bernard Malgrange during a brief visit – at the initiative of Laurent Schwartz –
to Strasbourg in April 1959, played an especially crucial rôle. Malgrange suggested
investigating quasi-linear hypoelliptic operators also. In fact that same month saw
another event which would be pivotal for Jaak’s later development, a meeting with
Jacques-Louis Lions and Emilio Gagliardo in Nancy.

During the preparation of his thesis Jaak also obtained a “local” characterization
of linear partial differential operators. He published it separately as the paper [7].
As with [1] and [2], Jaak has tended to consider this as a minor result, but again he
seems to have underestimated it. Actually it turns out that [7] is one of his most cited
papers. A gap in the proof was overcome in [8] using a different approach suggested
by Lennart Carleson. But Jaak’s preferred way of fixing this gap, an easy modification
of the original proof, would be given later in [254]. Another later sequel to [7] was
the joint work [237] with Jan Persson, where the result was extended to a non-linear
situation. But this paper has remained a preprint since some of its content turned out
to overlap with a paper of Marchaud [Ma] (cf. also [Per]).
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Jaak spent most of the academic years 1960/61 and 1961/62 in the United States,
first at NewYork University, in fact at the Courant Institute before it became the Courant
Institute, and then at the University of Maryland. During this time he continued
his work on p.d.e., further exploiting techniques developed in his preceding papers.
The papers [10–13] and [19] were written during this period. The paper [12], in
particular, has had some interesting sequels. Although the situation it treats may at first
seem rather “artificial” (constant coefficients and a halfspace), [12] has nevertheless
triggered a body of further research. For a survey, see the book of Gelman and Mazya
[GM], as well as the work of T. Donaldson (e.g. [Do]). (Note also the connection with
[43] discussed below.) In [13] and [19] Jaak studied mixed elliptic problems in two
dimensions. He dealt only with the L2-theory. The corresponding Lp-estimates were
obtained shortly afterwards by Eli Shamir. (See [Sham].)

It also seems that a chapter on elliptic boundary value problems in Dieudonné’s
treatise [Di] was probably influenced by this part of Jaak’s research.

The extensive lecture notes [18], written soon after these papers (spring 1962), gave
Jaak an opportunity to summarize and express the perspectives and insights which he
had acquired by this stage in his study of elliptic p.d.e.s.

One more p.d.e. paper from this epoch is the brief note [43], written during a
visit to Brazil. It suggests an alternative approach, based on the formulæ in [12],
to the Agmon–Douglis–Nirenberg theory of Lp-estimates for elliptic boundary value
problems. The details of this were later developed by Jaak’s student Leif Arkeryd
[Ark1]. Cf. also [Ark2], [Ark3].

By this time Jaak’s research had already begun to branch out into interpolation
and several other fields, which will be described, at least in part, in the remaining
three subsections. However since then he has also returned from time to time to study
p.d.e., for example in the papers [44], [46], [87], [98] which consider quite a variety
of questions, and also the lecture notes [38]. These notes had been intended to be of
an elementary nature. But one idea in them turned out to be useful in the research of
Winzell [Wi].

A number of Jaak’s papers in spectral theory which are listed above under item 3
also have connections with p.d.e.

Interpolation spaces and interpolation of operators

For many of us the words “interpolation spaces” and “Jaak Peetre” are almost syn-
onymous. Indeed, a very substantial part of Jaak’s research deals with aspects, many
aspects, of the theory and applications of interpolation spaces. Even a mere glance
at any of the monographs [BSh], [BL], [BKr], [BB], [KPS], [Ov2] or [Tri], or at
the survey article [BKS], suffices to reveal the depth and breadth of Jaak’s essential
contributions to this subject.

The foundations of interpolation space theory were laid in the early 1960’s. It
arose from the classical interpolation theorems of Riesz–Thorin and Marcinkiewicz



Jaak Peetre, the man and his work 7

originally developed for use in harmonic analysis, and also from questions in p.d.e.
and traces of Sobolev spaces. Among those who contributed to its “birth” we can
mention, apart from Jaak, Nachman Aronszajn, Alberto Calderón, Mischa Cotlar,
Emilio Gagliardo, Selim Grigorievich Kreı̆n and Jacques-Louis Lions. Other early
pioneers of interpolation whom Jaak also particularly appreciated included Martin
Schechter and Martin Zerner.

At about this time a general framework for the theory was being defined by Aron-
szajn and Gagliardo. Their fundamental paper [AG] about this would appear in 1965.
Calderón, Kreı̆n and Lions were each developing their respective versions of complex
interpolation spaces, distilled from Thorin’s beautiful proof 3 of the Riesz–Thorin
theorem.

As mentioned above, Jaak had already met Gagliardo and Lions in 1959. They had
both made a deep and lasting impression upon him, and he subsequently maintained
regular contacts and correspondence with Lions.

In the paper [9] Jaak took his first steps from the topics of his thesis towards
the realm of interpolation. He dealt with inclusions between various function spaces
which he had introduced in his thesis. This work, in parallel with Lions’ work on trace
spaces, and the correspondence between the two of them, apparently helped to create
the fertile environment in which both of them simultaneously discovered the “espaces
de moyennes”. They announced these parallel discoveries jointly in [14] and went on
to give a definitive and far reaching account of the theory of these spaces. This was
done in the now classical paper [21], truly a landmark in interpolation theory. Their
“espaces de moyennes” are now referred to more often as “real method interpolation
spaces” and denoted by (A0, A1)θ,p.

Many very important properties of these spaces, including reiteration formulæ,
description of their duals, and initial versions of multilinear interpolation theorems
and interpolation of compactness, can be found already in [21].

If the Calderón (and also Lions and Kreı̆n) complex method spaces [A0, A1]θ , are
clearly “descendants” of the Riesz–Thorin theorem, it could also be claimed that the
Lions–Peetre real method spaces (A0, A1)θ,p can be considered as “descendants” of
the Marcinkiewicz interpolation theorem. But in this case the “genealogy” is rather less
transparent. Certainly, one of the several equivalent ways of constructing (A0, A1)θ,p
given in [21] is quite reminiscent of Marcinkiewicz’ technique of decomposing a
function into a sum of two parts and applying different norm estimates to the action
of an operator on each of those parts. Furthermore the Marcinkiewicz theorem can be
deduced from the reiteration formula for real method spaces. But the initial definition
of (A0, A1)θ,p in [21] also looks very much like a “Fourier transform” of the definition
of the spaces [A0, A1]θ and indeed this fact is exploited in [21] to establish inclusions
between these two kinds of interpolation spaces. It is intriguing to wonder how and to
what extent these two different facts, and/or other facts, such as a number of related

3This proof has aroused much enthusiasm and been warmly praised, e.g. by Littlewood. See Jaak’s
article in this volume for some details about that. Thorin’s proof, understandably, has come to overshadow
Riesz’ original proof of 1927, but later we will say more about Jaak’s interaction with that original proof.
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ideas introduced by Gagliardo (cf. [28]), or trace spaces, or other problems related
to elliptic p.d.e.s and the Sobolev spaces Hs(�) actually motivated the authors of
[21] at the time when these spaces were first defined. At various times in the past we
have asked both Jaak and Jacques-Louis Lions about this. Neither could confirm our
“pet” theory, that the real method spaces emerged naturally as “Fourier transforms” of
the complex method spaces. In Jaak’s case the main inspiration was apparently from
Lions’ trace spaces, and it was only afterwards that he saw the connection with the
complex method4.

Jaak recalls deciding in about 1962 to devote his research entirely to interpolation
space theory5. One avenue of this research was the refinement and generalization of
the real method introduced in [21]. Thus in [17] and [20] he showed how to obtain all
Lions–Peetre spaces using only two parameters, instead of the three or four used in their
original definition. (It is clear from standard examples that it is impossible in general to
manage with fewer than two parameters, but a stronger version of this fact, answering
a long standing question of Lions, would only be obtained much later by Per Nilsson
in [94].) Another innovation in [17] was the reformulation of the construction of the
spaces (A0, A1)θ,p in terms of certain equivalent norms on A0 +A1 and on A0 ∩A1.
Jaak called these the “K-functional”, and the “J -functional”. He is able to recall [P1]
the train of thought that led him to them. He surely did not guess then how very
important and popular they would become. Although at first their introduction may
seem like little more than a rewriting of definitions, these two functionals, especially
the K-functional, have turned out to be extremely helpful conceptually, exactly the
right vehicle for understanding how and why the real interpolation method works, and
expressing it concisely. The K-functional has also had a major impact beyond the
realm of interpolation spaces, notably in approximation theory6.

The papers [23], [25] and [41], are surveys presenting various versions of the
real interpolation method via K- and J -functionals. In particular [41] is based on a
series of lectures which Jaak gave in Brasilía in 1963. Here the theory is presented
in the rather general context of what have since been come to be known as “function
parameters”. There is also some implicit anticipation of the “Boyd indices” [Bo].

In the next stage of evolution of the real interpolation method, beginning in the
late 1960’s, various seemingly natural conditions, which had hitherto been imposed
on the spaces A0 and A1, were successively discarded, until they were no longer even
spaces7. At the same time the hypotheses on the (originally linear) operators acting
on A0 and A1 in interpolation theorems could also be weakened. Such developments

4Jaak has recorded and may some day [P1] publish some recollections of his meetings and correspon-
dence with Lions at this exciting time.

5But of course he would also continue working in parallel on other topics. Jaak’s creativity by its very
nature cannot be confined to any one “box”. Conversely, many years later he told one of us that he had
finished working on interpolation and given the subject over to his students. But of course in his “spare time”
he continued to contribute significantly and substantially to interpolation, so no one but himself noticed
that he had “left” the field.

6The K-functional is implicit in Gagliardo’s work (cf. also the much used “Gagliardo diagram”). It was
also rediscovered later by Oklander [Ok].
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may at first sight seem quite pointless – exotic or even crazy generalizations for their
own sake8. However they turn out, surprisingly, to be very fruitful for a variety of
natural applications, e.g. in approximation theory and harmonic analysis.

This process apparently began with a paper by Paul Krée [Krée], who pointed
out that almost all of the machinery of real interpolation still works when the spaces
being interpolated are neither complete nor even normed. The norm is replaced by a
“quasi-norm”. This approach was continued by Jaak’s student Tord Holmstedt [Ho]
with some very useful estimates for certain K-functionals. The next step was Jaak’s
paper [53] where he replaced the (quasi-)norms of the spacesA0 andA1 by those same
expressions raised to some powers. This transforms the K-functional into what he
termed the “L-functional”. Subsequently, in collaboration with one of us, in [67] (cf.
also [79]) the need for multiplication by scalars was dispensed with, so that A0 and
A1 were now merely groups, normed abelian groups. (Here, “normed” and “quasi-
normed” can be seen to be essentially the same thing.) The theory is fully developed
with many applications. One intriguing feature in this new context is that there is now
a natural way to define and interpolate Lp spaces, not only for all p in the expanded
range p ∈ (0,∞], but also even for p = 0. A parallel development in similar spirit
was made by Yoram Sagher in [Sa1] and [Sa2]. In his case A0 and A1 become cones
rather than groups, and there are applications to Fourier series.

As far as we know, the farthest steps taken so far in this program, even beyond
normed groups, are in [61] and [Kru]. In [61] Jaak began constructing a theory of
interpolation of metric spaces. One application which he had in mind was to obtain
the Nash–Moser implicit function theorem as a (nonlinear) interpolation theorem in
this context. It is precisely this topic which is considered in rather more detail by
Natan Krugljak in [Kru].

In parallel with the introduction and development of real interpolation, Jaak was
also studying and sometimes also creating other interpolation methods. In [51] he
refined the inclusions between real and complex interpolation spaces which he and
Lions had established in [21]. This further clarified the “Fourier transform” connec-
tions between these two kinds of spaces: If A0 and A1 have a property which Jaak
called “Fourier type p” then the inclusions of [21] can be sharpened, to an extent
depending on the value of p. The strongest result (equality between the two methods)
occurs when p = 2, for example when both the spaces are Hilbert spaces. (Jaak
conjectured that in fact the only Banach spaces of Fourier type 2 are Hilbert spaces
and, at his suggestion, Kwapień [Kw] proved this.) The paper [65] is a continuation of
[51] and is inspired in part by a late paper [Ga] of Gagliardo. Here Jaak introduces the
new interpolation spaces 〈A0, A1〉θ which are related to but different [Jan] from both
the real and complex method spaces. He hints at a common framework for defining

7There had also been some earlier partial results extending interpolation to locally convex topological
vector spaces (see [21] and some references there).

8At that time there also was a sort of belief, promoted at least implicitly by Bourbaki that the only
“good” spaces are locally convex ones. So some degree of audacity was required to pursue these kinds of
generalizations.
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these three different methods, an idea which would later be developed in [CKMR].
The spaces 〈A0, A1〉θ still seem quite mysterious. Jaak and Jan Gustavsson introduced
slight variants of them in [81] and applied them to interpolation of Orlicz spaces. Very
soon after this Vladimir Ovchinnikov [Ov1] introduced some other new interpolation
methods which were apparently even better for interpolating Orlicz spaces. Ovchin-
nikov used a form of the orbit construction of [AG] and also Grothendieck’s inequality
in impressive and surprising ways. He has also introduced many other new ideas into
interpolation. See also, for example, his survey [Ov2].

This is a good place to mention the fundamental paper of Svante Janson9 [Jan]
which would later reveal that all the different interpolation methods for pairs of Banach
spaces mentioned so far in this subsection can be obtained by suitable concrete versions
of the “minimal” or “maximal” (also called “orbit” or “co-orbit”) constructions of
Aronszajn and Gagliardo [AG].

But Jaak has also developed at least one kind of interpolation [86] which, as far
as we know so far, does not seem to fit naturally into the framework of [Jan]. This
is his remarkable celebration of the jubilee of interpolation. Fifty years after Marcel
Riesz gave the original proof of what is now known as the Riesz–Thorin theorem,
Jaak turned his attention to that classical but rather forgotten proof and generalized it
to create two new “semi-interpolation” methods which lead to interpolation theorems.

Having been so active in extending the real interpolation method beyond the orig-
inal confines of couples of Banach spaces it was natural for Jaak to consider the
possibility of analogous developments for the complex method. The work of [90]
indicates the kinds of obstacles which can be encountered in such an enterprise. A
much more recent contribution to this topic is [173]. The paper [98] offers some
intriguing insights about the complex method in its more usual Banach space setting.
The standard definition of this method uses Banach space valued analytic functions.
But Jaak and Svante Janson show that there are alternative definitions using either
harmonic functions or caloric functions (i.e. solutions of the heat equation).

In a different vein, Jaak considered a problem originally raised by Ciprian Foiaş
and Lions [FL], of characterizing all weightedLp spaces which are exact interpolation
spaces with respect to a given couple of weighted Lp spaces. The papers [24], [34],
[42], [52] (and their later sequels [106] and [114]) are all connected to [FL] and this
problem. But apparently the complete solution of all cases of the original problem
has yet to be found.

The interpolation methods mentioned so far are all defined in the context of cou-
ples (A0, A1) of (Banach or more general) spaces compatibly embedded in some
larger space. But another possible generalization of interpolation theory occurs when
these couples are replaced by n-tuples (A0, A1, . . . , An−1) or even infinite families{
Aγ

}
γ∈� of spaces which are, again, all embedded in some larger space. At first sight

one would expect the definition and theory of interpolation spaces with respect to such
finite or infinite families to be a straightforward generalization of the case of couples.

9This paper was unexpectedly catalysed by Svante’s visit to Lund to work on very different things, and
his resulting meeting by chance with Jaak. More details may someday be told in [P1].
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But it turns out that there are many surprises and difficulties. Indeed, after working
with n-tuples a researcher may have some difficulty believing that the case of couples
works so well. Despite these frustrations, quite a number of mathematicians, includ-
ing Jaak, Selim Kreı̆n, Lions, Svante Janson, and also all the authors of this article,
have been enticed to work at various times with this exotic variant of interpolation
theory. In many cases we have to “blame” Jaak for inspiring us to get caught up in
this beautiful but complicated topic. More specifically:

• G.S. wrote his doctoral thesis under Jaak’s supervision in exactly this subject.

• L.-E.P. worked on it together with Maria Carro, Ludmila Nikolova and Jaak in [169]
benefiting greatly from Jaak’s great enthusiasm and deep involvement.

• M.C. and Svante Janson read a “casual” remark of Jaak’s which was in fact a beau-
tiful proof of an inclusion between the different Lions–Favini and Kreı̆n–Nikolova/
Cwikel–Coifman–Rochberg–Sagher–Weiss versions of the complex method for n-
tuples. The elegance of this proof somehow “obliged” them to extensively investi-
gate further connections between the various real and complex methods for n-tuples
and for infinite families.

• R.R.’s additional investigations of (mainly complex) interpolation of infinite fami-
lies, have taken him far afield, e.g. to connections with function theory, differential
geometry and vector bundles.

There are very intriguing applications of all this, but they are far fewer and much
harder to find, so far, than in the case of couples.

Jaak has coupled his enthusiasm about interpolation space theory per se with a keen
awareness of its applications and potential applications. Thus, for example, his early
note [16] already indicated that interpolation spaces could be used to prove theorems
about approximation of functions. This message was also taken up in the book [BB]
by Paul Butzer and Hubert Berens, which appeared four years later. Ultimately,
interpolation spaces, and the K-functional (as we indicated above), would be widely
recognized as important tools in approximation theory. (See the papers listed above
under item 5.) Later Jaak wrote a series of papers [31], [33], [35], [37] and [39] giving
additional applications of interpolation to a variety of other topics in analysis.

After mentioning so many important things which Jaak did in the realm of inter-
polation, we should also mention one important thing which he did not do, although
in [88] he came within an “ε” of it, as did Svante Janson in [Jan]. This is the re-
markable theorem about the “K-divisibility” of the K-functional, proved in 1981 by
Yuri Brudnyi and Natan Krugljak. This result is something of a revolution in the
real interpolation method. Characteristically, Jaak took vigorous action to promote
the publication in the West of a book by Brudnyi and Krugljak to make their work
better known [BKr]. He had earlier acted similarly to encourage the appearance of
Ovchinnikov’s book [Ov2].
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What is K divisibility? For a long time, Jaak, and also quite a number of other
mathematicians, had been considering a large class of real method interpolation spaces
which generalize the spaces (A0, A1)θ,p. These are the spaces (A0, A1)	,K whose
norms are given by composing the K-functional with a lattice norm ‖ · ‖	 on the
measurable functions on (0,∞), i.e. ‖a‖(A0,A1)	,K = ‖K(·, a;A0, A1)‖	. The
K-divisibility theorem makes it possible to establish all sorts of results for these
spaces, reiteration, duality, equivalence of J -functional and K-functional construc-
tions, which had earlier been known only for the spaces (A0, A1)θ,p and various rather
specialized variants of them. It also leads to a much neater formulation of a whole
family of previously known results about “Calderón couples” or “K-monotone cou-
ples”, i.e. couples (A0, A1) for which all interpolation spaces can be described in
terms of a certain monotonicity condition with respect to the K-functional. In fact all
the interpolation spaces of such couples are of the relatively simple form (A0, A1)	,K .
K-divisibility enables great flexibility in the handling of K-functionals, and related
important quantities like moduli of continuity, and thus is potentially very useful also
beyond the realm of interpolation.

Many years earlier, Jaak had himself planned to write a book about interpolation.
For a while he and Lions considered doing so jointly. The “applications” papers [31],
[33], [35], [37] mentioned above were also conceived as forerunners for some of the
contents of such a book. Ultimately, for a combination of diverse reasons, Jaak decided
not to pursue this project, but his former students Jöran Bergh and Jörgen Löfström
were able to take it over and produce the important and useful book [BL] that has
served many of us well for many years.

In parallel with Jaak’s published papers there is also a large collection of less formal
documents which he has written. These are mainly technical reports or files posted
on his website. We felt strongly that these too should be included in the list of Jaak’s
publications in this volume because some of them have been almost as influential and
important as his formal publications, and others contain material which may possibly
yet have an important impact10. A notable example is the technical report [240] where
Jaak suggests formulating interpolation theory in the language of category theory.
Among other things, with the help of this viewpoint, he elegantly and easily obtains
descriptions of all interpolation spaces for couples of weak Lp spaces, and shows
that relative interpolation spaces for operators mapping an arbitrary Banach couple
to a couple of weighted L∞ spaces have an analogous description. Though it is
informal and unpolished, this note has catalysed a lot of research by a number of
mathematicians, on Calderón couples and various other topics. (See also [62] for a
more concise discussion of these matters.)

10The reader of these less formal documents can also enjoy, from time to time, a more light-hearted
sometimes almost cheeky style of writing, the sorts of things which sometimes do and sometimes do not
cross into journals through the filter of serious and formal editing and “self-editing”. One example: “I thank

myself for my excellent typing.” Another example: It is customary to use the notation A
def= B to indicate

that A is defined by taking it to be equal to B. But Jaak sometimes also chooses to use his alternative

notation B
fed= A.
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Suppose that the two “scales” of complex interpolation spaces {[A0, A1]θ }0≤θ≤1
and {[B0, B1]θ }0≤θ≤1 satisfyA0∩B1 ⊂ A1∩B0 and [A0, A1]β = B0 and [B0, B1]α =
A1 for some α and β in (0, 1). Then the two scales can be “glued” together, i.e. all
members of both scales are of the form [A0, B1]θ for suitable values of θ . This fact,
perhaps analogously to K-divisibility, probably seemed too good to be true, but it
was conjectured by Yoram Sagher, and proved by Tom Wolff [Wo] in 1981. The
result is very convenient e.g. for understanding interpolation between Lp spaces and
Hardy spaces Hp. There is in fact a second version of the theorem for real method
interpolation spaces.

Jaak, together with Svante Janson, Per Nilsson and Misha Zafran, has given us
deeper insights into this phenomenon and widely generalized Wolff’s theorem in their
amusingly titled paper [94]. Then later in [126], with Fernando Cobos, Jaak even
extended the theorem to a “multidimensional” context (couples of Banach spaces
replaced by n-tuples). Among Jaak’s papers with Cobos we also particularly mention
[140] which deals with the problem of interpolating compact operators in a very
imaginative and successful way.

Hankel operators and invariant function spaces

Hankel operators have always been an important topic in the function theoretic operator
theory (= operator theoretic function theory) of the unit disk. In the late ’70’s Vladimir
Peller [Pel] showed that the properties of Hankel operators, in particular their Schatten–
von Neumann properties, and the Besov spaces of holomorphic functions on the disk,
in particular the diagonal Besov spaces Bp,p

1/p , were intimately connected. At about
that time, influenced in part by Peller’s work, (and also apparently because of some
casual remarks by Jöran Bergh and one of us) Jaak began to work actively on Hankel
operators. A substantial fraction of his research since then has been related to Hankel
operators. His earliest work in the area centered on classical Hankel operators and he
continued to make contributions in that area ([93], [101], [115]). However he soon
began to study broader and deeper issues of which Hankel operators were merely a
single manifestation. Rather than try to enumerate all of his contributions in this area,
or even prepare an annotated list of our favorites, we will try to point to some of the
basic themes introduced, developed, and championed by Jaak over the last 20+ years.
These themes have done a great deal to shape the current landscape in this area.

One theme Jaak returned to repeatedly was that there was a systematic relation
between the theory of Hankel operators and certain commutators of multiplication
operators and singular integral operators which arise in real variable harmonic analysis.
An early contribution in this area was [99]. He and Svante Janson soon took this theme
much much further. In [104], [118], and [136] there is presented a broad theory of
“paracommutators”; a theory of a class of operators defined by Fourier analytic means
which includes the paraproducts and the commutators (from whence the name) of real
variable harmonic analysis as well as versions of both the Toeplitz and the Hankel
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operators of function theoretic operator theory. (Jaak long championed calling the
operators in these last two classes, along with various generalizations, “Ha-plitz”
operators [134], [141]. The fate of that verbal coinage remains in doubt.) For a
connection between paracommutators and compensated compactness see [PW].

A second major theme was that what was known about Hankel operators on the
Hardy space of the disk could be viewed as the simplest and most well understood
instance of a broad range of questions in function theoretic operator theory. Some of
his first work in this direction involved operators on function spaces other than the
circle [103] as well as studying Hankel type operators on Bergman spaces [112], [121],
[125], [128], [138]. His research on Hankel operators broadened to include work on
Hankel operators in venues quite different from those previously considered, Hankel
forms on function spaces on the entire plane (the Fock space (a.k.a. the Bargmann-
Segal space)) as well as Bergman type spaces associated with bounded symmetric
domains. We will return to these in a moment.

The spaces Bp,p
1/p which play a fundamental role in Peller’s work on Hankel oper-

ators are Möbius invariant. This fact, along with conversations with Jonathan Arazy,
helped focus Jaak’s work in the early 80’s on the role of symmetry groups in the study
of function spaces and in function theoretic operator theory. That theme is fundamental
in much of his work since then.

In the classical theory of Hankel operators on the Bergman space the Möbius
group acts transitively on the underlying space (the disk), irreducibly on the Bergman
space, and nicely on the Besov spaces and other natural symbol classes in the theory.
This theme shows up in [101], [108], and [109]. It is then taken much further in
[116] and later papers. In fact, one way to view Hankel operators on the classical
Bergman space is as a theory about a domain, the disk, with a transitive automorphism
group, the Möbius group, a class of spaces that transform nicely under the group
action, the weighted Bergman spaces, and a class of operators, the Hankel operators,
that transform nicely under the group action. One then finds that the symbol classes
of holomorphic functions that correspond to bounded, compact, Hilbert–Schmidt,
etc. operators can be described quite conveniently in terms of the group action and
differential operators associated to the group action. Of course it is natural to wonder
if there are other instances of this type of situation. The surprising conclusion in
[116] is that their are quite a number. A theory of Hankel forms can be developed
for any bounded symmetric domain along with its automorphism as well as for the
Fock space of entire functions on C

n with the group action of the Heisenberg group.
The presence of the transitive automorphism induces most of the analytical tools that
are needed. The group action can be used to prove that the square of the Bergman
reproducing kernel can be realized as the Bergman kernel for an associated weighted
Bergman space. That fact is the analytical engine that drives the theory. Although the
theory of [116] is quite abstract and general it instantiates quite easily to give much
of the classical theory on the Bergman space of the disk. Jaak continued to explore
extensions of these themes in [120], [123], [124], [143] and [148], often investigating
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contexts where some but not all of the structure used in [116] was available. These
themes also continue to be studied by others ([HR2], [HR1], [DG]).

In his work on these topics, as with his work in other areas, Jaak was joined by many
collaborators. In some cases the collaborators later took the ideas much further and
into very interesting new directions. However one can often see the shaping influence
of their interaction with Jaak. In particular in the work of Jonathan Arazy, Miroslav
Engliš, and Genkai Zhang one sees the development of a very rich and interesting
function theoretic operator theory for domains with large symmetry groups. Although
much of this work was not in collaboration with Jaak, the body of work seems to be
in “the Peetre tradition”, richly informed by Jaak’s views about mathematics. Jaak
always prefers to think (and talk, and write) of Hankel bilinear forms (rather than linear
or conjugate linear Hankel operators). Although these formulations are equivalent,
the viewpoint of forms led to a profound extension. A Hankel form is a bilinear form
B acting on a function space such thatB(f, g) is a linear function of the product fg.A
bilinear form on a Hilbert space H is defined on the product H ×H and extends to (at
least) the algebraic tensor product. If the form is Hilbert–Schmidt then it extends to
the Hilbert space tensor productH⊗H ; let us assume that that is the case. Let us now
marry this viewpoint with the group action mentioned in the previous paragraph. If H
is, for instance, the Bergman space of the disk then the Möbius group acts irreducibly
on H . This action induces an action on H ⊗ H which is no longer irreducible.
However representation theory tells us how to decompose this action into irreducible
components, and, in fact, how to order them from simplest to more complicated. It
turns out that the simplest irreducible component is (naturally identified with) the
space of (Hilbert–Schmidt) Hankel forms. This fact raises several very fundamental
new questions: How can one describe and analyze the bilinear forms corresponding
to the more complicated irreducible components (the Hankel forms of “higher order”
or “higher weight”)? What happens when you decompose a general bilinear form
by projecting on these irreducible summands (i.e. a call for Harmonic Analysis on
the space of bilinear forms)? What happens for domains more complicated than the
disk but with a full automorphism group? What happens if there is no automorphism
group?

These higher order forms were introduced in [110] and there the basic theory is
worked out for the Bergman space of the disk (using, among other things, the authors’
theory of paracommutators [118]). Much of Jaak’s work since that time has involved
questions and ideas that flow from that work on higher order Hankel forms on the
Bergman space, [130], [141], [152], [159], [160], [156], [168], [182]. This is a very
broad program with surprising (to us) connections to a huge range of other areas
of analysis including representation theory, special function theory (one and several
variables), Hilbert module theory, and classical invariant theory. (It was [110] which
sent one of us (R.R.) to the library to find out what a “transvectant” was.) We suspect
that there are some really interesting discoveries to be made in this area. Also, this
expansion into the study of a broad range of generalized Hankel forms makes the
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distinction between Hankel and Toeplitz operators becomes less sharp; it moves us
closer to seeing both operators as part of a single larger family – see [182].

Of course once one is thinking of Hankel’s as bilinear forms it is quite natural to
wonder what a corresponding theory of trilinear or multilinear forms might be. It is
clear that those are hard questions and it is not clear where they will lead. With his
usual intellectual curiosity and courage Jaak is continuing to look at those issues [150],
[175], [180]. (We will have more to say about Jaak’s work on trilinear and multilinear
forms in our next and final subsection.)

Two final comments should be made about this body of work. First, interpolation
theory has always been one of the great intellectual loves of Jaak’s life. The work
described here is not about interpolation but is pervaded by ideas from interpolation.
Sometimes interpolation provides the viewpoint; for instance the focus on the minimal
space in [103]. Other times it provides the analytic tool to get the desired result, see
for instance [118]; or to see a very delicate interpolation proof done by a true master,
look at [112].

Finally, Jaak is an analyst and most of analysis deals with estimates, comparisons,
and inequalities. It is quite striking to find in analysis papers elegant, suggestive, and
rather unexpected equalities. In [138] an elegant equality is presented for the Hilbert–
Schmidt (i.e. S2) norm of certain Hankel forms in planar domains. A similarly elegant
and similarly surprising formula for an S4 norm of a Hankel operator on the Fock
space is in [148]. Finally, in [JUW], a set of similar equalities for S4, and S6 are
described. As was noted at the conference which we celebrate in this volume; these
striking results appear as ad hoc isolates. One would certainly like to see them tied to
each other, to know if there are more such results or why not, and in general to know
what is going on. It has been suggested informally that there may even be an index
theorem lurking here.

Multilinear forms, trilinear forms in Hilbert space

Jaak’s interest in trilinear forms began almost twenty years ago, via his work on Hankel
theory [93], [104].

Since the early 1990’s it has been one of his main mathematical preoccupations;
indeed, Jaak sees this as perhaps his most important piece of research. It involves
a bringing together of various areas of his previous interests, such as interpolation
and Hankel theory, with a surprisingly wide and varied collection of other topics
and structures, including Jordan triple systems, algebraic geometry, invariant theory,
spherical trigonometry and more. It thus provides a striking illustration of the unity
of mathematics.

A considerable part of Jaak’s work here has been in collaboration with others,
notably Fernando Cobos and Thomas Kühn, and at a later stage Bo Bernhardsson. He
has also had some correspondence with I. M. Gel’fand.
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The matrix of a Hankel operator or a bilinear Hankel form with respect to or-
thonormal bases is of the form ajk = aj+k . It is natural to ask what happens if we
replace aj+k by a tensor of rank 3 (or, as Gel’fand calls it, a 3-dimensional matrix)
ajk� of the form ajk� = aj+k+�. This leads to the notion of a trilinear Hankel form.
The study of such forms was begun in [104]. The notions introduced there included
Schatten–von Neumann classes Sp of (general) trilinear forms. (See also [136] and
[150].) The classes S1 and S∞ (compact forms) have natural definitions. Then Sp

for 1 < p < ∞ can be defined by interpolation. But it is still not known if real and
complex interpolation give the same result.

To take this theory further it is first necessary to understand the properties of
bounded trilinear forms. This is surprisingly difficult to do, even when the three
underlying Hilbert spaces are finite dimensional, say of dimension n. Rather extensive
results have been obtained for n = 2 ([180], [181], [210]), though several intricate
problems still remain. But almost nothing is known yet for n = 3. This case is
already enormously complicated, and it is apparently no longer possible to do explicit
calculations, not even symbolically. Probably entirely new ideas are needed here.
Furthermore, no corresponding results are known for quadrilinear forms.

It is possible to define singular values of trilinear forms. This is done in [184].
These turn out to be roots of an algebraic equation analogous to the secular equation,
which is called the millenial equation. Some numerical computations suggest that the
singular values can be obtained via a min-max principle. At this stage an interesting
open problem would be to determine the singular values and the millenial equation
for specific trilinear Hankel forms in low dimensions, for example the Hilbert form
ajk� = 1

j+k+� .
Jaak’s work on trilinear forms has given him new insights concerning invariant

theory in general. In particular he has determined some (linear) invariants of trilinear
forms in low dimensions. (See [220], [221], [222]. The fact that such invariants do
arise in a trilinear context was clear from [180].)

3. Graduate students

Jaak has had sixteen graduate students. We list them here, with the titles of their theses,
also specifying the degrees which they obtained, and when they obtained them.

We should perhaps explain, for those not familiar with the Swedish system, that
fil.dr. and tekn.dr. are doctoral degrees (of philosophy or technology respectively)
and fil.lic. and tekn.lic. are corresponding licentiate degrees. In the framework of the
older system of degrees, which was in force till about 1975, the licentiate degree was
approximately equivalent to the current doctoral degree.

Leif Arkeryd, fil.lic. 1966.
On the Lp estimates for elliptic boundary problems.
Published in Math. Scand. 19 (1966), 59–76.
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Tord Holmstedt, fil.lic. 1969.
Interpolation of quasi-normed spaces.
Published in Math. Scand. 26 (1970), 177–199.

Barbro Grevholm, fil.lic. 1970.
On the structure of the spaces L

p,λ
k .

Published in Math. Scand. 26 (1970), 241–254.

Sigrid Sjöstrand, fil.lic. 1970.
On the Riesz means of the solutions of the Schrödinger equation.
Published in Ann. Scuola Norm. Sup. Pisa (3) 24 (1970), 331–348.

Jöran Bergh, fil.lic. 1971.
On the interpolation of normed linear spaces. Thesis, Lund, 1971.

Jörgen Löfström, fil.dr. 1971.
Besov spaces in the theory of approximation.
Published in Ann. Mat. Pura Appl. 85 (1970), 93-184.

Annika Haaker-Sparr, tekn.lic. 1971.
On the conjugate space of Lorentz space11. Thesis, Lund, 1971.

Gunnar Sparr, tekn.dr. 1972.
Interpolation of several Banach spaces.
Published in Ann. Mat. Pura Appl. 99 (1974), 247-316.

Lars Vretare, fil.lic. 1972.
Multiplier theorems connected with generalized translations.
Thesis, Lund, 1972.

Björn Jawerth, tekn.dr. 1977.
On Besov spaces. Thesis, Lund, 1977.

Jan Gustavsson, fil.dr. 1980.
On some interpolation methods. Thesis, Lund, 1979.

Wilhelm Kremer, fil.dr. 1980.
Topics in the calculus of variations. Thesis, Lund, 1980.

11One of us, (M.C.) would like to add a comment about this so far unpublished thesis: It contains a
number of fine results, which even today, thirty years later, have still not all been discovered by other
people. In the early 1970’s Yoram Sagher and I were excited to discover that Weak L1 has non trivial dual.
Soon afterwards I was happy to show that Weak Lp has trivial dual for p ∈ (0, 1) on a nonatomic measure
space. The first of these results intrigued and surprised at least one very famous mathematician. But both
of these facts turn out to be special cases of a more general theorem in Annika’s thesis which she possibly
obtained before us. Several people, including Jaak and myself, very much hope that Annika will make this
work more widely available before too long.
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Per Nilsson, tekn.dr. 1982.
A study of real interpolation spaces.
Published in Ann. Mat. Pura Appl. 132 (1982), 291–330 and 134 (1983), 201–232.

Märta Ahlman, fil.lic. 1984.
The trace ideal criterion for Hankel operators on the weighted Bergman space Aα2

in the unit ball of Cn. Thesis, Lund, 1984.

Genkai Zhang, fil.dr. 1991.
Hankel operators and weighted Plancherel formula. Thesis, Stockholm, 1991.

Hjalmar Rosengren, fil.dr. 1999.
Multivariable Orthogonal Polynomials as Coupling Coefficients for Lie and Quantum
Algebra Representations. Thesis, Lund, 1999.
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On the development of interpolation – instead of a
history three letters

Edited and/or translated by Jaak Peetre

Abstract. This compilation should be viewed as a kind of prolegomena to a history of interpo-
lation. Three letters from Mischa Cotlar, Antoni Zygmund and Olof Thorin from c. 1980 are
reproduced. Thorin’s letter is given in translation. These letters were written as a reply to an
inquiry by the editor/translator. It is remarkable that while Thorin spent his whole professional
life as an actuary, neither of his two publications in interpolation were covered by Mathematical
Reviews nor by the Zentralblatt für Mathematik. On the other hand, Cotlar, in his letter, gives
a disclaimer to a rumor that he had rediscovered Marcinkiewicz’s interpolation theorem while
studying under Zygmund in Chicago in the mid 1950s.

The editor/translator makes an Appeal to all Readers who might have further information
about the founding years of the theory of interpolation spaces, i.e. the years just before or after
1960, to send him similar letters.

2000 Mathematics Subject Classification: 33A99; 53A99.

Introduction

By interpolation we shall mean here modern interpolation, i.e. the theory of interpola-
tion spaces. Most authorities agree that this theory came into existence around 1960
and, among the “founding fathers”, the names Alberto Calderón, Emilio Gagliardo,
Jacques-Louis Lions and Selim Gregorovič Kreı̌n are often mentioned.

Classical interpolation was highlighted by two fundamental theorems, the Riesz–
Thorin theorem [Ri27], [Th39], [Th48] (with later complements by Stein and Weiss
[S56], [SW57], [SW58]) and Marcinkiewicz’s theorem [Ma39]1. The motivation
for them came from problems in harmonic analysis (Hausdorff–Young theorem etc.).
Moreover, non-linear interpolation was considered already by Banach (see [Scot],
p. 161, along with the comments by Maligranda there).

On the other hand, in the theory of interpolation spaces, at least in the early stage,
the prime sources of inspiration were a number of questions related to (elliptic) PDE,
especially the trace problem.

1Marcinkiewicz was, probably, the first to use the word “interpolation” in its present sense; Riesz and
Thorin spoke of “convexity theorems”, not interpolation theorems.
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It is not clear why one should study the history of mathematics at all. The history
of mathematics developed into a vigorous discipline in its own right in the mid 19th
century but most research was devoted to antiquity. In the 20th century this changed
and nowadays much work is devoted to foundational questions, how this or that concept
developed historically (the notion of function, uniform convergence etc.). However,
it is equally interesting to study the history of an individual branch. Let us mention
such a magnificent work as Dieudonné’s history of algebraic topology [D], or Lützen’s
book on distributions [Lü].

Generally speaking, there are several ways to approach the study of the history
of mathematics. Either one can base one’s investigation on written sources only. Or,
in the case of living persons, one can make interviews. For instance, [Lü] is to a
considerable extent based on interviews with the one main figure, Laurent Schwartz.
But there are a priori no reasons that one method should be better than the other.

In the case of interpolation there are special reasons for studying its history. One
reason is that there are some misconceptions about how this discipline came into
being. Moreover it is a comparatively narrow field from a “sociological” point of view
(e.g. how many people are involved 2; etc.). In particular, there seems to be numerous
misunderstandings regarding the early steps of development. For instance, there has
been a sort of rumor that Mischa Cotlar rediscovered the theorem of Marcinkiewicz.
A denial of this will be issued below (Section 3). Regarding this theorem itself, there
are also some uncertainties. Marcinkiewicz announced his theorem without proof in
a note [Ma39] immediately before the outbreak of the war in September, 1939. He
died soon after (Katyn, spring 1940) and his result did not arouse any attention. Its
importance was realized only much later by Zygmund, who gave it a sort of revival in
[Z56].3 Also Thorin’s rôle in the Riesz–Thorin theorem does not seem to be clear to
the general public.4

As for me, I have been interested in the history of mathematics all my life; however
now that I am older this interest has gradually become more and more pronounced
– indeed, it is almost an obsession. Already around 1980 I had the idea of writing a
history of interpolation, or at least its history up to c. 1960. I decided to follow the
second method just indicated and wrote letters to each of the three main characters
involved, to wit Olof Thorin, Antoni Zygmund, and Mischa Cotlar. I got prompt
answers from all of them. I do not recall what were the reasons or circumstances
which prevented me from continuing with this project at that time. In particular, it is
unforgivable that I did not follow Zygmund’s suggestions to write to Calderón; today
it is, regretfully, too late.

2According to one authority “an area of math[ematics] isn’t important until at least a hundred people
are working at it” [H], p. 204.

3Concerning the life of Marcinkiewicz, see [Z64].
4Thorin’s two interpolation papers [Th39] and [Th48] have not been reviewed in Mathematical Reviews

nor in Zentralblatt für Mathematik. The fact that there are only reviews of his 12 papers in probability from
the period 1968–1982, gives the false impression that he was a probabilist only.

Regarding Thorin’s proof of the convexity theorem, Littlewood [L], p. 20 speaks of it as the most impudent
idea in mathematics. Cf. also a laudatory mention in the preface of [K].
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Now, twenty years later, when I return to these matters, it is with a much more
modest objective. I want only to make these three letters public, hoping in this way
to encourage others to continue with this investigation from where I stopped.

Appeal. I hereby invite all Readers who might have further information about the
founding years of the theory of interpolation spaces, i. e. the years just before or after
1960, to send me similar letters.

The present compilation should therefore be viewed at most as a prolegomena to a
genuine history of interpolation. As for myself, at some stage I might write something
about my early contacts with Gagliardo and Lions.

Acknowledgment. I would like to thank Mischa Cotlar and Olof Thorin for their kind
permission to publish their letters; the latter also pointed out several obscurities in my
manuscript.

1. Letter from O. Thorin dated Dec. 20, 1979 (translation by J. P.)

Dear Jaak,
Many thanks for your letter from Sept. 28 along with two attached papers 5 “On

two interpolation methods related to Marcel Riesz’s proof ” and “On Barry Simon’s
new interpolation method and Marcel Riesz’s proof ”. In your letter you ask if I have
some information to give on my own contribution to the “Riesz–Thorin theorem” and
if I have heard anything from Marcel Riesz (MR) about what could have influenced
him etc.

Please, excuse that I have delayed my answer but so much time has passed after
the events in question so I have needed some time to go over the material that I have
stored away in my hiding places. I do not possess any first hand information regarding
what did influence MR in his work on the convexity theorem. I do not recall that
he ever should have given me any confidences in this direction (and I probably never
tried to press him in this respect, for sure I was too shy to do so). Therefore I shall, in
what follows, communicate my own involvement to the extent that I understand it. In
order not to make the presentation too chaotic I feel that I have to give, in parallel, as
a frame of reference, a quick sketch of my own educational development. Of course,
I realize that what I say cannot be of any greater interest for you, but in this way it will
be easier for me to present things which are perhaps more interesting.

I was born in 1912, and by and by I found my way to the secondary school
in Halmstad where, only in the gymnasium, I became excited about mathematics
(teacher: O. I. Holmqvist). I matriculated in 1929 and began my studies at Lund
University in the fall of the same year with a career as a teacher in mind. As the
combination mathematics, physics and chemistry seemed to be the most immediate
in view of my expected future career as a teacher, following what was customary

5Editor’s Note.Preliminary versions of my paper [Pe86], originally planned as a joint work with Simon.
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I ought to have chosen these topics in the inverse order. Eager as I was to begin
with the study of mathematics, and with a certain aversion towards the laboratory
subjects, I first threw myself into mathematics. After some time I learnt that the
insurance companies (in the first place the life insurance companies) hired people with
mathematical training. Therefore I thought that I could skip physics and chemistry with
a clear conscience. So after four years I had graduated with the degree of Candidate
of philosophy (filosofie kandidat; abbrev.: fil.-kand.) in mathematics (N. O. Zeilon);
mechanics (V. W. Ekman); and mathematical statistics (an exemption subject with
S. D. Wicksell as examiner).

In the fall of 1933 I began my studies in earnest for the degree of Licentiate
((filosofie) licentiat; abbrev.: fil.-lic.) in mathematics under MR. Already since the
fall of 1931 (during which term I had been examined by Zeilon in the course for the
mark three in the fil.-kand.-examination) I had participated in the higher mathematical
seminar (directed by MR) and already in April 1932 I had delivered a talk on “the
Hilbert–Hellinger theory of quadratic forms in infinitely many variables”. I continued
the direction indicated there in two talks about various transformations in Hilbert space
in November–December 1933. I believe that two then rather recent papers by J. von
Neumann and M. H. Stone had attracted my interest. Quite naively I thought that I
would spontaneously discover something in this area as a foundation for my thesis.
However, it turned out that I was not capable of such spontaneity in reasonable time.

Therefore I called upon MR in the latter half of the spring term of 1934 in order
to obtain a suitable subject. After a short introductory dialogue MR showed me his –
then quite unknown [to me] – paper [Ri27] and pointed out several points that ought
to be further penetrated, in particular the following two. In the first place MR asked
for a multilinear counterpart of his bilinear theorem. In the second place he demanded
a counterexample showing that the convexity theorem could not hold in the whole
square even if the variables were allowed to be complex. Indeed, in the last paragraph
of the paper he had designated such an extension of the convexity theorem as “peu
probable” (hardly probable). This was also the opinion that he expressed during our
conversation. He mentioned also that Zygmund had told him in Zürich about a paper
with a new proof of the convexity theorem. However, he did not recall the details
so he advised me to write to Zygmund in order to get the precise information which
I also did in due time. Zygmund, who worked in Vilnius in the then Polish part of
Lithuania, sent a most polite reply on June 18, 1934 where he told that he knew only
about R. E. A. C. Paley’s two papers [Pa31] and [Pa33]. I quote the following from
Zygmund’s postcard: “Curiously enough the author himself thought that the proof
given in the first of the papers was not complete, whereas it was ‘overcomplete’ and
should have stopped at formula 4.1 ”.6

During the summer holidays of 1934 I devoted myself to the multilinear case
and in the fall I could show MR a result to the effect that convexity holds in the
region α1 ≤ 1, . . . , αn ≤ 1, α1 + · · · + αn ≥ n − 1. The method of proof closely

6A facsimile of this postcard is on page 43.
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Facsimile of a postcard from Zygmund to Thorin
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followed MR’s own proof in the case n = 2. MR was naturally moderately impressed
and so I continued working. The expected counterexample turned out to have a
ghostlike ability to slip out of the hands of the researcher. In April 1935 I had the
opportunity of presenting my multilinear result in a seminar talk. In connection
with an application for a position in an insurance company, MR even wrote in my
examination book in June 1935 that I had submitted a Licentiate thesis with the title
“On the maxima of multilinear forms”. However, he emphasized to me that he did not
make any commitments thereby regarding the mark. While looking for the expected
counterexample I told myself that a direct approach based on traditional differential
calculus ought to be tried (in contrast to a sophisticated manipulation with Hölder’s
inequality). This not very profound idea eventually turned out to lead to the result. In
this way I obtained, in the course of 1935, a partial result to which I wish to refer a little
and possibly remove it from the dust. Namely I found a new proof of MR’s theorem
which I myself thought was superior to Paley’s and which I also thought could stand
as an alternative to MR’s own proof. It likewise worked in the multilinear case. This
proof was published only in my Doctoral dissertation [Th48] in 1948, namely in the
Appendix dealing with the real case (Theorem A1). There it appears in the multilinear
case in the context of a somewhat complicated apparatus of notation. I presume that
the only person ever to read it was the second opponent Carl Hyltén-Cavallius (the
faculty opponent was Otto Frostman).

In the spring and summer of 1936 I was called to military service in Stockholm as an
office assistant (statistics assistant). As this activity was not overly burdensome I rented
a room in town together with two comrades and so I was able to continue to some
extent my differential calculus approach. Upon my return to Lund in the fall of 1936
I managed to find a proof by the method indicated of the convexity theorem in the whole
square when the variables were allowed to vary in the complex domain. I delivered a
seminar talk about this in Oct. 1936. In this talk I concentrated on the bilinear case.
While walking to the post seminar one of the listeners (Otto Frostman himself 7) made
“A casual remark” to the effect that the proof ought to work for analytic functions
in general. Otto never returned later to this remark. MR, to whom I mentioned this
incident afterwards, wanted to minimize its importance and was of the opinion that
anybody could have said such a thing. As a consequence no “acknowledgement” 8

was made to Otto. However, precisely this remark made my tardy mind slowly turn in
such a direction that I began to treat maxima of a general function of complex variables
under such subsidiary conditions as MR had in his theorem. However, I devoted the
spring term of 1937 to studying the literature course in the Licentiate exam and to being
examined, which led to the degree of fil. lic. (3 marks) in May, 1937. After that I applied
for a job in the life insurance business and on Sep. 1 1937 I got an employment on
the recommendation of MR (I remained in this trade, however with various employers
and in various positions, until my retirement in 1977). Therefore I had no opportunity
to devote myself to preparing a publication until some time in the first half of 1938

7Translator’s Note. In English in the original.
8Translator’s Note. In English in the original.
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when I handed MR a manuscript which, after slight modifications, became my paper
[Th39], printed on Oct. 29, 1938. This paper contains a very general result. However,
I think that, from the point of view of proof, it is not at par with what I obtained later
and which I published in [Th48] where already in the introduction there is a proof
of MR’s theorem in the complex case which later won considerable popularity. I did
not discover this last proof until 1942. It was not published then and I concentrated
on writing a more extensive memoir with interesting applications. In the meantime
Tamarkin and Zygmund published their note [TZ44] containing similar simplifications
which I had found already in 1942. Because of the special conditions prevailing then
in connection with the World War, I only learned later about their contribution. In
any case I received a reprint from Zygmund only in Feb. 1947, which induced me to
write to Zygmund on June 20, 1947 with thanks for the reprint, indicating my related
results. As far as I know there was never any dispute concerning priority. Some time
in 1945 I discovered that G. Valiron [V], in 1923, had generalized the Hadamard three
circle theorem to several dimensions using a similar method. Had MR known this
paper and realized the connection with the complex case, he could have been able to
settle the complex case also and so made my intervention superfluous! It was thus my
great luck that this was not the case.

Concerning the now so popular proof of the complex version of MR’s theorem I
believe that, although one can say that the embryo of it can be found in [Th39], the
mature plant has to be located only in [Th48]. Therefore I think that your description
in the Introduction to “On two interpolation methods related to Marcel Riesz’s proof”
– even if I realize that the presentation must be brief – gives a Reader, who has not
studied the original papers, a far too flattering view of my achievement.

If you should want clarifications on any other points or some amplifications to the
above already overly voluminous account, I am of course willing to try to give you,
to the extent I am capable, the information desired.

Please, receive my best wishes for Christmas and the New Year.

Sincerely yours

Olof Thorin
Falkvägen 19
183 52 TÄBY

2. Letter from A. Zygmund dated Chicago, Mar. 22, 1980

Dear Prof. Peetre,
Thank you for your letter dated, March 7, 80. I am happy that you are planning

a historical article about the origins of the Riesz–Thorin theorem and I am looking
forward to its appearance. Unfortunately, I myself could not contribute much more.
I was always full of admiration for that theorem and consider it one of the most
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beautiful result[s] of Analysis, but I myself never obtained anything interesting in
that direction. Perhaps my main contribution here was educating Marcinkiewicz and,
as you know, [I] found a different method of proof. He was my student (prior to
1940) at the University of Wilno, then in Poland, and he found a novel (purely ‘real
variable’) approach to the theory, an approach which can supplement (but of course
never replace) the Riesz–Thorin ideas.

I showed your letter to Prof. Calderón, and I have the feeling that if you wrote him
he might supply you with some facts here. Possibly he can even suggest new problems
which could be at least as interesting. He is a very friendly person, and it might be
useful to develop correspondence with you (and perhaps some other younger people)
on the topic.

I wish you (and your work) every success here.

Sincerely A. Zygmund

P.S. Prof. Calderón just (this morning) left for Argentina and will not be back
before Oct. 1, but he suggested that I might supply you with his address there. It is
Prof. A. P. Calderón, Malabia 2791, Buenos Aires 1425, Argentina.

3. Letter from M. Cotlar dated Caracas, Apr. 4, 1982

Dear Prof. Peetre,
I was very happy to receive a letter from you (only that our postman delivered it

as usual with much delay). It is good to know that you are planning to write a survey
on interpolation theory: a survey by a most competent person, and one of the creators
of the field will be an important event indeed.

I feel ashamed that an uncareful expression in a footnote, on page 65 of my 1955
paper [C2], could cause some misunderstanding. I always wanted to clear up that
vague expression but didn’t find an occasion for it, and am glad that now you grant me
a chance to do it. A few weeks before starting my thesis under Zygmund, and without
knowing Marcinkiewicz’s theorem, I was trying to get some generalized forms of
Riesz’s interpolation theorem (with the aim to generalize the ergodic theorems), but
without succeeding [in getting] concrete statements nor proofs.9 A few weeks later
Zygmund started a short Seminar where I learned about Marcinkiewicz’s theorem
and Zygmund’s proof, and then I realized that what I was trying to get was already
done. However my first attempts, before attending Zygmund’s Seminar, contained
some other ideas of a different type, and on returning to Argentina I decided to detail
them in the parts 2 and 4 [C2], [C4] my 1955 papers in the Revista Cuyana [C1-4],
as well as an article with M. Bruschi [BC], quoted by Zygmund in his book and in
his biography of Marcinkiewicz 10. But, again before knowing about Marcinkiewicz–
Zygmund’s theorem I was unable to give a concrete form nor proofs to those first

9Editor’s Note. Author’s emphasis.
10Editor’s Note. Probably [Z64] is intended.



On the development of interpolation – instead of a history three letters 47

vague intentions. And of course it was a mistake to mention these things in my paper.
Since I am talking of my less than modest work, I want to express my gratitude, and
how greatly I am touched, by the generosity and benevolence shown to me by such an
eminent and distinguished mathematician as you. I only regret that health problems
didn’t allow me to be more worthy of such kindness.

My wife Yanny asks me to give her kindest regards to you and your children
Mikaela, Jakob and Benjamin. With all best wishes for your work and your personal
happiness I remain as ever

Mischa Cotlar

P.S. Under separate cover I am sending you a reprint of a survey article of some
results concerning generalized Toeplitz kernels, obtained in collaboration with Cora
Sadosky and Rodrigo Arocena. I will be grateful to receive any preprints of your
works or lecture notes.
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Remarks on reproducing kernels
of some function spaces
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Abstract. Reproducing kernels of Hilbert spaces of continuous functions (cf. N. Aronszajn [1]
and the bibliography therein) can be introduced as the solution of problems of the Calculus of
Variations. From the optimality system of these problems (i.e. Euler equations and Lagrange
multipliers) one can deduce a strategy for computing these kernels. We obtain in this way
explicit formulae for reproducing kernels of families of Hilbert spaces.
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1. Introduction

Let H be a Hilbert space of functions defined on a set X ⊂ R
n (to fix ideas), such that

H ⊂ C(X) = space of continuous functions on X. (1.1)

The elements of H can be real valued or complex valued. We assume here that they
are real valued.

Because of (1.1), if b is given in X, then

u→ u(b)
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is a continuous linear form on H , so that there exists a unique element K(b) ∈ H
such that

u(b) = (K(b), u)H ∀ u ∈ H , (1.2)

where (ϕ, ψ)H denotes the scalar product on H .
Let x → K(x, b) be the function K(b) ∈ H . The kernel K(x, b) is the reproduc-

ing kernel of H .
This definition is due to N. Aronszajn [1] who studied general properties of repro-

ducing kernels.
In particular cases, i.e., for specific spaces H , such notions have been introduced

by S. Bergman [2], G. Szegö [11], M. Schiffer [9], S. Zaremba [12], where the corre-
sponding reproducing kernels are computed and estimated; cf. N. Aronszajn, loc. cit.,
and P. Garabedian [3].

There is a systematic way to (try to) compute explicitly the kernel K(b), in the
following fashion.

Let us consider the problem

inf
u
‖u‖2

H , (K(b), u)H = 1, (or u(b) = 1). (1.3)

Let w0 be the solution of (1.3), i.e. the projection of the origin on the linear variety
(K(b), u)H = 1. Then

w0 = K(b)

‖K(b)‖2
H

(1.4)

which (essentially) gives K(b) if w0 is known.
One uses next methods of Calculus of Variations for solving (1.3).
This is the strategy which has been followed in theAuthor [5] for a specific function

space of harmonic functions.
In the present paper we give a formula for a whole family of Hilbert spaces of

harmonic functions (cf. Section 2), whose proof is given in Section 3 following the
above strategy. Further remarks and comparison with previous results are given in
Section 4.

2. Reproducing kernels of the spaces H s(�)

Let � be a bounded open set of R
n, with smooth boundary �. Let D ′

H (�) be the
space of distributions u on �, such that

�u = 0 in �. (2.1)
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If � is real analytic, there exists a continuous linear mapping∣∣∣∣ u→ γ u

from D ′
H (�)→ H ′(�) (2.2)

where H ′(�) denotes the space of analytic functionals on � (cf. J.-L. Lions and
E. Magenes [7], Chapter 7, Section 3.2.), such that

γ u = trace of u on � if u is continuous in �. (2.3)

One then introduces the spaces HS(�). They are the spaces of functions on � whose
all tangential derivatives (taken on �) of order ≤ S are in L2(�), a definition which
makes sense only for S = a positive integer. But let �� be the Laplace–Beltrami
operator on �. We set

� = 1−�� defined as an unbounded operator in L2(�) (2.4)

and then �S makes sense ∀S ∈ R. Then we define

HS(�) = Domain of �S (2.5)

cf. J.-L. Lions and E. Magenes [6], Chapter 1, Section 7.3. These spaces are simple
interpolation spaces, a very particular case of spaces introduced in J. Peetre and the
Author [8].

We then introduce

HS(�) = {u | u ∈ D ′(�), �u = 0 in �, γu ∈ HS(�)}. (2.6)

For u, v ∈ HS(�), we introduce the scalar product

(u, v)HS(�) = (γ u, γ v)HS(�) = (�Sγ u, γ v)� = (γ u,�Sγ v)�. (2.7)

Provided with (2.7), HS(�) is a Hilbert space.

Remark 2.1. When � is real analytic – or even only C∞ – the definitions (2.6) make
sense ∀s ∈ R. If � is, say, m times continuously diferentiable then HS(�) makes
sense for |S| ≤ m.

Remark 2.2. In (2.7), (�Sγu, γ v)� denotes the scalar product between �Sγu ∈
H−S(�) and γ v ∈ HS(�).

Remark 2.3. One has (with the notations of J.-L. Lions, E. Magenes [6])

HS(�) = {u | u ∈ D ′(�), �u = 0, u ∈ HS+1/2(�)} (2.8)

and one obtains the same Hilbert space (up to an equivalence of scalar product) by
taking

[u, v]HS(�) = (u, v)HS+1/2(�). (2.9)

But different scalar products lead to different reproducing kernels.
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Of course one has

HS(�) ⊂ C(�) = space of continuous functions on �. (2.10)

Therefore HS(�) has a reproducing kernel. Given b ∈ �, the form

u→ u(b)

is continuous on HS(�), so that there exists a unique element K(b) ∈ HS(�) such
that

u(b) = (KS(b), u)HS(�) ∀ u ∈ HS(�). (2.11)

For b ∈ �,KS(b) is a function, or a distribution that we still write as a function,

KS(b) : x → KS(x, b). (2.12)

For every S ∈ R,KS(x, b) is the reproducing kernel of HS(�). We are going to prove
in the next section the formula

KS(x, b) =
∫
�

�
−S/2
y

∂G

∂ny
(y, x)�

−S/2
y

∂G

∂ny
(y, b) d�y (2.13)

where G(x, b) denotes the Green’s function of −� in �, i.e.∣∣∣∣ −�xG(x, b) = δ(x − b)

G(x, b) = 0 for x ∈ �.
(2.14)

Remark 2.4. Since the function y → ∂G

∂ny
(or

∂G

∂ny
(y, b)) is C∞ on �, formula

(2.13) makes sense.

We now proceed with the Proof of (2.13).

3. Proof of formula (2.13)

Step 1. Following the strategy indicated in the Introduction we consider the problem

inf
u
‖u‖2

HS(�)
, u(b) = 1. (3.1)

Since u(b) = 1 is equivalent to (KS(b), u)HS(�) = 1 the unique solution w of (3.1)
is given by the projection of the origin on the variety (KS(b), u)HS(�) = 1 , i.e.

w = 1

‖KS(b)‖2
HS(�)

KS(b) (3.2)
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or

w(x) = 1

‖KS(b)‖2
HS(�)

KS(x, b). (3.3)

Since w(b) = 1 it follows that KS(b, b) = ‖KS(b)‖2
HS(�)

, so that one can write
as well

w(x) = KS(x, b)

KS(b, b)
. (3.4)

All these formulas are valid for every value of S ∈ R.

Step 2. We want now to obtain an optimality system for problem (3.1). We penalize
the condition �u = 0, i.e. we introduce, for ε > 0 “small",

Jε(u) = ‖u‖2
HS(�)

+ 1

ε
‖�u‖2

L2(�)
(3.5)

on the space of functions u such that

�u ∈ L2(�), γ u ∈ HS(�). (3.6)

The writing (3.5) is slightly ambiguous since u /∈ HS(�) in Jε(u) (since �u �= 0).
It follows from (3.6) that

u is locally in H 2(�) ∩HS+1/2(�). (3.7)

It follows (by Sobolev’s imbedding theorem) that u ∈ C(�)

either if n ≤ 3 or if s >
n− 1

2
. (3.8)

Then we can consider the problem

inf Jε(u), u subject to (3.6) and to u(b) = 1. (3.9)

Remark 3.1. If (3.8) does not hold true, one approximates the condition u(b) = 1
by the fact that averages of u in smaller and smaller balls around b converge to 1 as
ε → 0. Cf. J.-L. Lions [5] (for a different space, but the same technique applies).

Let wε be the unique solution of (3.9). Since

inf Jε(u) ≤ Jε(1) = ‖1‖2
HS(�)

it follows that

‖wε‖HS(�) ≤ C = constant independent of ε (3.10)

‖�wε‖L2(�) ≤ C
√
ε. (3.11)
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Let us define

pε = 1

ε
�wε. (3.12)

The Euler equation is then written

(wε, v)HS(�) + (pε,�v) = 0 ∀ v such that (3.6) is satisfied
for v and v(b) = 0.

(3.13)

If v is arbitrary, then v − v(b) is acceptable in (3.13), and it gives

(�Swε, v − v(b))� + (pε,�v) = 0 ∀ v. (2.14)

Using integrations by parts, it follows that

(�Swε, v)� − v(b)

∫
�

�SWε d� +
∫
�

(
pε

∂v

∂n
− ∂pε

∂n
v
)
d� + (�pε, v) = 0

i.e. ∣∣∣∣ �pε = ( ∫� �Swε d�
)
δ(x − b) in �

pε = 0 on �
(3.15)

and
∂pε

∂n
= �Swε on �. (3.16)

Let us set ∫
�

�Swε d� = dε. (3.17)

We can extract a subsequence, still denoted by wε, such that

wε → w in HS(�) weakly . (3.18)

Then

(wε, 1)HS = dε → d = (w, 1)HS . (3.19)

Using all this information, we can let ε→ 0, and we obtain (the optimality system)∣∣∣∣∣∣
�w = 0, w = �−S ∂p

∂n
on �

−�p = −dδ(x − b), d = (w, 1)HS ,

p = 0 on �.

(3.20)

This optimality system characterizes (3.4). Therefore

(w, 1)HS = (KS(b), 1)HS

1

KS(b, b)
= 1

KS(b, b)
. (3.21)

Step 3. Proof of formula (2.13). We first obtain from (3.20) that

p(x) = −d G(x, b). (3.22)



Remarks on reproducing kernels of some function spaces 55

By Green’s formula we have

w(y) = −
∫
�

∂G

∂nx
(x, y)w(x) d�x. (3.23)

But w(x) = �−Sx
∂p

∂nx
= −d�−Sx

∂G

∂nx
(y, b), so that (3.23) gives

w(y) = d

∫
�

∂G

∂nx
(x, y)�−Sy

∂G

∂nx
(x, b) d�x, (3.24)

or exchanging x and y

w(x) = d

∫
�

∂G

∂ny
(y, x)�−Sy

∂G

∂ny
(y, b) d�y. (3.25)

We now use (3.4) and observe by (3.21) that d = 1

KS(b, b)
. It follows that

KS(x, b) =
∫
�

∂G

∂ny
(y, x)�−Sy

∂G

∂ny
(y, b) d�y. (3.26)

which can be written in the form (2.13) as well.

4. Further remarks

Remark 4.1. Let us take s = − 1
2 . Then (cf. Remark 2.3)

H−1/2(�) = {u | u ∈ L2(�), �u = 0}. (4.1)

The Hilbertian norm

[u]H−1/2(�) = ‖u‖L2(�) (4.2)

is equivalent to the one given by (2.7) (with S = − 1
2 ). But the corresponding repro-

ducing kernel, which is given by

u(b) =
∫
�

R(x, b)u(x) dx (4.3)

is different from K−1/2(x, b).

One can follow the same strategy as before to compute R(x, b). One finds in this
way that R(x, b) can be expressed (cf. J.-L. Lions [5]) in terms of the Green functions
for −� and for �2, for the Dirichlet Boundary Conditions. One recovers in this way
a formula of S. Zaremba [12].
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Remark 4.2. One can also define HS(�) using the Neumann conditions. It gives

HS(�) =
{
u | u ∈ D ′(�), �u = 0,

∂u

∂n
∈ HS−1(�)

}
. (4.4)

Provided with the scalar product

{u, v}HS =
(
∂u

∂n
,
∂v

∂n

)
HS−1(�)

. (4.5)

which is still equivalent to (2.7) after taking the quotient by the constants, the Hilbert
space HS(�) admits another family of reproducing kernels

u(b) = {NS(b), u}HS . (4.6)

The kernel NS(x, b) can be expressed in terms of the Green’s function for−� this
time with the Neumann boundary conditions.

Remark 4.3. In a domain � of R
2 one can consider the complex valued distributions

u such that
∂u

∂z
= 0 in � (4.7)

(notations of L. Schwartz [10], Vol. 1) and introduce the space

S(�) = {u | ∂u
∂z
= 0 in �, γu ∈ L2(�)}, (4.8)

provided with the scalar product (γ u, γ v)L2(�).

It admits a reproducing kernel

u(b) = (S(b), u)L2(�) (4.9)

cf. N. Aronszajn [1], G. Szegö [11]. The function S(x, b) is the Szegö kernel for �.
One can also introduce the Bergman kernel (cf. S. Bergman [2]) as follows. One

defines

B(�) =
{
u | ∂u

∂z
= 0 in �, u ∈ L2(�)

}
, (4.10)

provided with the scalar product

(u, v)L2(�).

It admits a reproducing kernel, the so-called Bergman kernel:

u(b) = (B(b), u) =
∫
�

B(x, b)u(x) dx. (4.11)

All these kernels can be computed by the same strategy as above. But we have not
been able to recover by this method the results of P. Garabedian [3], which give the
connections between S(x, b) and B(x, b). We hope to return on this point.
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Remark 4.4. In all what has been said one can replace the condition

�u = 0

by

Au = 0 (4.12)

where A is any elliptic operator (with C∞ coefficients), of any order.
For instance one can consider the space

KS(�) =
{
u | u ∈ D ′(�), �2u = 0, γ u, γ

∂u

∂n
∈ HS(�)×HS−1(�)

}
. (4.13)

Provided with the scalar product

(u, v)KS(�) = (γ u, γ v)HS(�) +
(
γ
∂u

∂n
, γ

∂v

∂n

)
HS−1(�)

(4.14)

it becomes a Hilbert space which admits a reproducing kernel. It can be computed by
the same strategy.

A similar remark applies if one replaces (4.12) by a hypoelliptic equation, such as

∂u

∂t
−�u = 0 in �× (0, T ). (4.15)

(Cf. an example in J.-L. Lions, loc. cit.)

Remark 4.5. Let us give in conclusion an example where there is no reproducing
kernel. Let us consider smooth functions in �, such that

�u = 0 in �. (4.16)

Let us assume that �0 is a (smooth) subset of � = ∂�. Let us provide the set of
functions u with the scalar product

C�0(u, v) =
∫
�0

(
uv + ∂u

∂n

∂v

∂n

)
d�0. (4.17)

It defines a pre-hilbertian norm c�0(u, u)
1/2, since c�0(u, u) = 0 implies u =

∂u

∂n
= 0 on �0, which implies that u = 0 in � by a uniqueness theorem.

We can then consider the space c�0(�) = the completion of the smooth functions
u for the structure (4.17). If �0 ⊂ � strictly, c�0(�) is a space of ultra distributions,
whose elements are not necessarily continuous in �, so that there is no reproducing
kernel here. For u ∈ c�0(�) one cannot define u(b), but one can only consider
functionals (averages) of u.

Remark 4.6. The notion of reproducing kernel makes sense in the non-hilbertian
case. For instance, if D(�) denotes the L. Schwartz[10] space of C∞ functions with
compact support in �, and if b is given in �, u → u(b) is a continuous linear form
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on �, so that there exists a kernel R(b) such that

u(b) =< R(b), u > .

with the usual notations

u(b) =
∫
�

δ(x − b)u(x) dx,

so that R(b) = the Dirac measure δ(x − b).
If, in other function spaces, every function u admits a Fourier type expansion

u =
∑

(u,wj )wj

then the corresponding reproducing kernel is given by
∫
j

wj ⊗ wj .

Suitable approximations of δ(x − b) lead to approximation methods for the solu-
tions of partial differential equations. Let us mention in particular the Reproducing
Kernel Particle Method; cf. F. Günther et al. [4] and the bibliography therein.
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An interesting class of operators with unusual
Schatten–von Neumann behavior

A. B. Aleksandrov, S. Janson, V. V. Peller
and R. Rochberg ∗

We dedicate this paper to Jaak Peetre on the occasion of his 65th
birthday and to the memory of Tom Wolff. Both helped shape the
mathematics of our time and profoundly influenced our mathemati-
cal thoughts. Each, through his singular humanity, helped our
hearts grow.

Abstract. We consider the class of integral operators Qϕ on L2(R+) of the form (Qϕf )(x) =∫∞
0 ϕ(max{x, y})f (y) dy. We discuss necessary and sufficient conditions on ϕ to insure that
Qϕ is bounded, compact, or in the Schatten–von Neumann class Sp , 1 < p < ∞. We also
give necessary and sufficient conditions for Qϕ to be a finite rank operator. However, there
is a kind of cut-off at p = 1, and for membership in Sp , 0 < p ≤ 1, the situation is more
complicated. Although we give various necessary conditions and sufficient conditions relating
to Qϕ ∈ Sp in that range, we do not have necessary and sufficient conditions. In the most
important case p = 1, we have a necessary condition and a sufficient condition, using L1 and
L2 modulus of continuity, respectively, with a rather small gap in between. A second cut-off
occurs at p = 1/2: if ϕ is sufficiently smooth and decays reasonably fast, then Qϕ belongs to
the weak Schatten–von Neumann class S1/2,∞, but never to S1/2 unless ϕ = 0.

We also obtain results for related families of operators acting on L2(R) and �2(Z).
We further study operations acting on bounded linear operators on L2(R+) related to the

class of operators Qϕ . In particular we study Schur multipliers given by functions of the form
ϕ (max {x, y}) and we study properties of the averaging projection (Hilbert–Schmidt projection)
onto the operators of the form Qϕ .
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1. Introduction

For a function ϕ ∈ L1
loc(R+), which means that ϕ is a locally integrable function on

R+ = (0,∞), we define the operator Qϕ on the set of bounded compactly supported
functions f in L2(R+) by

(Qϕf )(x) =
∫ ∞

0
ϕ (max{x, y}) f (y) dy; (1.1)

equivalently,

(Qϕf )(x) = ϕ(x)

∫ x

0
f (y) dy +

∫ ∞

x

ϕ(y)f (y) dy. (1.2)

We are going to study when Qϕ is (i.e., extends to) a bounded operator in L2(R+),
and when this operator is compact, or belongs to Schatten–von Neumann classes Sp.
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We will also consider the corresponding Volterra operators Q+ϕ and Q−ϕ defined
by

(Q+ϕ f )(x) = ϕ(x)

∫ x

0
f (y) dy,

(Q−ϕ f )(x) =
∫ ∞

x

ϕ(y)f (y) dy;

thus Qϕ = Q+ϕ +Q−ϕ .
It is straightforward to see (and proved more generally in Theorem 2.4) that if any

of these three operators is bounded on L2(R+), then
∫∞
a
|ϕ|2 <∞ for any a > 0, and

thus the integrals above converge for any f ∈ L2(R+) and define all three operators
on L2(R+).

We find in §3 simple necessary and sufficient conditions for Qϕ to be bounded or
compact, and for Qϕ ∈ Sp, 1 < p < ∞. The conditions are ϕ ∈ X∞, ϕ ∈ X0∞ and
ϕ ∈ Xp, respectively, where the spaces Xp, X∞, and X0∞ are defined as follows.

Definition. If 0 < p <∞, let Xp be the linear space of all measurable functions on
R+ that satisfy the equivalent conditions

∑
n∈Z

2np/2
(∫ 2n+1

2n
|ϕ(x)|2 dx

)p/2

<∞; (1.3)

∑
n∈Z

2np/2
(∫ ∞

2n
|ϕ(x)|2 dx

)p/2

<∞; (1.4)

x1/2
(∫ ∞

x

|ϕ(y)|2 dy
)1/2

∈ Lp(dx/x). (1.5)

Similarly, let X∞ be the linear space of all measurable functions on R+ that satisfy
the equivalent conditions

sup
n∈Z

2n
(∫ 2n+1

2n
|ϕ(x)|2 dx

)
<∞; (1.6)

sup
x>0

x

∫ ∞

x

|ϕ(y)|2 dy <∞. (1.7)

Let X0∞ be the subspace of X∞ consisting of the functions that satisfy the equivalent
conditions

lim
n→±∞ 2n

(∫ 2n+1

2n
|ϕ(x)|2 dx

)
= 0; (1.8)

lim
x→0

x

∫ ∞

x

|ϕ(y)|2 dy = lim
x→∞ x

∫ ∞

x

|ϕ(y)|2 dy = 0. (1.9)
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The equivalence of the different conditions is an exercise. For 1 ≤ p ≤ ∞, Xp is
a Banach space with the norm

‖ϕ‖Xp =
∥∥∥∥x1/2

(∫ ∞

x

|ϕ(y)|2 dy
)1/2∥∥∥∥

Lp(dx/x)

;

for 0 < p < 1, this is a quasi-norm and Xp is a quasi-Banach space. X0∞ is a closed
subspace ofX∞, and thus a Banach space too. Note thatXp ⊂ Xq if 0 < p ≤ q ≤ ∞.

Remark. It is well known [Pee] that ϕ ∈ Xp if and only if the Fourier transform F ϕ

belongs to the homogeneous Besov space B1/2
2 p (here we identify ϕ with the function

extended to R by zero on R−).

Note that the operators Qϕ appear in a natural way in [MV] when studying the

boundedness problem for the Sturm–Liouville operator L from
◦
L1

2(R+)→ L−1
2 (R+)

defined by Lu = −u′′ + qu. To be more precise, Maz’ya and Verbitsky studied in
[MV] the problem of identifying potentials q for which the inequality∣∣∣∣∫

R+
|u(t)|2q(t) dt

∣∣∣∣ ≤ C

∫
R+
|u′(t)|2 dt

holds for any C∞ compactly supported function u on (0,∞). This inequality is in
turn equivalent to the boundedness of the quadratic form∣∣∣∣∫

R+
u(t)v(t)q(t) dt

∣∣∣∣ ≤ C‖u′‖L2(R+)‖v′‖L2(R+). (1.10)

In [MV] under the assumption that the limit

lim
y→∞

∫ y

x

q(t) dt =
∫ ∞

x

q(t) dt
def= ϕ(x)

exists for any x > 0 the problem of boundedness (compactness) of the quadratic form
(1.10) was reduced to the problem of boundedness (compactness) of the operator Qϕ

onL2(R+). Note that in [MV] the authors also obtained boundedness and compactness
criteria for the operators Qϕ in terms of conditions (1.7) and (1.9).

We also mention here the papers [OP] and [AO] where the authors study the

properties of the imbedding operators from
◦
Ll
p(�) to Lp(�), where � is a domain in

R
n. There results also lead to certain estimates of sn(Q+ϕ ) for ϕ supported on [0, a],

a ∈ R+.
The conditions in the above definition are conditions on the size of ϕ only, and

define Banach lattices of functions on R+. Thus, if |ψ | ≤ |ϕ| and Qϕ is bounded,
compact, or belongs to Sp, p > 1, then Qψ has the same property and, for example,
‖Qψ‖Sp ≤ Cp‖Qϕ‖Sp . Moreover, we will see that the same conditions are necessary
and sufficient for these properties for the operators Q+ϕ and Q−ϕ too; thus, if one of
the three operators has one these properties, then all three have it. These results for
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Q+ϕ are not new, see for example [ES, EEH, No, NeS, St], and the results for Qϕ can
easily be derived. Nevertheless we give complete proofs, by another method, as a
background for the case p ≤ 1.

Atp = 1, there is a kind of threshold, and for Sp,p ≤ 1, the situation is much more
complex. First, Q+ϕ and Q−ϕ never belong to S1, except in the trivial case ϕ = 0 a.e.,
when the operators vanish (Theorem 6.6). Secondly, although ϕ ∈ X1 is a necessary
condition forQϕ ∈ S1, it is not sufficient. Indeed, forp ≤ 1, we have not succeeded in
finding both necessary and sufficient conditions forQϕ ∈ Sp, and any such conditions
would have to be fairly complicated. For one thing, the property Qϕ ∈ Sp does not
depend on the size of ϕ only; although ϕ0(x) = χ[0,1], the characteristic function of
the unit interval, yields an operatorQϕ0 of rank 1, we show (see the example following
Theorem 6.5) that there exists a function ψ with |ψ | = |ϕ0| such that Qψ /∈ S1. In
the positive direction we show (§5 and §10) that if ϕ is sufficiently smooth and decays
sufficiently rapidly at infinity, then Qϕ ∈ Sp, 1/2 < p ≤ 1. Conversely, we give
in §15 (Theorem 15.22) a necessary condition on the L1 modulus of continuity for
Qϕ ∈ S1.

At p = 1/2 there is a second threshold. We prove in §8 and §9, by two different
methods, that if ϕ is smooth (locally absolutely continuous is enough), then Qϕ never
belongs to S1/2 except when ϕ = 0 a.e. More precisely, if ϕ is sufficiently smooth
and decays sufficiently rapidly at infinity, and does not vanish identically, then the
singular numbers sn(Qϕ) decay asymptotically exactly like n−2 (Theorem 9.3).

On the other hand, Qϕ may belong to S1/2 for non-smooth functions: It is easily
seen that if ϕ is a step function, then Qϕ has finite rank, and thus Qϕ ∈ Sp for every
p > 0. Taking suitable infinite sums of step functions we find also other functions in
Sp, p ≤ 1/2.

The role of smoothness is thus complicated and not well understood. It seems to
be a help towards Qϕ ∈ Sp for 1/2 < p ≤ 1, but it is not necessary and it completely
prevents Qϕ ∈ Sp for p ≤ 1/2. On the other hand, it is irrelevant for p > 1.

As said above, Qϕ has finite rank when ϕ is a step function. We show in Theo-
rem 12.2 that this is the only case when Qϕ has finite rank.

The kernel in Definition (1.1) is symmetric, and thus Qϕ is self-adjoint if and only
if ϕ is real. In §4 we show that Qϕ is a positive operator if and only if ϕ is a non-
negative non-increasing function. In this special case, for each p > 1/2, Qϕ ∈ Sp if
and only if ϕ ∈ Xp. In this case we also give an even simpler necessary and sufficient
conditions for boundedness, compactness and Qϕ ∈ Sp, p > 1/2 (Theorem 4.6).
In particular, for positive operators we have a necessary and sufficient condition for
p = 1 too.

When ϕ is real and thus Qϕ is self-adjoint, the singular values are the absolute
values of the eigenvalues. In §9, we study the eigenvalues, which leads to a Sturm–
Liouville problem that we study. We include one example (see §9), where the singular
values can be calculated exactly by this method. We give also another example (The-
orem 6.5) where the singular values are calculated within a constant factor by Fourier
analysis.
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In §13 and §14, we consider related families of operators acting on L2(R) and
�2(Z); the latter operators include some given by weighted Hankel matrices.

We further study operations acting on bounded linear operators on L2(R+) related
to the class of operators Qϕ . We study Schur multipliers given by functions of the
form ϕ (max {x, y}) in §7 and properties of the averaging projection onto the operators
of the form Qϕ in §11.

We give in this paper several necessary conditions and sufficient conditions for
properties such as Qϕ ∈ Sp. In all cases there are corresponding norm estimates,
which follow by inspection of the proofs or by the closed graph theorem, although we
usually do not state these estimates explicitly.

We denote by |I | the length of an interval I . We also use |S| for the cardinality of
a finite set S; there is no danger of confusion.

We use c and C, sometimes with subscripts or superscripts, to denote various un-
specified constants, not necessarily the same on different occurrences. These constants
are universal unless we indicate otherwise by subscripts.

2. Preliminaries

Definition (1.1) shows that the adjoint Q∗ϕ = Qϕ̄ ; in particular, Qϕ is self-adjoint if
and only if ϕ is real. Similarly, (Q+ϕ )∗ = Q−ϕ̄ ; which has the same norm and singular
numbers asQ−ϕ . Hence, we will mainly considerQ+ϕ ; all results obtained in this paper
for Q+ϕ immediately holds for Q−ϕ too.

Schatten classes

We denote the singular numbers of a bounded operator T on a Hilbert space

(or from one Hilbert space into another) by sn(T ), n = 0, 1, 2, . . . ; thus sn(T )
def=

inf {‖T − R‖ : rank(R) ≤ n}. We will frequently use the simple facts

sm+n(T + R) ≤ sm(T )+ sn(R), m, n ≥ 0, (2.1)

and

sm+n(T R) ≤ sm(T )sn(R), m, n ≥ 0, (2.2)

Recall that the Schatten–von Neumann classes Sp, 0 < p <∞ are defined by

Sp =
{
T :

∑
n≥0

sn(T )
p <∞

}
,
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and the Schatten–Lorentz classes Sp,q are defined by

Sp,q =
{
T :

∑
n≥0

(sn(T ))
q(1+ n)q/p−1 <∞

}
, 0 < p <∞, 0 < q <∞,

Sp,∞ =
{
T : sn(T ) ≤ C(1+ n)−1/p

}
, 0 < p <∞.

See for example [GK1] and [BS].

Other intervals

We have defined our operators for the interval R+ = (0,∞). More generally, for any
interval I ⊆ R and a function ϕ ∈ L1

loc(I ), we define QI
ϕ to be the integral operator

on L2(I ) with kernel ϕ
(
max(x, y)

)
.

It is easily seen that if I = (−∞, a) with −∞ < a ≤ ∞, then QI
ϕ is bounded

only for ϕ = 0 a.e. By translation invariance, it remains only to consider the cases
I = (0,∞), as above, and I = (0, a) for some finite a. The latter case will be used
sometimes below, but it can always be reduced to the case (0,∞). Indeed, if we extend
ϕ to (0,∞) letting ϕ = 0 on (a,∞), then QI

ϕ and Qϕ may be identified. (Formally,
they are defined on different spaces, and QI

ϕ is the restriction of Qϕ to L2(I ), but the
complementary restriction to L2(a,∞) vanishes. In particular, QI

ϕ and Qϕ have the
same singular numbers.)

The case of a finite interval can also be reduced to [0, 1] by the following simple
homogeneity result.

Lemma 2.1. If t > 0, and ϕt (x) = tϕ(tx), thenQϕ andQϕt are unitarily equivalent.

Similarly, for a subinterval I ⊂ (0,∞), QI
ϕ and Qt−1I

ϕt
are unitarily equivalent.

Proof. The mapping Tt : f (x) �→ t1/2f (tx) is a unitary operator in L2(R+), and
Qϕt = TtQϕT

−1
t .

Note that the spaces Xp have the homogeneity property exhibited in this lemma:
if ϕ ∈ Xp, then ϕt ∈ Xp with the same norm. Of course, it is natural to have this
property for any necessary or sufficient condition for Qϕ ∈ Sp.
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Distributions

We can also define the operators Qϕ , Q+ϕ , and Q−ϕ in the case when ϕ is a distribution.
For an open subset G of R

n we denote by D(G) the space of compactly supported
C∞ functions in G and denote by D ′(G) the space of distributions on G, i.e., con-
tinuous linear functionals on D(G). We refer the reader to [Sch] for basic facts about
distributions. We use the notation 〈ϕ, f 〉 for ϕ(f ), where ϕ ∈ D ′(G) and f ∈ D(G).

Suppose now that� and� are open subsets of R. In this paper we usually consider
the case when � = � = R+ or � = � = R. Let 	 ∈ D ′(� × �). We say that 	
determines a bounded linear operator fromL2(�) intoL2(�) if there exists a constant
C such that |〈	(x, y), f (y)g(x)〉| ≤ C‖f ‖L2‖g‖L2 for any f ∈ D(�) and any g ∈
D(�); the corresponding operator T then is given by 〈Tf, g〉 = 〈	(x, y), f (y)g(x)〉
and 	 is called the kernel of T . We say that 	 determines an operator in Sp if this
operator is an operator fromL2(�) intoL2(�) of class Sp. Note that for any bounded
operator T : L2(�) → L2(�) there exists a distribution 	 ∈ D ′(� × �) which
determines the operator T (a special case of Schwartz’s kernel theorem). Indeed,
it is easy to see that any function in D(� × �) defines an operator from L2(�)

into L2(�) of class S1, and we have a continuous imbedding j : D(� × �) →
S1(L

2(�), L2(�)). We may define the distribution	T ∈ D ′(�×�)by the following

formula 〈	T (x, y), f (x, y)〉 def= trace(T A), wheref ∈ D(�×�) andA is the integral
operator with kernel function f (y, x). Clearly, 	T determines the operator T .

We also consider the space S(Rn) of infinitely smooth functions whose derivatives
of arbitrary orders decay at infinity faster than (1 + |x|)−n for any n ∈ Z+ and the
dual space S ′(Rn) of tempered distributions (see [Sch] for basic facts). Recall that
the Fourier transform

f �→ (F f )(x)
def=
∫

Rn

f (t)e−2π i(t,x) dt (2.3)

where (t, x) is the scalar product of x and t in R
n, is an isomorphism of S(Rn) onto

itself, and that it can be extended to S′(Rn) by duality.
We need the following elementary facts.

Lemma 2.2. Suppose that a distribution	 ∈ D ′(R2) determines a bounded operator
on L2(R). Then 	 is a tempered distribution.

Proof. It is easy to see that any function 	 ∈ S(R2) determines an operator of class
S1 and that the corresponding imbedding of S(R2) into S1 is continuous. The result
follows now by duality.

Lemma 2.3. Let 	 ∈ S′(R2) and consider the distribution � on R
2 defined by

�(x, y)
def= (F 	)(x,−y). Then 	 determines a bounded operator on L2(R) if and

only if � does. Moreover, these two operators are unitarily equivalent.
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Proof. It suffices to observe that

〈�(x, y), f (y)g(x)〉 = 〈	(x, y),F (f (−y)g(x))〉
= 〈	(x, y), (F f )(−y)F g(−x))〉.

Now we are ready to define the operators Qϕ , Q+ϕ and Q−ϕ in the case where ϕ is
distribution.

It is not hard to see that the operator f �→ ∫ x
0 f (x, y) dy is a continuous operator

from D(R+ ×R+) into D(R+). Hence, with any ϕ ∈ D ′(R+) we can associate the
distributions �+ϕ , �−ϕ ,and �ϕ in D ′(R+ × R+) defined by

〈�+ϕ , f (x, y)〉 def= 〈ϕ,
∫ x

0
f (x, y) dy〉, (2.4)

〈�−ϕ , f (x, y)〉 def= 〈ϕ,
∫ x

0
f (y, x) dy〉 (2.5)

and

�ϕ
def= �+ϕ +�−ϕ . (2.6)

For a distribution ϕ in D ′(R+), we can consider now the operators Q+ϕ , Q−ϕ , and
Qϕ determined by the distributions �+ϕ , �−ϕ ,and �ϕ respectively. It is easy to see that
in case ϕ ∈ L1

loc(R+), the new definition coincides with the old one. The following
theorem shows however that if one of those operators is bounded on L2(R+), then ϕ

must be a locally integrable function on R+, and so we have not enlarged the class of
bounded operators of the form Qϕ .

Theorem 2.4. Let ϕ ∈ D ′(R+). Suppose that at least one of the distributions �+ϕ ,

�−ϕ , or �ϕ determines a bounded operator on L2(R+). Then ϕ ∈ L2
loc(R+).

Proof. We consider the cases of the distributions �+ϕ and �ϕ . For �−ϕ the proof is the
same as for �+ϕ . Let a ∈ R+. Fix a function f0 ∈ D(R+) such that supp f0 ⊂ [0, a]
and

∫
R+ f0(x) dx = 1. We have

〈�+ϕ , f0(y)g(x)〉 = 〈�ϕ, f0(y)g(x)〉 = 〈ϕ, ḡ〉
for any g ∈ D(R+) with supp g ⊂ [a,+∞). Therefore

|〈ϕ, g〉| ≤ C‖f0‖L2(R+)‖g‖L2(R+)

for any g ∈ D(a,∞). Thus, ϕ
∣∣(a,∞) ∈ L2(a,∞).
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Triangular projection

On the class of operators on Sp(L
2(R+)), p <∞, we define the operator of triangular

projectionP as follows. Consider first the casep ≤ 2. LetT be an operator onL2(R+)
of class Sp, p ≤ 2. Then T is an integral operator with kernel function kT :

(Tf )(x) =
∫ ∞

0
kT (x, y)f (y) dy, f ∈ L2(R+).

Then by definition

(PTf )(x) =
∫ x

0
kT (x, y)f (y) dy, f ∈ L2(R+). (2.7)

It is well known that

‖PT ‖Sp ≤ cp‖T ‖Sp , 1 < p ≤ 2, (2.8)

where cp depends only on p. This allows one to extend by duality the definition of P
and inequality (2.8) to the case 2 ≤ p < ∞. Note also that P has weak type (1, 1),
i.e.,

sn(PT ) ≤ C(1+ n)−1‖T ‖S1 , T ∈ S1. (2.9)

We will need these results on the triangular projection P in a more general situation.
Let μ and ν be regular Borel measures on R+. As above we can associate with any
operator T fromL2(μ) toL2(ν) of class S2 the operator PT by multiplying the kernel
function of T by the characteristic function of the set {(x, y) ∈ R

2+ : 0 < y < x}.
Theorem 2.5. P is a bounded linear projection on Sp(L

2(μ), L2(ν)) for 1 < p <∞
andP has weak type (1, 1), i.e., P is a bounded linear operator fromS1(L

2(μ), L2(ν))

to S1,∞(L2(μ), L2(ν)).

Theorem 2.5 is well known at least when μ = ν. Let us explain how to reduce
Theorem 2.5 to the case of the triangular projection onto the upper triangular matrices.

Let {Kj }j≥0 and {Hk}k≥0 be Hilbert spaces. We put K
def= ⊕

j≥0 Kj and

H
def= ⊕k≥0 Hk and identify operators A ∈ B(H ,K) with their block matrix repre-

sentation {Ajk}j,k≥0, where Ajk ∈ B(Hk,Kj ). We define the triangular projection

P by (PA)jk
def= Ajk for j > k and (PA)jk

def= 0 for j ≤ k.

Lemma 2.6. Let 1 < p <∞. Then P is bounded on Sp(H ,K) and has weak type
(1, 1). Moreover, the norms of P can be bounded independently of H and K .

In the case dim Kj = dim Hk = 1, this is the Krein–Matsaev theorem (it is
equivalent to Theorems III.2.4 and III.6.2 of [GK2], see also Theorem IV.8.2 of [GK1]).
In general the result can be reduced easily to this special case. Indeed, it is easy to
reduce the general case to the case when dim Hj = dim Kj <∞. Then it is easy to
see that if A ∈ Sp, 1 ≤ p < ∞, then the diagonal part of A also belongs to Sp, and
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so we may assume without loss of generality that Ajj = 0, j ∈ Z+. We can take an
orthonormal basis in each Hj and consider the orthonormal basis of H that consists
of those basis vectors of Hj , j ∈ Z+. Then we can consider the matrix representation
of A with respect to this orthonormal basis. We have now two triangular projections:
with respect to the orthonormal basis and the projection P , the triangular with respect
to the decomposition H =⊕k≥0 Hk . It is not hard to check that since the diagonal
part of A is zero, both triangular projections applied to A give the same result. This
reduces the general case to the Krein–Matsaev theorem mentioned above.

Now it is easy to deduce Theorem 2.5 from Lemma 2.6.

Proof of Theorem 2.5. Let T be an integral operator with kernel function k. For

ε > 0 we put kε(x, y)
def= k(x, y)χ{(x,y)∈R

2+:[ xε ]ε>y>0}, where [a] denote the largest
integer that is less than or equal to a. Suppose that p > 1. It is sufficient to consider
the case 1 < p ≤ 2 and then use duality. Let Tε be the integral operator with kernel
function kε. It follows easily from Lemma 2.6 that

‖Tε‖Sp(L2(μ),L2(ν)) ≤ cp‖T ‖Sp(L2(μ),L2(ν))

for any ε > 0. Clearly, Tε → T in the weak operator topology as ε → 0. It follows
that ‖PT ‖Sp(L2(μ),L2(ν)) ≤ cp‖T ‖Sp(L2(μ),L2(ν)). The case p = 1 may be considered
in the same way.

We have Q+ϕ = PQϕ , which together with the equivalence

Q+ϕ ∈ Sp ⇐⇒ Q−ϕ ∈ Sp

yields

Q+ϕ ∈ Sp ⇐⇒ Qϕ ∈ Sp

for 1 < p <∞. We will give a direct proof of this in Theorem 3.3.
We introduce a more general operation. LetA be a measurable subset of R+×R+.

For an operator T on L2(R+) of class S2 with kernel function kT we consider the
integral operator PAT whose kernel function is χAkT , where χA is the characteristic
function of A. In other words,

(PATf )(x) =
∫ ∞

0
χA(x, y)kT (x, y)f (y) dy.

If 0 < p ≤ 2 and PA maps Sp into itself, it follows from the closed graph theorem that
the linear transformation PA is a bounded linear operator on Sp. If 1 < p ≤ 2 and PA

is a bounded linear operator on Sp, then by duality we can define in a natural way the
bounded linear operator PA on Sp′ . If PA is bounded on S1, we can define by duality
PA on the space B(L2(R+)) of bounded linear operators on L2(R+). Note that the
projection P defined by (2.7) is equal to PA with A = {(x, y) : x ∈ R+, y ≤ x}.
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3. Boundedness, compactness, and p > 1

Recall the spaces Xp defined in the Introduction.

Theorem 3.1. Let ϕ ∈ L2
loc(R+). The following are equivalent:

(i) Qϕ is bounded on L2(R+);

(ii) Q+ϕ is bounded on L2(R+);

(iii) ϕ ∈ X∞.

Recall that the equivalence of (i) and (iii) was also established in [MV] by a different
method.

Proof. Let us show that (ii) implies (i). If Q+ϕ is bounded, then the integral operator

Q−ϕ
def= Qϕ − Q+ϕ is also bounded, since its kernel function is the reflection of the

kernel function of Q+ϕ with respect to the line {x = y}. Hence, Qϕ is bounded.
Let us deduce now (iii) from (i). For n ∈ Z put

An = [2n, 2n+1] × [2n−1, 2n].
Certainly, if Qϕ is bounded, then

sup
n∈Z

‖PAnQϕ‖ <∞.

It is easy to see that PAnQϕ is a rank one operator and

‖PAnQϕ‖ =
(

2n−1
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

which implies (1.6).
It remains to prove that (1.6) implies (ii). Put

B =
⋃
n∈Z

Bn, (3.1)

where

Bn = {(x, y) : 2n ≤ x ≤ 2n+1, 2n < y < x}. (3.2)

We also define the sets

A(k)
n = [2n, 2n+1] × [2n−k, 2n−k+1] (3.3)

and

A(k) =
⋃
n∈Z

A(k)
n . (3.4)
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Clearly,

{(x, y) : x > 0, 0 < y < x} = B ∪
⋃
k≥1

A(k),

and so

‖Q+ϕ ‖ ≤ ‖PBQϕ‖ +
∑
k≥1

‖PA(k)Qϕ‖. (3.5)

Since the projections of the Bn onto the coordinate axes are pairwise disjoint, it is
straightforward to see that

‖PBQ
+
ϕ ‖ = sup

n∈Z

‖PBnQ
+
ϕ ‖.

Let Rn be the integral operator with kernel function

kRn(x, y) = ϕ(x)χ[2n,2n+1](x)χ[2n,2n+1](y). (3.6)

Obviously, rank Rn = 1 and ‖Rn‖S2 = ‖Rn‖ =
(
2n
∫ 2n+1

2n |ϕ(x)|2 dx)1/2. It is also
evident that PRn = PBnQ

+
ϕ , and since P an orthogonal projection on S2, we have

‖PBnQ
+
ϕ ‖ = ‖PRn‖ ≤ ‖PRn‖S2 ≤ ‖Rn‖S2

=
(

2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

≤ C‖ϕ‖X∞ .

Next, it is also easy to see that

‖PA(k)Qϕ‖ = sup
n∈Z

‖P
A
(k)
n
Qϕ‖.

Also, P
A
(k)
n
Qϕ has rank one and norm

(
2n−k

∫ 2n+1

2n |ϕ(x)|2 dx)1/2, and so

∑
k≥1

‖PA(k)Qϕ‖ =
∑
k≥1

sup
n∈Z

(
2n−k

∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

=
∑
k≥1

2−k/2 sup
n∈Z

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

= C sup
n∈Z

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

.

The result follows now from (3.5).

Theorem 3.2. Let ϕ ∈ L1
loc(R+). The following are equivalent:

(i) Qϕ is compact on L2(R+);
(ii) Q+ϕ is compact on L2(R+);

(iii) ϕ ∈ X0∞.
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Recall that the equivalence of (i) and (iii) was also established in [MV] by a different
method.

Proof. It is easy to see that the estimates given in the proof of Theorem 3.1 actually
lead to the proof of Theorem 3.2; for the step (i) ⇒ (iii) we observe that if Qϕ is
compact, then limn→±∞ ‖PAnQϕ‖ = 0.

Theorem 3.3. Let 1 < p <∞ and let ϕ ∈ L1
loc(R+). Then the following conditions

are equivalent:

(i) Qϕ ∈ Sp;

(ii) Q+ϕ ∈ Sp;

(iii) ϕ ∈ Xp.

Note that the fact that (ii) ⇔ (iii) was proved in [No] by a different method, see
also [NeS] and [St] for the case of more general Volterra operators.

Proof. The fact that (ii) ⇒ (i) can be proved exactly as in the proof of Theorem 3.1.
Let us show that (i) implies (iii). Consider the sets An = A

(1)
n introduced in the proof

of Theorem 3.1 (see (3.3)). Recall that A(1) =⋃n∈Z
A
(1)
n . It is easy to see that

‖PA(1)Qϕ‖Sp ≤ ‖Qϕ‖Sp .

Clearly,

‖PA(1)Qϕ‖pSp
=
∑
n∈Z

‖PAnQϕ‖pSp
,

the operator PAnQϕ has rank one and

‖PAnQϕ‖Sp =
(

2n−1
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

.

This implies (1.3).
Let us show that (1.3) implies (ii). Consider the sets, Bn, B, A(k)

n , A(k) defined in
(3.2), (3.1), (3.3), and (3.4). Clearly,

‖Q+ϕ ‖Sp ≤ ‖PBQ
+
ϕ ‖Sp +

∑
k≥1

‖PA(k)Q
+
ϕ ‖Sp .

Let us first estimate ‖PBQ
+
ϕ ‖Sp . Clearly,

‖PBQ
+
ϕ ‖pSp

=
∑
n∈Z

‖PBnQ
+
ϕ ‖pSp

.
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Consider the rank one operators Rn defined in (3.6). As in the proof of Theorem 3.1
we have PRn = PBnQ

+
ϕ and since P is bounded on Sp, we obtain

‖PBnQ
+
ϕ ‖Sp = ‖PRn‖Sp ≤ Cp‖Rn‖Sp = Cp

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

,

and so

‖PBQ
+
ϕ ‖pSp

≤ Cp

∑
n∈Z

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)p/2

.

It is also easy to see that

‖PA(k)Q
+
ϕ ‖pSp

=
∑
n∈Z

‖P
A
(k)
n
Q+ϕ ‖pSp

and, since P
A
(k)
n
Qϕ has rank 1,

‖P
A
(k)
n
Q+ϕ ‖Sp = ‖PA

(k)
n
Qϕ‖Sp =

(
2n−k

∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

,

and so

‖PA(k)Q
+
ϕ ‖Sp =

(∑
n∈Z

(
2n−k

∫ 2n+1

2n
|ϕ(x)|2 dx

)p/2)1/p

= 2−k/2
(∑

n∈Z

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)p/2)1/p
(3.7)

and ∑
k≥1

‖PA(k)Q
+
ϕ ‖Sp ≤ C

(∑
n∈Z

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)p/2)1/p

(3.8)

which completes the proof.

Remark. The same proof shows that for p = 1, (ii) ⇒ (i) ⇒ (iii), but the final part
of it fails because the triangular projection is not bounded on S1. We will see later
that, indeed, none of the implications can be reversed for p = 1.

In the Hilbert–Schmidt case p = 2, the result simplifies further. Indeed, we have
the equalities

‖Qϕ‖S2 =
(∫ ∞

0

∫ ∞

0
|ϕ(max(x, y))|2 dx dy

)1/2

=
(

2
∫ ∞

0
x|ϕ(x)|2 dx

)1/2

and

‖Q+ϕ ‖S2 = 2−1/2‖Qϕ‖S2 = ‖x1/2ϕ(x)‖2 = ‖ϕ‖X2 .
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4. Positive operators

We consider the special case when Qϕ is a positive operator, i.e., 〈Qϕf, f 〉 ≥ 0
for every f ∈ L2(R+). In this case we obtain rather complete results. We first
characterize the corresponding symbols ϕ.

Theorem 4.1. Suppose that ϕ ∈ L1
loc(R+) is such that Qϕ is a bounded operator.

Then Qϕ is a positive operator if and only if ϕ is a.e. equal to a non-increasing,
non-negative function.

Proof. Suppose that Qϕ is positive. Define, for z, h > 0, fz,h = h−1χ(z,z+h) and let
Leb(ϕ) be the set of Lebesgue points of ϕ. Then, if z ∈ Leb(ϕ),

|〈Qϕfz,h, fz,h〉 − ϕ(z)| = h−2
∣∣∣∣∫ z+h

z

∫ z+h

z

(
ϕ{max(x, y)} − ϕ(z)

)
dx dy

∣∣∣∣
≤ h−2

∫ z+h

z

∫ z+h

z

(|ϕ(x)− ϕ(z)| + |ϕ(y)− ϕ(z)|) dx dy
= 2h−1

∫ z+h

z

|ϕ(x)− ϕ(z)| dx → 0

as h→ 0. Since 〈Qϕfz,h, fz,h〉 ≥ 0 for all h > 0, this implies ϕ(z) ≥ 0.
Moreover, if z1, z2 ∈ Leb(ϕ) are two Lebesgue points with z1 < z2 and 0 < h <

z2 − z1, then, similarly,

〈Qϕfz1,h, fz2,h〉 = 〈Qϕfz2,h, fz1,h〉 = h−1
∫ z2+h

z2

ϕ(y) dy → ϕ(z2)

as h→ 0, and thus, with gh = fz1,h − fz2,h,

〈Qϕgh, gh〉 → ϕ(z1)+ ϕ(z2)− 2ϕ(z2) = ϕ(z1)− ϕ(z2).

Hence, ϕ(z1) ≥ ϕ(z2).
It follows that the function ϕ̃(x) = sup {ϕ(z) : z ≥ x, z ∈ Leb(ϕ)} is non-negative

and non-increasing, and that ϕ = ϕ̃ a.e.
Conversely, if ϕ is non-negative and non-increasing, then limx→∞ ϕ(x) = 0, since

a positive lower bound is impossible by Theorem 3.1. Thus there exists a measure μ
on (0,∞) such that ϕ(x) = μ(x,∞) a.e. If, say, f is bounded with compact support
in (0,∞), then by Fubini’s theorem

〈Qϕf, f 〉 =
∫∫

ϕ
(
max{x, y})f (x)f̄ (y) dx dy = ∫∫∫

max{x,y}<z
f (x)f̄ (y) dx dy dμ(z)

=
∫ ∞

0

∣∣∣∣∫ z

0
f (x) dx

∣∣∣∣2 dμ ≥ 0.

Hence, Qϕ is a positive operator.
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We have used the fact that Qϕ is a sum of the Volterra operators Q+ϕ and Q−ϕ .
Operators of the type Qϕ also appear as the composition of Volterra operators.

Theorem 4.2. Suppose that ψ1 and ψ2 are functions on R+ such that Qψ1 and Qψ2

are bounded linear operators. Let ϕ be the function defined by

ϕ(x) =
∫ ∞

x

ψ1(t)ψ2(t) dt. (4.1)

Then the operator Qϕ is bounded and admits a factorization

Qϕ = Q−ψ1
Q+ψ2

.

Proof. Let k1 be the kernel function of Q−ψ1
and k2 the kernel function of Q+ψ2

. We
have

k1(x, t) =
{
ψ1(t), t ≥ x

0, t < x

and

k2(t, y) =
{

0, t < y

ψ2(t), t ≥ y.

Then the kernel function k of the product Q−ψ1
Q+ψ2

is given by

k(x, y) =
∫

R+
k1(x, t)k2(t, y) dt =

∫ ∞

max{x,y}
ψ1(t)ψ2(t) dt = ϕ(max{x, y})

by the hypotheses; the integrals converge by Theorem 3.1 and the Cauchy–Schwarz
inequality.

The function ϕ in (4.1) is always locally absolutely continuous. In order to treat
more general non-increasing ϕ, we define, for a positive measure μ on (0,∞), the op-
erator Q+μ : L2(0,∞)→ L2(μ) by Q+μf (x) =

∫ x
0 f (y) dy. (Thus, the operator itself

does not depend on μ; only its range space does.) We have the following analogues
of Theorems 3.1 and 3.3. (We leave the corresponding criterion for compactness to
the reader.)

Theorem 4.3. Let μ be a positive measure on R+. The following are equivalent:

(i) Q+μ is bounded operator from L2(R+) to L2(μ);

(ii) sup
n∈Z

2nμ[2n, 2n+1) <∞;

(iii) sup
x>0

xμ[x,∞) <∞.
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Theorem 4.4. Let 1 < p <∞ and let μ be a positive measure on R+. The following
conditions are equivalent:

(i) Q+μ ∈ Sp;

(ii)
∑
n∈Z

2np/2(μ[2n, 2n+1)
)p/2

<∞;

(iii)
∑
n∈Z

2np/2(μ[2n,∞)
)p/2

<∞;

(iv) x1/2(μ(x,∞)
)1/2 ∈ Lp(dx/x).

The proofs of Theorems 4.3 and 4.4 are almost the same as the proofs of Theo-
rems 3.1 and 3.3. The main difference is that we have to apply the theorem on the
boundedness of the triangular projection on Sp, 1 < p <∞, in the case of weighted
L2 spaces (see Theorem 2.5).

Furthermore, the factorization in Theorem 4.2 extends.

Theorem 4.5. Suppose that μ is a positive measure on R+ such that Q+μ is a bounded
linear operator. Let ϕ be the function defined by ϕ(x) = μ(x,∞). Then the operator
Qϕ is bounded and Qϕ = (Q+μ)∗Q+μ .

Proof. By Theorem 4.3, 0 ≤ ϕ(x) ≤ Cϕ/x, and thus Qϕ is bounded by Theorem 3.1.
If, say, f, g ∈ L2(R+) are non-negative, then by Fubini’s theorem

〈(Q+μ)∗Q+μf, g〉 = 〈Q+μf,Q+μg〉 =
∫ ∞

0

∫ z

0
f (x) dx

∫ z

0
ḡ(y) dy dμ(z)

=
∫∫∫

max{x,y}<z
f (x)ḡ(y) dx dy dμ(z) = 〈Qϕf, g〉.

For positive operators Qϕ , we have a simple result, Theorem 4.6 below. (For (i),
cf. the discussion of the Hille condition in [MV].)

Theorem 4.6. Suppose that ϕ is a non-negative, non-increasing function on R+.

(i) Qϕ is bounded if and only if xϕ(x) is bounded.

(ii) Qϕ is compact if and only if xϕ(x)→ 0 as x → 0 and as x →∞.

(iii) If 1/2 < p <∞, then the following are equivalent:

(a) Qϕ ∈ Sp;

(b) ϕ ∈ Xp;

(c) xϕ(x) ∈ Lp(dx/x).
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Proof. The equivalence of ϕ ∈ Xp and xϕ(x) ∈ Lp(dx/x) for non-increasing, non-

negative ϕ is elementary, using ϕ(2n)2 ≥ 2−n
∫ 2n+1

2n |ϕ|2 ≥ ϕ(2n+1)2. Hence, (i)
follows from Theorem 3.1, and (iii) for p > 1 from Theorem 3.3; furthermore, (ii)
follows similarly from Theorem 3.2.

For (iii) for a general p > 1/2, we first note that any of the three conditions (a), (b)
and (c) implies that xϕ(x) is bounded. (This follows by (i) for (a), and by elementary
estimates for (b) and (c).) We can assume without loss of generality that ϕ is right-
continuous on (0,∞). If we let μ be the measure on R+ with μ(x,∞) = ϕ(x), then
by Theorems 4.3 and 4.5, Q+μ is bounded and Qϕ = (Q+μ)∗Q+μ . Hence, Qϕ ∈ Sp ⇔
Q+μ ∈ S2p, and the result follows by Theorem 4.4.

We will see in the example given at the beginning of §9 that Theorem 4.6 (iii) does
not extend to p ≤ 1/2.

5. A sufficient condition, 1/2 < p ≤ 1

By linearity, we immediately obtain from Theorem 4.6 a sufficient, but not necessary,
condition for general symbols ϕ.

Definition. Yp is the subspace of Xp spanned by non-increasing functions. I.e.,
ϕ ∈ Yp if and only if Re ϕ and Im ϕ both are differences of non-increasing functions
in Xp.

Theorem 5.1. Let p > 1/2. If ϕ ∈ Yp, then Qϕ ∈ Sp.

The condition ϕ ∈ Yp can be made more explicit and useful as follows. We
denote by ‖ϕ‖′BV (I) the total variation of a function ϕ over an interval I , and let

‖ϕ‖BV (I) def= ‖ϕ‖′BV (I) + supI |ϕ|. Moreover, we let Vϕ(x) denote the total variation
of a function ϕ over the interval [x,∞). Note that if ϕ is locally absolutely continuous,
then Vϕ(x) =

∫∞
x
|ϕ′(y)| dy.

Lemma 5.2. Let 0 < p <∞. If ϕ is non-increasing, then

ϕ ∈ Yp ⇔ ϕ ∈ Xp ⇔
∫ ∞

0
|xϕ(x)|p dx

x
<∞.

Proof. For non-increasing ϕ, the first equivalence follows from the definition of Yp,
while the second equivalence was noted in the proof of Theorem 4.6.

Theorem 5.3. Let ϕ be a function on R+ and let 0 < p < ∞. The following are
equivalent:

(i) ϕ ∈ Yp;
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(ii) Vϕ ∈ Xp and limx→∞ ϕ(x) = 0;

(iii) xVϕ(x) ∈ Lp(dx/x) and limx→∞ ϕ(x) = 0;

(iv) ϕ has locally bounded variation, limx→∞ ϕ(x) = 0 and∑
n∈Z

2np
(∫ ∞

2n
|dϕ(x)|

)p
<∞

(v) ϕ has locally bounded variation, limx→∞ ϕ(x) = 0 and∑
n∈Z

2np
(∫ 2n+1

2n
|dϕ(x)|

)p
<∞;

(vi)
∑

n∈Z
2np‖ϕ‖p

BV [2n,2n+1] <∞;

(vii)
∑

n∈Z
‖xϕ(x)‖p

BV [2n,2n+1] <∞.

Proof. To show that (i) implies (ii), it suffices to consider a non-increasing ϕ ∈ Xp; it
is easily seen that then limx→∞ ϕ(x) = 0 and Vϕ = ϕ, whence (ii) follows.

Conversely, suppose that (ii) holds. By considering real and imaginary parts, we
may assume that ϕ is real. Then ϕ = Vϕ − (Vϕ − ϕ), where Vϕ and Vϕ − ϕ are
non-increasing functions in Xp; note that 0 ≤ Vϕ−ϕ ≤ 2Vϕ . Consequently (i) holds.

Since Vϕ is non-increasing, (ii)⇔ (iii) follows by Lemma 5.2.
Next, (iii) ⇔ (iv) follows easily because Vϕ(x) =

∫∞
x
|dϕ(y)|, and (iv) ⇔ (v) is

easily verified.

If (iv) holds, then‖ϕ‖BV [2n,2n+1] =
∫ 2n+1

2n |dϕ(x)|+sup[2n,2n+1] |ϕ| ≤ 2
∫∞

2n |dϕ(x)|
and (vi) follows. Conversely, (vi) immediately implies (v).

Finally, for any functions ϕ and ψ on an interval I , we have ‖ψϕ‖BV (I) ≤
‖ψ‖BV (I)‖ϕ‖BV (I), and the equivalence (vi) ⇔ (vii) follows by taking ψ(x) = x

and ψ(x) = 1/x.

We can define a norm in Yp (a quasi-norm for p < 1) by

‖ϕ‖Yp def=
(∑
n∈Z

2np
(∫ 2n+1

2n
|dϕ(x)|

)p)1/p

; (5.1)

an alternative is (∫ ∞

0
|xVϕ(x)|p dx

x

)1/p

,

which yields an equivalent (quasi-)norm.
We obtain as corollaries to Theorems 5.1 and 5.3 the following simple sufficient

conditions for Qϕ ∈ Sp.
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Corollary 5.4. Suppose ϕ is absolutely continuous on [0,∞), limx→∞ ϕ(x) = 0
and supx>0 x

γ |ϕ′(x)| < ∞ for some γ > 2. Then ϕ ∈ Yp for every p > 0 and thus
Qϕ ∈ Sp for every p > 1/2.

Proof. Vϕ(x) is bounded and |Vϕ(x)| ≤ C · x1−γ , and thus xVϕ(x) ∈ Lp(dx/x) for
every p > 0.

Corollary 5.5. Ifϕ has bounded variation and support in a finite interval, thenϕ ∈ Yp
for every p > 0 and thus Qϕ ∈ Sp for every p > 1/2.

6. p = 1, first results

Let us now consider the case p = 1. We know already that ϕ ∈ X1 is a necessary and
ϕ ∈ Y1 a sufficient condition for Qϕ ∈ S1. We will later see that neither condition
is both necessary and sufficient (see the example following Theorem 6.5). We restate
these results as follows.

Theorem 6.1. Suppose ϕ has locally bounded variation,
∫∞

0 x|dϕ(x)| < ∞ and
limx→∞ ϕ(x) = 0. Then Qϕ ∈ S1.

Proof. It follows from Theorem 5.3 and the calculation∫ ∞

0
Vϕ(x) dx =

∫ ∞

0

∫ ∞

x

|dϕ(y)| dx =
∫ ∞

0
y|dϕ(y)|

that the assumption is equivalent toϕ ∈ Y1, so the result follows fromTheorem 5.1.

Theorem 6.2. If Qϕ ∈ S1, then ϕ ∈ X1. Furthermore, ϕ ∈ L1(0,∞) and

traceQϕ =
∫ ∞

0
ϕ(x) dx.

Proof. By the Remark at the end of §3, Qϕ ∈ S1 ⇒ ϕ ∈ X1. Next, X1 ⊂ L1(0,∞),
since by the Cauchy–Schwarz inequality and (1.3)∫ ∞

0
|ϕ| ≤

∑
n∈Z

2n/2
(∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

<∞.

Finally, the trace formula follows from Theorem 6.3 below, since with k(x, y) =
ϕ(max{x, y}) for x, y > 0,∫ ∞

−∞
k(x, x + a) dx =

∫ ∞

|a|
ϕ(x) dx.
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Remark. This theorem gives a formula for the trace ofQϕ if that operator has a trace;
i.e., if it is in the trace class, S1. The theorem also shows that if Qϕ is in the trace class
then we must have ϕ ∈ X1.We will see later in this section that ϕ ∈ X1 is not enough
to insure that Qϕ is in the trace class. However, we will see later, Corollary 10.2, that
ϕ ∈ X1 is sufficient to insure that Qϕ and related operators do have a Dixmier trace.

In the previous theorem we used following fact from [A], improving an earlier
result in [B]:

Theorem 6.3. If T is an integral operator on L2(R) of class S1 with kernel function
k, then the function

x �→ k(x, x + a), x ∈ R,

is in L1(R) for almost all a ∈ R and the function

a �→
∫

R

k(x, x + a) dx, a ∈ R,

is almost everywhere equal to the Fourier transform F h of a function h ∈ L1(R), in
particular, it coincides a.e. with a continuous function on R. Moreover,

trace T = (F h)(0).

Proof. It is sufficient to prove the result when k(x, y) = f (x)g(y) with f and g in
L2(R). It is then straightforward to verify, with h(ξ) = (F f )(ξ)(F g)(−ξ).

We can reduce the estimation of ‖Qϕ‖S1 to the estimation of ‖QI
ϕ‖S1 for dyadic

intervals I .

Theorem 6.4. Let ϕ ∈ L1
loc(R+) and let In = [2n, 2n+1]. Then Qϕ ∈ S1 if and only

if ϕ ∈ X1 and ∑
n∈Z

‖QIn
ϕ ‖S1 <∞. (6.1)

Proof. Consider the sets A(k) defined by (3.4) and consider their symmetric images
A(−k) about the line {(x, y) : x = y}. As in (3.8) we have∑

k≥1

‖PA(k)Qϕ‖S1 ≤ C
∑
n∈Z

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

.

Similarly, ∑
k≥1

‖PA(−k)Qϕ‖S1 ≤ C
∑
n∈Z

(
2n
∫ 2n+1

2n
|ϕ(x)|2 dx

)1/2

.
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It thus follows from ϕ ∈ X1 that

PAQϕ ∈ S1 and P
Ă
Qϕ ∈ S1.

where

A =
⋃
k≥1

A(k) and Ă =
⋃
k≤−1

A(k).

Consequently, using Theorem 6.2, Qϕ ∈ S1 if and only if ϕ ∈ X1 and PBQϕ ∈ S1,
where B is defined by (3.1). Since the projections of the sets Bn onto the coordinate
axes are disjoint, and PBnQϕ = Q

In
ϕ , it follows that PBQϕ ∈ S1 if and only if (6.1)

holds.

Let n ∈ Z. It is easy to see that QIn
ϕ ∈ S1 if and only if Qϕn ∈ S1, where

ϕn(x)
def=
{
ϕ(x + 2n), x ∈ [0, 2n]
0, otherwise.

Hence, the question of when Qϕ belongs to S1 reduces to the question of estimating
‖Qϕ‖S1 for functions ϕ supported on finite intervals.

Remark. For 0 < p < 1, it can similarly be shown that Qϕ ∈ Sp if ϕ ∈ Xp and∑
n∈Z

‖QIn
ϕ ‖pSp

<∞. We do not know whether the converse holds.

We next show that ϕ ∈ X1 is not sufficient for Qϕ ∈ S1.

Theorem 6.5. Let ϕN(x) = e2π iNxχ[0,1](x) for N = 1, 2, . . . . Then

sn(QϕN ) � min

{
1

n+ 1
,

N

(n+ 1)2

}
,

and so

‖QϕN ‖S1 � log(N + 1). (6.2)

Note that � means that the ratio of the two sides are bounded from above and
below by positive constants (not depending on n or N ). Clearly,

‖ϕN‖X1 = ‖χ[0,1]‖X1 = C

is independent of N . This shows, by the closed graph theorem, that

ϕ ∈ X1 �⇒ Qϕ ∈ S1;
a concrete counterexample is given in the example following the proof of Theorem 6.5.
Moreover, ϕN ∈ Xp for any p > 0, again with norm independent of N , so for every
p ≤ 1

ϕ ∈ Xp �⇒ Qϕ ∈ S1 and ϕ ∈ Xp �⇒ Qϕ ∈ Sp.
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It also follows from Theorem 6.5 that

‖QϕN ‖Sp � N(1−p)/p, 1
2 < p < 1. (6.3)

Proof of Theorem 6.5. Since multiplication by a unimodular function is a unitary
operator, the singular values ofQϕN are the same as the singular values sn(TN), where
TN is the integral operator on L2[0, 1] with kernel

e−π iNxϕN
(
max(x, y)

)
e−π iNy = exp

(
2π iN max(x, y)− π iNx − π iNy

)
= exp

(
π iN |x − y|).

Let gN(x) = eπ iN |x| for |x| ≤ 1, and extend gN to a function on R with period 2.
Let T ′N be the integral operator on L2[−1, 1] with kernel gN(x − y). If I+ = [0, 1],
I− = [−1, 0] and Aαβ = Iα × Iβ , α, β ∈ {+,−}, then PA++T

′
N = TN and thus

sn(QϕN ) = sn(TN) ≤ sn(T
′
N). (6.4)

Moreover, each PAαβ T
′
N is by a translation unitarily equivalent to either TN or the

integral operator on L2[0, 1] with kernel gN(x − y − 1) = exp
(
π iN(1− |x − y|)) =

(−1)NgN(x − y), which has the same singular values. Hence, by (2.1),

s4n(T
′
N) ≤ 4sn(TN) = 4sn(QϕN ). (6.5)

T ′N is a convolution operator on the circle R/2Z, so the elements of the orthonormal
basis {2−1/2 exp(π ikx)}∞k=−∞ in L2[−1, 1] are eigenvectors with eigenvalues

ĝN (k)
def=
∫ 1

−1
gN(x)e

−π ikx dx =
∫ 1

−1
eπ iN |x|−π ikx dx

=
∫ 0

−1
e−π i(N+k)x dx +

∫ 1

0
eπ i(N−k)x dx

=

⎧⎪⎨⎪⎩
0, k ≡ N (mod 2), k �= ±N,

1, k = ±N,
−2

π i(N+k) + −2
π i(N−k) = 4iN

π(N2−k2)
, k ≡ N + 1 (mod 2).

Consequently, the singular values sn(TN) are the absolute values |ĝN (k)|, k ∈ Z,
arranged in decreasing order. This easily yields

sn(T
′
N) � min

{
1

n+ 1
,

N

(n+ 1)2

}
,

and the result follows by (6.4) and (6.5).

Remark. A related method is used in a more general context in §14. Indeed, the
estimates (6.2) and (6.3) follow easily from Theorem 14.10 (with the norm estimates
implicit there).

Moreover, (6.2) and (6.3) also follow from the results in §16, obtained by a different
method.
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Example. For a concrete counterexample we let Nk ≥ 2 be integers and define

ϕ =
∞∑
k=1

exp(2π i2kNkx)χ(2−k,21−k)(x).

Then |ϕ| = χ[0,1]; in particular, ϕ ∈ Xp for every p > 0. On the other hand, for every
k, by Lemma 2.1 and Theorem 6.5,

‖Qϕ‖S1 ≥
∥∥Q[2−k,21−k]

ϕ

∥∥
S1
= 2−k‖QϕNk

‖S1 ≥ c2−k logNk.

Choosing Nk = 23k , we find that Qϕ /∈ S1.
Other choices yield further interesting examples. Thus, Nk = 2k yields a symbol

ϕ ∈ X1 but ϕ /∈ Y1 such that, by Theorem 6.4, Qϕ ∈ S1. In fact, using the Remark
followed by Theorem 6.5, we can conclude that Qϕ ∈ Sp for every p > 1/2.

The choiceNk = 2k
2

yields a symbol ϕ ∈ X1 \Y1 such thatQϕ ∈ S1 butQϕ /∈ Sp

for p < 1.

Remark. Theorem 6.5 implies also that ϕ ∈ X1 does not imply Qϕ ∈ S1,q for any
Schatten–Lorentz space S1,q with q <∞.

Let us prove now that the condition Qϕ ∈ S1 does not imply that Q+ϕ ∈ S1.
Moreover, as previously shown by Nowak [No], we show that there are no non-zero
operators Q+ϕ of class S1. (A more refined result will be given in Theorem 10.1.)

Theorem 6.6. Suppose that ϕ ∈ L1
loc(R+). If Q+ϕ ∈ S1, then ϕ is the zero function.

Proof. Let Q+ϕ ∈ S1, and let k be the kernel function of Q+ϕ , extended by 0 to R
2, i.e.

k(x, y) =
{
ϕ(x), 0 < y < x

0, otherwise.

Let � ⊂ R+ be a compact interval. Consider the operator P�Q+ϕ P�, where P� is
multiplication by χ�. Clearly, P�Q+ϕ P� is an integral operator with kernel function

k�
def= χ�×�k, (recall that χA is the characteristic function of a setA) andP�Q+ϕ P� ∈

S1. It follows from Theorem 6.3 that the function u

u(a)
def=
∫

R

k�(x, x + a) dx

is a.e. equal to a continuous function R. Clearly, u(a) = 0 if a > 0, and for a ↑ 0

u(a)→
∫
�

ϕ(x) dx.

Hence, ∫
�

ϕ(x) dx = 0, for any interval � ⊂ R+.

Consequently, ϕ = 0.
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7. Schur multipliers of the form ψ(max{x, y}), x, y ∈ R+
Let 0 < p ≤ 2. Recall that a function ω on R

2 is called a Schur multiplier of Sp

if the integral operator on L2(R) with kernel function ωk belongs to Sp whenever
the integral operator with kernel function k does. If 2 < p < ∞, the class of Schur
multipliers of Sp can be defined by duality: ω is a Schur multiplier of Sp if ω is a

Schur multiplier of Sp′ , where p′ def= p/(p−1). We say that ω is a Schur multiplier of
weak type (p, p), 0 < p ≤ 2, if the integral operator with kernel function ωk belongs
to Sp,∞ whenever the integral operator with kernel function k belongs to Sp. Note
that in a similar way one can define Schur multipliers for an arbitrary measure space
(X, μ).

In this section for a function ψ ∈ L∞(R) we find a sufficient condition for the
function (x, y) �→ ψ(max{x, y}), (x, y) ∈ R

2, to be a Schur multiplier of Sp. We
also obtain a sufficient condition for this function to be a Schur multiplier of weak
type (1/2, 1/2).

Theorem 7.1. Let 1 < p <∞ and let ψ ∈ L∞(R). Then the function

(x, y) �→ ψ(max{x, y}), (x, y) ∈ R
2,

is a Schur multiplier of Sp.

Proof. Since the triangular projection P is bounded on Sp, the characteristic function
of the set {(x, y) : x > y} is a Schur multiplier of Sp. It remains to observe that

ψ(max{x, y}) = ψ(x)χ{(x,y):x>y} + ψ(y)χ{(x,y):x<y}. (7.1)

Theorem 7.2. Let ψ ∈ L∞(R). Then the function

(x, y) �→ ψ(max{x, y}), (x, y) ∈ R
2,

is a Schur multiplier of weak type (1, 1).

Proof. The result follows from (7.1) and the fact that the triangular projection P has
weak type (1, 1) (see (2.9)).

Theorem 7.3. Let 1/2 < p <∞ and let ψ be a function of bounded variation. Then
the function (x, y) �→ ψ(max{x, y}) on R

2 is a Schur multiplier of Sp.

Proof. By Theorem 7.1 we may assume that p ≤ 1.
We consider first the case when ψ is absolutely continuous, i.e.,

ψ(x) =
∫ ∞

x

h(t) dt + C, h ∈ L1(R). (7.2)

We may assume that C = 0.
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Let ξ and η be functions in L2 and let T be the integral operator defined by

(Tf )(x) =
∫

R

ξ(x)η(y)ψ(max{x, y})f (y) dy, f ∈ L2(R). (7.3)

We have to prove that

‖T ‖Sp ≤ C(p, h)‖ξ‖L2(R)‖η‖L2(R),

where C(p, h) may depend only on p and h.
We can factorize the function h in the form h = uv, where u, v ∈ L2(R). Put

k1(x, y)
def=
{

0, y < x,

ξ(x)u(y), y > x,

and

k2(x, y)
def=
{

η(y)v(x), y < x,

0, y > x.

Let T1 and T2 be the integral operators on L2(R) with kernel functions k1 and k2.
It follow from the boundedness of the triangular projection that if 1 < q < ∞,
then ‖T1‖Sq ≤ C(q)‖ξ‖L2‖u‖L2 and ‖T2‖Sq ≤ C(q)‖η‖L2‖v‖L2 , where C(q) may
depend only on q. It is also easy to verify that T = T1T2. It follows that

‖T ‖Sp ≤ ‖T1‖S2p‖T2‖S2p ≤ (C(2p))2‖ξ‖L2‖η‖L2‖u‖L2‖v‖L2 .

To reduce the general case to the case of an absolutely continuous function ψ , we
can consider a standard regularization process.

We complete this section with the following result.

Theorem 7.4. Suppose that ψ is a function of bounded variation. Then the function
(x, y) �→ ψ(max{x, y}) is a Schur multiplier of weak type (1/2, 1/2).

We need two lemmata.

Lemma 7.5. Let 0 < p < 1 and let A ∈ Sp,∞. Set

‖A‖∗Sp,∞
def= sup

t>0

(
tp−1

∑
n≥0

min{t, sn(A)}
)1/p

.

Then

‖A‖Sp,∞ ≤ ‖A‖∗Sp,∞ ≤ (1− p)−1/p‖A‖Sp,∞ .

Proof. Taking t = sn(A) in the definition of ‖ · ‖∗Sp,∞ , we obtain

(n+ 1)
1
p sn(A) ≤ ‖A‖∗Sp,∞ .
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Consequently, ‖A‖Sp,∞ ≤ ‖A‖∗Sp,∞ . Next, we have

tp−1
∑
n≥0

min{t, sn(A)} ≤ tp−1
∑
n≥0

min{t, ‖A‖Sp,∞(n+ 1)−
1
p }

≤ tp−1
∫ ∞

0
min{t, ‖A‖Sp,∞x

−1/p} dx = (1− p)−1‖A‖pSp,∞ .

Hence, ‖A‖∗Sp,∞ ≤ (1− p)−1/p‖A‖Sp,∞ .

Lemma 7.6. If 0 < p < 1, then ‖ · ‖∗Sp,∞ is a p-norm, i.e.,

‖A1 + A2‖∗pSp,∞ ≤ ‖A1‖∗pSp,∞ + ‖A2‖∗pSp,∞ , A1, A2 ∈ Sp,∞.

Proof. By Rotfeld’s theorem [R], if 	 is a concave nondecreasing function on R+
such that 	(0+) = 0, then

m∑
j=0

	(sj (A1 + A2)) ≤
m∑
j=0

	(sj (A1))+
m∑
j=0

	(sj (A2)), m ∈ Z+. (7.4)

For t > 0 we define the function 	t on R+ by

	t(x) = tp−1 min{t, x}.
Clearly,

‖A‖∗pSp,∞ = sup
t>0

∑
j≥0

	t(sj (A)).

It remains to apply 7.4 for 	t and take the supremum over t > 0.

Note that the fact that for p < 1 the space Lp,∞ has a p-norm that is equivalent
to the initial quasi-norm is well known (see [K]).

Proof of Theorem 7.4. The proof is similar to the proof of Theorem 7.3. Again, it is
sufficient to assume that ψ has the form (7.2) with C = 0.

By Lemma 7.5 and Lemma 7.6, to prove that our function is a Schur multiplier
of weak type (1/2, 1/2), it is sufficient to prove that if T is defined by (7.3), then
T ∈ S1/2,∞. Let u, v, k1, k2, T1, and T2 be as in the proof of Theorem 7.3. Let
n ≥ 2 and n = m1 +m2, where |m1 − n/2| ≤ 1/2 and |m2 − n/2| ≤ 1/2. Since the
triangular projection P has weak type (1, 1) (see (2.9)), we have

‖T1‖S1,∞ ≤ C‖ξ‖L2‖u‖L2 and ‖T2‖S1,∞ ≤ C‖η‖L2‖v‖L2 .
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Hence, by (2.2),

sn(T ) ≤ sm1(T1)sm2(T2) ≤ C
1

m1m2
‖ξ‖L2‖u‖L2‖η‖L2‖v‖L2

≤ C
1

n2 ‖ξ‖L2‖u‖L2‖η‖L2‖v‖L2

which completes the proof.

We let Mp denote the space of Schur multipliers of Sp, and put

‖ω‖Mp

def= sup ‖ωk‖Sp ,

where the supremum is taken over all integral operators with kernel k ∈ L2 such that
‖k‖Sp = 1. Here by ‖k‖Sp we mean the Sp norm (quasi-norm if p < 1) of the integral
operator with kernel function k. If ω is a Schur multiplier of weak type (p, p), we put

‖ω‖Mp,w

def= sup ‖ωk‖Sp,∞ ,

where the supremum is taken over all integral operators with kernel k ∈ L2 such that
‖k‖Sp = 1.

Remark. It is clear from the proofs of Theorems 7.1, 7.2, 7.3, and 7.4 that under the
hypotheses of Theorem 7.1 we have

‖ψ(max{x, y})‖Mp
≤ C(p)‖ψ‖L∞

and

‖ψ(max{x, y})‖M1,w ≤ C‖ψ‖L∞
while under the hypotheses of Theorem 7.3 we have

‖ψ(max{x, y})‖Mp
≤ C(p)‖ψ‖BV ,

and

‖ψ(max{x, y})‖M1/2,w ≤ C‖ψ‖BV .
Here we use the notation

‖ϕ‖′BV =
∫

R

|dϕ| and ‖ϕ‖BV = ‖ϕ‖′BV + ‖ϕ‖L∞ .

The following result gives us a more accurate estimate for ‖ψ(max{x, y})‖Mp
in

the case 1/2 < p ≤ 1.

Theorem 7.7. Let ψ be a function of bounded variation on R. Then

‖ψ(max{x, y})‖M1 ≤ C‖ψ‖L∞ log

(
2+ ‖ψ‖

′
BV

‖ψ‖L∞
)
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and

‖ψ(max{x, y})‖Mp
≤ C‖ψ‖2−1/p

L∞ ‖ψ‖1/p−1
BV ,

1

2
< p < 1.

Proof. Let ξ and η be function in L2 such that ‖ξ‖L2 = ‖η‖L2 = 1. We have to
estimate the Sp-norm of the integral operator with kernelψ(max{x, y})ξ(x)η(y). Let
{sn}n≥0 be the sequence of s-numbers of this integral operator. Theorem 7.2 implies
that

sn ≤ C
‖ψ‖L∞
n+ 1

.

Theorem 7.4 implies that

sn ≤ C
‖ψ‖L∞ + ‖ψ‖′BV

(n+ 1)2
.

Consequently,

sn ≤ C min

{‖ψ‖L∞
n+ 1

,
‖ψ‖L∞ + ‖ψ‖′BV

(n+ 1)2

}
.

The rest of the proof is an easy exercise.

8. The case p = 1/2

Theorem 8.1. Let ϕ be a function of bounded variation on [0, 1]. Then Q
[0,1]
ϕ ∈

S1/2,∞.

Proof. We may extend the function ϕ by putting ϕ(t) = 0 for t ∈ R+ \ [0, 1]. Clearly,
the integral operator with kernel function χ[0,1]2 has rank one, and so it belongs
to S1/2. Consequently, by Theorem 7.4, the integral operator with kernel function
χ[0,1]2ϕ(max{x, y}) belongs to S1/2,∞.

To see that this result cannot be improved to Q
[0,1]
ϕ ∈ S1/2, we begin with two

extensions of Theorem 6.6.

Lemma 8.2. Let ϕ,ψ ∈ L1
loc(R). Suppose that the integral operator with kernel

function k,

k(x, y) =
{
ϕ(x)ψ(y), y ≤ x,

0, otherwise,

belongs to S1. Then ϕψ = 0 almost everywhere.
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Proof. First we assume that ϕ,ψ ∈ L2(R). By Theorem 6.3 we have

lim
a→0−

∫
R

k(x, x + a) dx = lim
a→0+

∫
R

k(x, x + a) dx = 0,

whence
∫

R
ϕ(x)ψ(x) dx = 0. Now let ϕ and ψ be arbitrary functions in L1

loc(R).
Suppose that f and g are functions inL∞(R) such that f ϕ ∈ L2(R) and gψ ∈ L2(R).
Consider the integral operator with kernel function

(x, y) �→ f (x)k(x, y)g(y).

Clearly, it belongs to S1. It follows from what we have just proved that∫
R

ϕ(x)f (x)ψ(x)g(x) dx = 0.

Since f and g are arbitrary, this implies the result.

Lemma 8.3. Let ϕ ∈ L1
loc(R+) and let A = (0,∞) × �, where � is a measurable

subset of (0,∞). Suppose that PAQ
+
ϕ ∈ S1. Then ϕ = 0 almost everywhere on �.

Proof. The result follows easily from Lemma 8.2 with ψ = χ�.

Lemma 8.4. Let ϕ be a nonincreasing locally absolutely continuous function on R+
and let � be a measurable subset of R+. Suppose that the integral operator with
kernel function

(x, y) �→ ϕ(max{x, y})χ�(x)χ�(y)
belongs to S1/2. Then ϕ′ = 0 almost everywhere on �.

Proof. By replacing � with � ∩ (a, b), we may assume that � ⊂ [a, b] where
0 < a < b < ∞. We may then subtract ϕ(b) and modify ϕ outside [a, b] so that ϕ
becomes constant on (0, a] and zero on [b,∞). Let ψ = (−ϕ′)1/2. Since xϕ(x) is
bounded, we have ψ ∈ X∞. Thus Q+ψ is bounded and by Theorem 4.2, Qϕ admits

a factorization Qϕ = (Q+ψ)∗Q
+
ψ . Let M be multiplication by χ�. It follows that

MQϕM = (Q+ψM)∗(Q+ψM), and so Q+ψM ∈ S1. The result follows now from
Lemma 8.3.

Corollary 8.5. Let ϕ be as in Lemma 8.4 and let ψ be a function on R+ such that

Qψ ∈ S1/2. Set �
def= {x ∈ R+ : ψ(x) = ϕ(x)}. Suppose that ψ is differentiable

almost everywhere on �. Then ϕ′ = ψ ′ = 0 almost everywhere on �.

Proof. It suffices to apply Lemma 8.4.

Theorem 8.6. Letψ be an absolutely continuous function on [0, 1]. SupposeQ[0,1]ψ ∈
S1/2. Then ψ is constant.
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Proof. Clearly, we may assume that ψ is a real function. Suppose that ψ is not
constant. Then maxψ > ψ(1) or minψ < ψ(1). To be definite, suppose that
maxψ > ψ(1). We use the “sun rising method”. Let

�
def= {x ∈ [0, 1] : ψ(x) ≥ ψ(t) for all t ≥ x}.

Clearly, � is closed and 1 ∈ �. Moreover, the restriction ψ
∣∣[α, β] is constant for any

interval (α, β) such that α, β ∈ � and � ∩ (α, β) = ∅. Set

ϕ(x) = max[x,1]∩�ψ.

Clearly,ϕ is non-increasing,ϕ|� = ψ |� andϕ
∣∣[α, β] is constant for any interval (α, β)

such that α, β ∈ � and � ∩ (α, β) = ∅. Consequently, ϕ is absolutely continuous.
Thus, ϕ′ = 0 almost everywhere on � by Corollary 8.5. Moreover, ϕ′ = 0 outside �
because ϕ is locally constant outside �. Consequently, ϕ′ = 0 almost everywhere on
[0, 1], and so ϕ(t) = ϕ(1) = ψ(1) for any t ∈ [0, 1] which contradicts the condition
maxψ > ψ(1).

Corollary 8.7. Suppose that Qψ ∈ S1/2. Then ψ is constant on any interval I ⊂ R+
on which ψ is absolutely continuous.

Corollary 8.8. Suppose thatψ is locally absolutely continuous andQψ ∈ S1/2. Then
ψ = 0 everywhere on R+.

Lemma 8.9. Let ϕ be a nonincreasing function on R+ with limt→+∞ ϕ(t) = 0 and
let ε > 0. Then there exists a nonincreasing absolutely continuous function ψ on R+
such that limt→+∞ ψ(t) = 0 and m{ϕ �= ψ} < ε.

Note that here and in what followsmdenotes Lebesgue measure on R or normalized
Lebesgue measure on the unit circle T.

Proof. We may assume that ϕ is right-continuous on (0,∞) and that ϕ is bounded.
Consider the positive measure μ on R+ such that ϕ(t) = μ(t,∞) for any t > 0.
Denote by μs the singular part of μ. There exists a Borel set E ⊂ R+ such that
m(E) = 0 and μs((0,+∞)\E) = 0. We may find an open set U such that E ⊂ U ⊂
R+ and μ(U) < ε. Let U =⋃n≥1(an, bn), where (an, bn) are mutually disjoint. Set

f (t) =

⎧⎪⎨⎪⎩
−ϕ′(t), t ∈ R+ \ E,
μ[an, bn)
bn − an

, t ∈ (an, bn).

Set ψ(t)
def= ∫∞

t
f (s)ds. Clearly, ϕ = ψ outside U .

Lemma 8.10. Let ϕ a nonincreasing function on R+ with limt→+∞ ϕ(t) = 0. Sup-
pose that the integral operator with kernel function

(x, y) �→ ϕ(max{x, y})χ�(x)χ�(y)
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belongs to S1/2 for a measurable subset � of R+. Then ϕ′ = 0 almost everywhere
on �.

Proof. The result follows from Lemmas 8.4 and 8.9.

Theorem 8.11. Let ψ be a function with bounded variation on [0, 1]. Suppose that
Q
[0,1]
ψ ∈ S1/2. Then ψ ′ = 0 almost everywhere on [0, 1].

Proof. Again, we may assume thatψ is real. We may also make the assumption thatψ
is continuous at 0 and at 1, and ψ(t) = max{ψ(t−), ψ(t+)} for any t ∈ (0, 1). With
any nondegenerate closed interval I ⊂ [0, 1] we associate the function ϕI : I → R

defined by ϕI (x) = sup{ψ(t) : t ∈ I and t ≥ x}. Set

�(I)
def= {x ∈ I : ϕI (x) = ψ(x)}.

Clearly, �(I) is closed. By Lemma 8.10, ψ ′ = ϕ′I = 0 almost everywhere on �(I).
Set E− = {x ∈ (0, 1) : ψ ′(x) < 0}. Let a ∈ E−. Clearly, a ∈ �(I) if I is small

enough and a ∈ I . Consequently,

E− ⊂
∞⋃
n=2

(
n−1⋃
k=1

�

([
k − 1

n
,
k + 1

n

]))
.

We have shown that Lemma 8.10 implies m(�(I) ∩ E−) = 0 for every I . Con-
sequently, m(E−) = 0. Thus, we have proved that ψ ′ ≥ 0 almost everywhere. It
remains to apply this result to −ψ .

The following fact is an immediate consequence of Theorem 8.11.

Corollary 8.12. Suppose that Qψ ∈ S1/2. Then ψ ′ = 0 almost everywhere on any
interval I ⊂ R+ on which ψ is of bounded variation.

9. Sturm–Liouville theory and p = 1/2

If ϕ is real, then Qϕ is self-adjoint, so its singular values are the absolute values of its
eigenvalues. Hence, we next study the eigenvalues and eigenfunctions. For simplicity
we consider only the case of symbols ϕ which vanish on (1,∞); thus it does not
matter whether we consider Qϕ on L2(R+) or Q[0,1]ϕ on L2[0, 1].

Suppose that ϕ ∈ C1[0, 1] and that ϕ is real. Let λ be a non-zero eigenvalue of
Q
[0,1]
ϕ and g ∈ L2[0, 1] a corresponding eigenfunction,

λg(x) = ϕ(x)

∫ x

0
g(y) dy +

∫ 1

x

ϕ(y)g(y) dy, 0 ≤ x ≤ 1. (9.1)
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The right hand side is a continuous function of x; hence, g ∈ C[0, 1] and (9.1) holds
for every x (and not just a.e.). By (9.1) again, g ∈ C1[0, 1] with

λg′(x) = ϕ′(x)
∫ x

0
g(y) dy. (9.2)

Define G(x) = ∫ x0 g(y) dy. Then (9.2) can be written as the system

G′(x) = g(x)

g′(x) = λ−1ϕ′(x)G(x)
(9.3)

and we have, using (9.1) with x = 1, the boundary conditions

G(0) = 0,

g(1) = λ−1ϕ(1)G(1).
(9.4)

Conversely, any solution of (9.3) with the boundary conditions (9.4) satisfies (9.2)
and (9.1), so the problem of finding the singular values of Qϕ reduces to finding the
λ �= 0 for which (9.3) and (9.4) have a solution. Note that (9.3) can be written as a
Sturm–Liouville problem

λG′′(x) = ϕ′(x)G(x). (9.5)

If g(x0) = G(x0) = 0 for some x0 ∈ [0, 1], then (9.3) shows, by the standard
uniqueness theorem, that g vanishes identically, a contradiction. In particular, since
G(0) = 0, we have g(0) �= 0, and we may normalize the eigenfunction g by g(0) = 1.

For every λ �= 0, (9.3) has a unique solution (Gλ, gλ) with Gλ(0) = 0, gλ(0) = 1.
It thus follows that all non-zero eigenvalues of Qϕ are simple, and that λ �= 0 is an
eigenvalue if and only if

gλ(1) = λ−1ϕ(1)Gλ(1). (9.6)

Example. Let ϕ(x) = 1 − x, x ∈ [0, 1], and ϕ(x) = 0, x > 1. Then (9.3) gives
G′′(x) = −λ−1G(x), and we find the solutions gλ(x) = cos λ−1/2x, λ > 0, and
gλ(x) = cosh |λ|−1/2x, λ < 0.

Since ϕ(1) = 0, condition (9.6) is simply gλ(1) = 0, and the non-zero eigenvalues
are given by cos λ−1/2 = 0 or λ−1/2 = (n+ 1

2 )π , n = 0, 1, . . . . (λ < 0 is impossible
in this case; in other words, Qϕ is a positive operator, as is also seen by Theorem 4.1.)
Hence, the non-zero eigenvalues are {(n+ 1

2 )
−2π−2}∞

n=0 and the singular values are

sn = π−2(n+ 1
2 )
−2, n ≥ 0.

The behaviour sn(Qϕ) � (n + 1)−2 found in the above example holds for all
smooth ϕ on [0, 1] by Sturm–Liouville theory, as will be seen in Theorem 9.3. Hence,
for smooth ϕ with compact support, we have Qϕ ∈ S1/2,∞ but nothing better.

Let BV [0, 1] denote the Banach space of functions on [0, 1] with bounded varia-
tion, with the seminorm ‖ϕ‖′BV =

∫ 1
0 |dϕ| and the norm ‖ϕ‖BV = ‖ϕ‖′BV + sup |ϕ|.
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The following result is essentially the same as Theorem 8.1. However, we use in
this section a different approach based on the study of eigenvalues of Sturm–Liouville
operators.

Theorem 9.1. If ϕ ∈ BV [0, 1], and ϕ = 0 on (1,∞), then Qϕ ∈ S1/2,∞ and
‖Qϕ‖S1/2,∞ ≤ C‖ϕ‖BV . More precisely,

sn(Qϕ) ≤ C1‖ϕ‖BV (n+ 1)−2, n ≥ 0, (9.7)

and

sn(Qϕ) ≤ C2‖ϕ‖′BV n−2, n ≥ 1. (9.8)

Proof. Note that (9.8) follows from (9.7) since a symbol ϕ constant on [0, 1] yields a
rank one operator Qϕ .

We use methods from Sturm–Liouville theory, and begin by making some simpli-
fications.

(i) Replacing ϕ by a regularization ϕε such that ϕε → ϕ in L2[0, 1] and thus
Qϕε → Qϕ in S2 as ε→ 0, we see that we may assume ϕ ∈ C1[0, 1].

(ii) Considering real and imaginary parts separately, we may assume that ϕ is real,
and thus Qϕ self-adjoint.

(iii) Subtracting a constant times χ[0,1], which yields a rank 1 operator, we may
assume that ϕ(1) = 0.

(iv) By homogeneity, we may assume that ‖ϕ‖′BV =
∫ 1

0 |ϕ′| ≤ 1 and show that then
‖Qϕ‖S1/2,∞ ≤ C.

(v) Using

ϕ(x) = −
∫ 1

x

ϕ′(y) dy

= −
∫ 1

x

max{ϕ′(y), 0} dy −
∫ 1

x

min{ϕ′(y), 0} dy

= ϕ1(x)− ϕ2(x),

and the corresponding decomposition Qϕ = Qϕ1 −Qϕ2 , we may also assume
that ϕ′ ≤ 0 and thus ϕ ≥ 0. By Theorem 4.1, Qϕ is then a positive operator.

(vi) Similarly, writing ϕ = 2ϕ1 − ϕ2 with ϕ2 = 1 − x and ϕ1 = (ϕ + ϕ2)/2, we
may further assume that ϕ′ ≤ −1/2 on [0, 1].

Let λ > 0 and let, as above, (Gλ, gλ) be the solution to (9.3) with gλ(0) = 1,
Gλ(0) = 0. Thus λ is an eigenvalue if and only if (9.6) holds, i.e., by (iii), if and only
if gλ(1) = 0.
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Write ω = λ−1/2 and express (gλ, ωGλ) in polar coordinates

gλ(x) = Rω(x) cos�ω(x),

ωGλ(x) = Rω(x) sin�ω(x),
(9.9)

where Rω(x) =
√
g2 + ω2G2 > 0 and �ω is continuous with �ω(0) = 0. Note that

λ is an eigenvalue if and only if cos�ω(1) = 0, i.e. �ω(1) = nπ + π/2 for some
integer n.

Since Rω(x) > 0, Rω and �ω belong to C1[0, 1], and (9.9) and (9.3) yield

λ1/2R2
ω�

′
ω = gG′ −Gg′ = g2 − λ−1ϕ′G2 = R2

ω(cos2 �ω − ϕ′ sin2 �ω)

and thus

�′ω = ω(cos2 �ω − ϕ′ sin2 �ω). (9.10)

In particular, since ϕ′ < 0 by (vi), �′ω > 0 and thus �ω(1) > 0.
Now suppose 0 < ω < ν and consider the corresponding functions �ω and �ν .

We claim that

�ω(x) < �ν(x), 0 < x ≤ 1. (9.11)

Indeed, since �ω(0) = 0 = �ν(0) and, by (9.10), �′ω(0) = ω < ν = �′ν(0), (9.11)
holds in (0, δ) for some δ > 0. Hence, if (9.11) fails, there exists some x1 ∈ (0, 1]
such that �ω(x) < �ν(x) for 0 < x < x1 but �ω(x1) = �ν(x1). This would imply
�′ω(x1) ≥ �′ν(x1); on the other hand, then

cos2 �ω(x1)− ϕ′ sin2 �ω(x1) = cos2 �ν(x1)− ϕ′ sin2 �ν(x1) > 0,

recalling (vi), and (9.10) would yield �′ω(x1) < �′ν(x1), a contradiction.
From (9.11) follows in particular that the function ω �→ �ω(1) is strictly increas-

ing. Hence, there is for each integer n ≥ 0 at most one value of ω, ωn say, such that
�ωn(1) = nπ + π/2, and thus a corresponding eigenvalue λn = ω−2

n . (The solution
to (9.4) depends continuously on ω, with �0(1) = 0 and �ω(1) → ∞ as ω → ∞,
so ωn exists for every n ≥ 1, but we do not need that.) Integrating (9.10) we obtain
by (iv)

�ω(1) =
∫ 1

0
�′ω(x) dx ≤ ω

∫ 1

0
(1+ |ϕ′(x)|) dx ≤ 2ω

and thus 2ωn ≥ �ωn(1) = nπ + π/2, which yields

λn = ω−2
n ≤ 4π−2(n+ 1

2 )
−2.

Considering again functions on the whole half-line R+, we now can prove an
endpoint result corresponding to Theorem 5.1.

Theorem 9.2. If ϕ ∈ Y1/2, then Qϕ ∈ S1/2,∞.
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Proof. Define A(k)
n and A(k) as in (3.3) and (3.4), but now for all integers k. For k ≥ 1,

(3.7) holds for every p, and thus ϕ ∈ Y1/2 ⊂ X1/2 implies that∑
k≥1

‖PA(k)Qϕ‖1/2
S1/2

≤
∑
k≥1

C2−pk/2 <∞.

Moreover, by symmetry, ‖PA(−k)Qϕ‖S1/2 = ‖PA(k)Qϕ‖S1/2 so∑
k≤−1

‖PA(k)Qϕ‖1/2
S1/2

<∞

too. It follows that

Qϕ −PA(0)Qϕ =
∑
k �=0

PA(k)Qϕ ∈ S1/2. (9.12)

Next, PA(0)Qϕ is the direct sum of P
A
(0)
n
Qϕ , n ∈ Z, which act in the orthogonal

spaces L2[2n, 2n+1]. By translation invariance, Lemma 2.1 and Theorem 9.1, with
ϕn(x) = 2nϕ(2nx + 2n),

‖P
A
(0)
n
Qϕ‖S1/2,∞ = ‖Q[2

n,2n+1]
ϕ ‖S1/2,∞ = ‖Q[0,1]ϕn

‖S1/2,∞ ≤ C‖ϕn‖BV [0,1]
≤ C′2n

∫ ∞

2n
|dϕ|.

By Theorem 5.3, we thus have∑
n∈Z

(‖P
A
(0)
n
Qϕ‖S1/2,∞

)1/2
<∞

and it follows from Lemma 7.6 (or as in the proof of Lemma 9.5 below) that PA(0)Qϕ ∈
S1/2,∞. By (9.12), Qϕ ∈ S1/2,∞ too.

Theorem 9.2 is the best possible; for any reasonably smoothϕ, the singular numbers
sn(Qϕ) decrease like n−2 but not faster. More precisely, we have the following very
precise result. Recall that a function in Y1/2 has locally bounded variation and thus is
a.e. differentiable.

Theorem 9.3. Let ϕ ∈ Y1/2. Then

n2sn(Qϕ)→ π−2‖ϕ′‖L1/2 = π−2
(∫ ∞

0
|ϕ′(x)|1/2 dx

)2

<∞ as n→∞.

(9.13)
Equivalently,

ε1/2|{n : sn(Qϕ) > ε}| → π−1
∫ ∞

0
|ϕ′(x)|1/2 dx <∞ as ε→ 0. (9.14)

In particular, n2sn(Qϕ)→ 0 as n→∞ if and only if ϕ′ = 0 a.e.
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Proof. Note first that by the Cauchy–Schwarz inequality and (5.1),∫ ∞

0
|ϕ′(x)|1/2 dx ≤

∑
n∈Z

2n/2
(∫ 2n+1

2n
|ϕ′(x)| dx

)1/2

≤ ‖ϕ‖1/2
Y1/2

<∞. (9.15)

For smooth and positive symbols on a finite interval, (9.13) follows by standard Sturm–
Liouville theory, see [LS, §1.2 with the transformation in §1.1]. Indeed, much more
refined asymptotics of sn can be given [LS, Chapter 5].

We present here another proof that applies in the general case. We prove a sequence
of lemmas. The first implies that (9.13) and (9.14) are equivalent.

Lemma 9.4. For any bounded operator T on a Hilbert space,

lim sup
ε→0

ε1/2|{n : sn > ε}| = ( lim sup
n→∞

(n2sn)
)1/2

and similarly with lim inf instead of lim sup on both sides.

Proof. If lim sup ε1/2|{n : sn > ε}| < a for some a > 0, then for all small ε,
|{n : sn > ε}| < aε−1/2. Taking ε = a2(n + 1)−2, we see that for large n, sn ≤ ε,
and thus (n + 1)2sn ≤ a2, so lim supn→∞ n2sn ≤ a2. The converse is similar, and
the second part follows similarly by reversing the inequalities.

Lemma 9.5. If T1, . . . , TN are bounded operators on Hilbert spaces H1, . . . , HN ,
then

(
lim sup
n→∞

n2sn(T1 ⊕ · · · ⊕ TN)
)1/2 ≤

N∑
k=1

(
lim sup
n→∞

n2sn(Tk)
)1/2

and

(
lim inf
n→∞ n2sn(T1 ⊕ · · · ⊕ TN)

)1/2 ≥
N∑
k=1

(
lim inf
n→∞ n2sn(Tk)

)1/2
.

Proof. The singular numbers sn(T1 ⊕ · · · ⊕ TN) consist of all si(Tj ), rearranged into
a single nonincreasing sequence. Hence,

|{n : sn(T1 ⊕ · · · ⊕ TN) > ε}| =
N∑
j=1

|{n : sn(Tj ) > ε}|

and the result follows by Lemma 9.4.

For arbitrary sums we have the following estimate.
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Lemma 9.6. If T and U are bounded operators in a Hilbert space, and 0 < δ < 1,
then

lim sup
n→∞

n2sn(T + U) ≤ (1− δ)−2 lim sup
n→∞

n2sn(T )+ δ−2 lim sup
n→∞

n2sn(U), (9.16)

lim inf
n→∞ n2sn(T + U) ≥ (1− δ)2 lim inf

n→∞ n2sn(T )− δ−2 lim sup
n→∞

n2sn(U). (9.17)

Proof. By (2.1), sn(T + U) ≤ s[(1−δ)n](T ) + s[δn](U), and (9.16) follows, together
with

lim inf
n→∞ n2sn(T + U) ≤ (1− δ)−2 lim inf

n→∞ n2sn(T )+ δ−2 lim sup
n→∞

n2sn(U). (9.18)

Replacing here T by T + U and U by −U , we obtain (9.17) by rearrangement.

Letting δ→ 0 in (9.17) and (9.18), we obtain the following result by Fan [GK1].

Lemma 9.7. If T and U are bounded operators in a Hilbert space, limn→∞ n2sn(T )

exists and n2sn(U)→ 0 as n→∞, then limn→∞ n2sn(T +U) = limn→∞ n2sn(T ).

Lemma 9.8. The set of ϕ ∈ Y1/2 such that (9.13) holds is a closed set.

Proof. Suppose that ϕk → ϕ in Y1/2 and that (9.13) holds for each ϕk . By Lemma 9.6
and Theorem 9.2, for every k and 0 < δ < 1,

lim sup
n→∞

n2sn(Qϕ) ≤ (1− δ)−2 lim sup
n→∞

n2sn(Qϕk )+ δ−2 lim sup
n→∞

n2sn(Qϕ−ϕk )

≤ (1− δ)−2π−2‖ϕ′k‖L1/2 + Cδ−2‖ϕ − ϕk‖Y1/2

(9.19)

and similarly

lim inf
n→∞ n2sn(Qϕ) ≥ (1− δ)2π−2‖ϕ′k‖L1/2 − Cδ−2‖ϕ − ϕk‖Y1/2 . (9.20)

Moreover, by (9.15), ‖(ϕ − ϕk)
′‖L1/2 ≤ ‖ϕ − ϕk‖Y1/2 → 0 as k → ∞, and so

‖ϕ′k‖L1/2 → ‖ϕ′‖L1/2 . Letting first k →∞ and then δ → 0 in (9.19) and (9.20), we
obtain (9.13).

Lemma 9.9. If ϕ is linear on a finite interval I , then

n2sn(Q
I
ϕ)→ π−2

(∫
I

|ϕ′(x)|1/2 dx

)2

as n→∞.

Proof. Let ϕ(x) = α+ βx with α, β complex numbers. Suppose first that I = [0, 1].
By the example at the beginning of the section and homogeneity,

sn(Q
I−β+βx) = |β|π−2(n+ 1

2 )
−2
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so n2sn(Q
I−β+βx) → π−2|β| as n→∞. Since QI

α+βx − QI−β+βx = QI
α+β is a

rank one operator, Lemma 9.7 (or, more simply, sn+1(Q
I−β+βx) ≤ sn(Q

I
α+βx) ≤

sn−1(Q
I−β+βx)) yields

n2sn(Q
I
ϕ)→ π−2|β| = π−2

(∫
I

|ϕ′(x)|1/2 dx

)2

. (9.21)

If I = [0, a], we have by Lemma 2.1 and (9.21)

n2sn(Q
I
ϕ) = n2sn(Q

[0,1]
ϕa

)→ π−2a2|β| = π−2
(∫

I

|ϕ′(x)|1/2 dx

)2

,

and the general case follows by translation invariance.

Completion of the proof of Theorem 9.3.

Step 1. ϕ is piecewise linear on [0, 1] and ϕ = 0 on (1,∞). Let 0 = t0 < t1 <

· · · < tN = 1 be such that ϕ is linear on every Ii = [ti−1, ti], i = 1, . . . , N . Let
Hi = L2(Ii), so L2[0, 1] = H1 ⊕ · · · ⊕ HN , and let Pi : L2[0, 1] → Hi denote the
orthogonal projection.

Since each PiQϕPj , i �= j , has rank 1, Qϕ −∑N
i=1 PiQϕPi has finite rank and

by Lemma 9.7 (or directly), it suffices to consider
∑N

i=1 PiQϕPi = Q
I1
ϕ ⊕· · ·⊕Q

IN
ϕ .

By Lemma 9.9,

n2sn(Q
Ii
ϕ )→ π−2

(∫ ti

ti−1

|ϕ′(x)|1/2 dx

)2

,

and thus Lemma 9.5 yields(
lim
n→∞ n2sn

( N∑
i=1

PiQϕPi

))1/2 =
N∑
i=1

(
lim
n→∞ n2sn(Q

Ii
ϕ )
)1/2 = π−1

∫ 1

0
|ϕ′(x)|1/2 dx,

which proves (9.13).

Step 2. ϕ is absolutely continuous on [0, 1] and ϕ = 0 on (1,∞). Approximate ϕ′
by step functions hn such that ‖ϕ′ − hn‖L1[0,1] < 1/n, and let

ψn(x) =
{
ϕ(0)+ ∫ x0 hn(y) dy, x ≤ 1,

0, x > 1.

Then (9.13) holds for each ψn by Step 1, and ψn → ϕ in BV [0, 1] and thus in Y1/2,
see Corollary 5.5, so (9.13) holds by Lemma 9.8.

Step 3. ϕ has bounded variation on [0, 1], ϕ = 0 on (1,∞) and ϕ is singular,
i.e., ϕ′ = 0 almost everywhere. We may assume that ϕ is right-continuous. Then
ϕ(x) = ϕ(0) + ∫ x0 dμ for some singular complex measure μ supported on [0, 1].
Given any ε > 0, there thus exists a sequence of intervals (Ii)∞1 in [0, 1] such that
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i=1 |Ii | < ε and |μ| ([0, 1] \⋃∞i=1 Ii

) = 0. Let N be a positive integer such that

|μ|([0, 1] \⋃N
i=1 Ii

)
< ε.

We may assume that each Ii is closed, and by combining any two of I1, . . . , IN that
overlap, we may assume that I1, . . . , IN are disjoint. The complement [0, 1]\⋃N

i=1 Ii

is also a finite disjoint union of intervals, say
⋃M

j=1 Jj .
For each interval I , Theorem 9.1 and Lemma 2.1 yield

sup
n≥1

n2sn(Q
I
ϕ) ≤ C|I |‖ϕ‖′BV (I) ≤ C|I | |μ|(I ). (9.22)

Moreover, as in Step 1 of the proof,

Qϕ = QI1
ϕ ⊕ · · · ⊕QIN

ϕ ⊕QJ1
ϕ ⊕ · · · ⊕QJM

ϕ + R,

where R has finite rank. Hence, by Lemma 9.5, (9.22) and the Cauchy–Schwarz
inequality,

(
lim sup
n→∞

n2sn(Qϕ)
)1/2 ≤

N∑
i=1

(
lim sup
n→∞

n2sn(Q
Ii
ϕ )
)1/2 +

M∑
j=1

(
lim sup
n→∞

n2sn(Q
Jj
ϕ )
)1/2

≤ C

N∑
i=1

(|Ii | |μ|(Ii))1/2 + C

M∑
j=1

(|Jj | |μ|(Jj ))1/2

≤ C
( N∑
i=1

|Ii |
)1/2( N∑

i=1

|μ|(Ii)
)1/2

+ C
( M∑
j=1

|Jj |
)1/2( M∑

j=1

|μ|(Jj )
)1/2

≤ Cε1/2(|μ|[0, 1])1/2 + C · 1 · ε1/2.

The result n2sn(Qϕ)→ 0 follows by letting ε→ 0.

Step 4. ϕ has bounded variation on (0, a) and ϕ = 0 on (a,∞) for some a > 0. By
Lemma 2.1, it suffices to consider the case a = 1. We can decompose ϕ = ϕa + ϕs
on [0, 1], with ϕa absolutely continuous and ϕs singular; let ϕa = ϕs = 0 on (1,∞).
By Steps 2 and 3,

n2sn(Qϕa )→ π−2‖ϕ′a‖1/2 = π−2‖ϕ′‖1/2

and n2sn(Qϕs)→ 0, and the result follows by Lemma 9.7.

Step 5. ϕ ∈ Y1/2 is arbitrary. Define, for N ≥ 1,

ϕN(x) =

⎧⎪⎨⎪⎩
ϕ(1/N)− ϕ(N), 0 < x ≤ 2−N,
ϕ(x)− ϕ(N), 2−N < x ≤ 2N,

0, 2N < x.
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It is easily seen that each ϕN has bounded variation and that ‖ϕ − ϕN‖Y1/2 → 0 as
N →∞, cf. (5.1). Thus the result follows by Step 4 and Lemma 9.8.

As corollaries, we obtain new proofs of some results from §8.

Corollary 9.10. If I is a finite interval and ϕ has bounded variation on I , then

n2sn(Q
I
ϕ)→ π−2

(∫
I

|ϕ′(x)|1/2 dx

)2

as n→∞.

Proof. By translation invariance, we may assume I = [0, a]. Then, defining ϕ = 0
outside I , we have ϕ ∈ Y1/2 by Corollary 5.5, and the result follows by Theorem 9.3.

Corollary 9.11. If ϕ has locally bounded variation and Qϕ ∈ S1/2, then ϕ′ = 0 a.e.

Proof. If 0 < a < b <∞, then ϕ has bounded variation on [a, b], and since

n2sn

(
Q[a,b]ϕ

)
≤ n2sn(Qϕ)→ 0,

Corollary 9.10 yields
∫ b
a
|ϕ′|1/2 = 0. Hence, ϕ′ = 0 a.e.

Corollary 9.12. If ϕ is locally absolutely continuous and Qϕ ∈ S1/2, then ϕ = 0.

Remark. More generally, in the last two corollaries, S1/2 can be replaced by any
Schatten–Lorentz space S1/2,q with q <∞.

10. More on p = 1

Although ϕ ∈ X1 does not implyQϕ,Q
+
ϕ ∈ S1, the corresponding weak results holds.

There is, however, a striking difference between Qϕ and Q+ϕ ; as is shown in (ii) and
(iii) below, for every ϕ ∈ X1 not a.e. equal to 0, nsn → 0 for Qϕ but not for Q+ϕ .
(Note that Theorem 6.5 implies that nothing can be said about the rate of convergence
of nsn(Qϕ) to 0. In particular, if q <∞, then ϕ ∈ X1 does not imply thatQϕ ∈ S1,q .)

Theorem 10.1. If ϕ ∈ X1 then the following hold:

(i) Qϕ, Q
+
ϕ , Q

−
ϕ ∈ S1,∞.

(ii) nsn(Qϕ)→ 0 as n→∞.

(iii) nsn(Q
+
ϕ ) = nsn(Q

−
ϕ )→ π−1

∫∞
0 |ϕ(x)| dx as n→∞.
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Proof. Since X1 ⊂ X∞, Q+ϕ is bounded by Theorem 3.1. By Theorem 4.2,(
Q+ϕ
)∗
Q+ϕ = Q	

where 	(x) = ∫∞
x
|ϕ(y)|2 dy. By (1.5), x1/2	(x)1/2 ∈ L1(dx/x), so 	 ∈ Y1/2 by

Theorem 5.3, and hence, Q	 ∈ S1/2,∞ by Theorem 9.2. Consequently, Q+ϕ ∈ S1,∞.

The same holds for Q−ϕ =
(
Q+ϕ
)∗ and Qϕ = Q+ϕ +Q−ϕ .

Moreover, sn(Q	) = sn(Q
+
ϕ )

2, and thus (iii) follows from Theorem 9.3 applied
to 	.

For (ii), we observe that ϕ �→ Qϕ thus is a bounded linear map X1 → S1,∞,
and that the set of C1 functions with compact support is dense in X1 and mapped (by
Theorem 9.2) into the closed subspace S0

1,∞ = {T ∈ S1,∞ : nsn(T )→ 0 as n→∞}
of S1,∞. Hence, Qϕ ∈ S0

1,∞ for every ϕ ∈ X1.

Remark. Note that (i) and (iii) were earlier obtained in [EEH] for a more general
class of operators. Moreover, in [EEH] the authors also consider the same operators on
Lp(R+) and obtain similar results for approximation numbers. See also related results
in [NaS]. We also mention here [GK1, Remark IV.8.3] and [GK2, Theorem III.2.4],
where similar asymptotic formulas are given for abstract Volterra operators with trace
class imaginary parts.

Remark. For the related operators Q+μ , we similarly obtain that if xμ(x,∞) ∈
L1/2(dx/x), then Q+μ ∈ S1,∞, and

nsn(Q+μ)→ π−1
∫ ∞

0

(
dμ

dx

)1/2

dx as n→∞,

where dμ
dx

is the Radon–Nikodym derivative of the absolutely continuous component
of μ. In particular, for such μ, nsn(Q+μ)→ 0 if and only if μ is singular.

We saw earlier that ϕ ∈ X1 is not enough to insure that Qϕ is in the trace class.
Furthermore the previous theorem shows that if ϕ ∈ X1 then neither Q+ϕ nor Q−ϕ
will be in the trace class. However, the combination of size and regularity results for
singular numbers given in the previous theorem does insure that these operators have
a well defined Dixmier trace. Because of the recent interest in the Dixmier trace we
digress briefly to record this observation. For more about the Dixmier trace and its
uses we refer to IV.2.β of [C].

Let �∞ be the space of bounded sequences indexed by non-negative integers and
let c1 be the closed subspace consisting of sequences {an} for which limn an exists.
It follows from the Hahn–Banach theorem that the functional lim(·) which is defined
on c1 has a positive continuous extension, limω(·), to all of �∞. By saying limω(·)
is positive we mean that if an ≥ 0 for n = 0, 1, 2, . . . then limω ({an}) ≥ 0. This
extension is not unique and we are using the subscriptω to denote the particular choice.
It was noted by Dixmier in [D] that limω(·) can also be selected to have the following
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scaling property:

limω (a0, a0, a1, a1, a2, a2, . . . ) = limω (a0, a1, a2, . . . ) .

A simple proof is in [C]. (Although the scaling is important for the general theory it
has no role in our discussion.)

Consider now the operator ideal S� ⊃ S1,∞ that consists of the operators T on
Hilbert space such that

‖T ‖S�

def= sup
n≥0

∑n
k=0 sk(T )∑n
k=0

1
k+1

<∞. (10.1)

Suppose that T ∈ S�. For a fixed choice of limω(·) we define a Dixmier trace,
traceω(·), as follows. For positive T ∈ S� set

traceω(T ) = limω

({
1

log(n+ 2)

n∑
k=0

λk(T )

})
.

Here the λk are the (necessarily non-negative) eigenvalues of the positive operator
T arranged in decreasing order. Although perhaps not obvious at first glance, it is
not difficult to see that, in fact, if T1 and T2 are two positive operators in S� then
traceω(T1 + T2) = traceω(T1)+ traceω(T2). A proof of this is also in [C]. Using this
fact, the functional traceω(·) can be extended uniquely by linearity to all of T ∈ S�.
For T ∈ S� the value of traceω(T ) need not be independent of ω. However, there are
certain operators for which traceω(T ) is independent of ω. Such operators are defined
to be measurable. In this case we will write traceD(T ) for this common value and
refer to it as the Dixmier trace of T .

Corollary 10.2.

(i) If ϕ ∈ X1, then the operators |Q+ϕ | and |Q−ϕ | are measurable and

traceD(|Q+ϕ |) = traceD(|Q−ϕ |) =
1

π

∫ ∞

0
|ϕ(x)| dx.

(ii) If ϕ ∈ Y1/2, then |Qϕ |1/2 is measurable and

traceD(|Qϕ |1/2) = 1

π

∫ ∞

0
|ϕ′(x)|1/2 dx.

(iii) If ϕ ∈ X1, then Qϕ is measurable and

traceD(Qϕ) = 0.

(iv) If ϕ ∈ X1, then Q+ϕ and Q−ϕ are measurable and

traceD(Q
+
ϕ ) = traceD(Q

−
ϕ ) = 0.
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Proof. We start with (i). From the very definitions sn(|Q+ϕ |) = sn(Q
+
ϕ ) and hence, the

previous theorem gives the asymptotic behavior of {sn(|Q+ϕ |)}n≥0. Those asymptotics,
together with the fact that |Q+ϕ | is a positive operator, insure that |Q+ϕ | is measurable
and has the indicated Dixmier trace. A similar argument applies to |Q−ϕ | and, after
noting that sn

(|Qϕ |1/2
) = sn(Qϕ)

1/2 and taking note of Theorem 9.3, to part (ii).
We now consider (iii). By Theorem 10.1, we have limn→∞ nsn(Qϕ) = 0. Also

sn(Qϕ) = sn(Q
∗
ϕ). Thus by (2.1), limn→∞ nsn((Qϕ + Q∗ϕ)/2) = 0. We now use

the spectral projection to write 1
2 (Qϕ +Q∗ϕ) as a difference of two positive operators

1
2 (Qϕ +Q∗ϕ)± and note that we will have

lim
n→∞ nsn

( 1
2 (Qϕ +Q∗ϕ)±

) = 0.

Arguing similarly with the skew-adjoint part of Qϕ , we realize Qϕ as a linear com-
bination of four positive operators each of which have singular numbers which tend
to zero more rapidly than n−1. Those positive operators are certainly measurable and
have Dixmier trace zero. The result we want now follows by the linearity of traceD(·).

For (iv) we first pick and fix a choice traceω(·). Assume for the moment that ϕ

is real, supported in [0, 1] and in L2. Rϕ
def= Q+ϕ −Q+∗ϕ = Q+ϕ −Q−ϕ has real anti-

symmetric kernel. Thus it is normal and its eigenvalues are imaginary and symmetric.
Hence, iRϕ is symmetric and its positive and negative parts, (iRϕ)± are unitarily
equivalent. Thus

traceω(Rϕ) = −i traceω((iRϕ)+)+ i traceω((iRϕ)−) = 0.

Taking note of the fact that limω(·) is continuous on �∞ and of the norm estimates
implicit in the previous theorem we see that we can extend this result by linearity and
continuity and conclude that traceω(Rϕ) = 0 for all ϕ ∈ X1. Now we use the fact that
ω was arbitrary to conclude traceD(Rϕ) = 0. By linearity this result together with the
result in (iii) yields (iv).

For a function ϕ defined on a finite or infinite interval I , we define the standard
and Lp moduli of continuity by

ω(∞)
ϕ (h; I ) def= sup {|ϕ(x)− ϕ(y)| : x, y ∈ I, |x − y| ≤ h},

ω(p)
ϕ (h; I ) def= sup

0≤s≤h

(∫
I∩(I−s)

|ϕ(x + s)− ϕ(x)|p dx
)1/p

, 1 ≤ p <∞,
(10.2)

where 0 < h ≤ |I | and I − s = {x − s : x ∈ I } = {x : x + s ∈ I }. It follows easily
from Minkowski’s inequality that

ω(p)
ϕ (h; I ) ≤ 2ω(p)

ϕ (h/2; I ), 1 ≤ p ≤ ∞. (10.3)

Note further that for a finite interval I ,

ω(p)
ϕ (h; I ) ≤ |I |1/p−1/qω(q)

ϕ (h; I ), p < q ≤ ∞. (10.4)
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We often omit I from the notation.
An alternative Lp modulus of continuity is defined by

ω̃(p)
ϕ (h; I ) def=

(
(2h)−1

∫∫
x,y∈I
|x−y|<h

|ϕ(x)− ϕ(y)|p dx dy
)1/p

.

This is equivalent toω(p)
ϕ (h; I ) defined above by the following lemma, which probably

is well-known to some experts.

Lemma 10.3. Let 1 ≤ p <∞. Then, with Cp depending on p only,

ω̃(p)
ϕ (h; I ) ≤ ω(p)

ϕ (h; I ) ≤ Cpω̃
(p)
ϕ (h; I ).

Proof. The left hand inequality follows by(
ω̃(p)
ϕ (h; I ))p = 1

h

∫∫
x,y∈I

0<y−x<h

|ϕ(y)− ϕ(x)|p dx dy

= 1

h

∫ h

0

∫
x∈I∩(I−s)

|ϕ(x + s)− ϕ(x)|p dx dy ≤ (ω(p)
ϕ (h; I ))p.

For the converse, we assume for convenience that I = [0, 1]. The result then fol-
lows for every finite I by a linear change of variables, and for infinite I by considering
I ∩ [−n, n] and letting n→∞. Thus I = [0, 1] and I ∩ (I − s) = [0, 1− s].

Let ϕs(x) = ϕ(x + s). Assume first that h ≤ 1/2. Then, for 0 ≤ s, t ≤ h, by
Minkowski’s inequality,

‖ϕ − ϕs‖pLp[0,1/2] ≤ Cp‖ϕ − ϕt‖pLp[0,1/2] + Cp‖ϕs − ϕt‖pLp[0,1/2].

Averaging over t ∈ [0, h] we find

‖ϕ − ϕs‖pLp[0,1/2]

≤ Cp

h

∫ h

0

∫ 1/2

0

(|ϕ(x)− ϕ(x + t)|p + |ϕ(x + s)− ϕ(x + t)|p) dx dt
≤ Cp

h

∫∫
x,y∈[0,1]
0<y−x<h

|ϕ(y)− ϕ(x)|p dx dy = Cp

(
ω̃(p)
ϕ (h; [0, 1]))p.

A similar argument, now taking s − h ≤ t ≤ s, yields the same estimate for
‖ϕ − ϕs‖pLp[1/2−s,1−s], and summing we find

‖ϕ − ϕs‖Lp[0,1−s] ≤ Cpω̃
(p)
ϕ (h; [0, 1]) (10.5)

for every 0 ≤ s ≤ h, which proves the result for h ≤ 1/2.
If 1/2 < h ≤ 1, the result follows from the case h ≤ 1/2 and (10.3).
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For simplicity, we state the following lemma for I = [0, 1] only.

Lemma 10.4. Let 1 ≤ p < ∞. If ϕ ∈ Lp[0, 1] and 0 < t ≤ 1, there exists a
decomposition ϕ = ϕ0 + ϕ1 with

‖ϕ0‖Lp[0,1] ≤ Cpω
(p)
ϕ (t) and ‖ϕ1‖′BV [0,1] ≤ Cpt

−1ω(p)
ϕ (t).

In other words, the Peetre K-functional (see [BL]), can be estimated by

K(t, ϕ;Lp[0, 1], BV ′[0, 1]) ≤ Cpω
(p)
ϕ (t), 0 < t ≤ 1.

Proof. Take ϕ1(x) = 1
t

∫ (1−t)x+t
(1−t)x ϕ(y) dy and ϕ0 = ϕ − ϕ1. Then ϕ1 is absolutely

continuous, and thus

‖ϕ1‖′BV =
∫ 1

0
|ϕ′1(x)| dx =

1− t

t

∫ 1

0

∣∣ϕ((1− t)x + t
)− ϕ

(
(1− t)x

)∣∣ dx
= 1

t

∫ 1−t

0
|ϕ(y + t)− ϕ(y)| dy

≤ 1

t

(∫ 1−t

0
|ϕ(y + t)− ϕ(y)|p dy

)1/p

≤ 1

t
ω(p)
ϕ (t).

Moreover, using Hölder’s inequality again,

|ϕ0(x)|p =
∣∣∣∣1t
∫ (1−t)x+t

(1−t)x
(
ϕ(x)− ϕ(y)

)
dy

∣∣∣∣p ≤ 1

t

∫ (1−t)x+t

(1−t)x
|ϕ(x)− ϕ(y)|p dy

and thus ∫ 1

0
|ϕ0(x)|p ≤ 1

t

∫∫
x,y∈[0,1]
|y−x|<t

|ϕ(y)− ϕ(x)|p dx dy = 2
(
ω(p)
ϕ (t)

)p
.

Theorem 10.5. If I is a finite interval and ϕ ∈ L2(I ), then

sn(Q
I
ϕ) ≤ C

|I |1/2

n
ω(2)
ϕ

( |I |
n

)
≤ C

|I |
n
ω(∞)
ϕ

( |I |
n

)
, n ≥ 1.

Proof. By a linear change of variables, we may assume that I = [0, 1], cf. Lemma 2.1.
Then, using the decomposition given by Lemma 10.4 with t = 1/n, (2.1), Theo-
rem 10.1 and Theorem 9.1, we find, for n ≥ 1,

s2n−1(Qϕ) ≤ sn−1(Qϕ0)+ sn(Qϕ1)

≤ Cn−1‖ϕ0‖L2 + Cn−2‖ϕ1‖′BV ≤ Cn−1ω(2)
ϕ (1/n),

and the result follows, using (10.3) and (10.4).

In particular, we see that a Dini condition implies Qϕ ∈ S1.
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Corollary 10.6. If ϕ ∈ L2[0, 1] is such that
∫ 1

0 ω
(2)
ϕ (t) dt

t
< ∞, in particular if∫ 1

0 ω
(∞)
ϕ (t) dt

t
<∞, then Q

[0,1]
ϕ ∈ S1.

Proof. Theorem 3.1 shows that Qϕ is bounded, and Theorem 10.5 yields

∞∑
n=2

sn(Qϕ) ≤ C

∞∑
n=2

1

n
ω(2)
ϕ

(
1

n

)
≤ C

∫ 1

0
ω(∞)
ϕ (t)

dt

t
.

By a simple change of variables, Corollary 10.6 applies to other finite intervals
too. Moreover, for functions ϕ on R+, we have the following corresponding sufficient
conditions for Qϕ ∈ S1.

Theorem 10.7. If ϕ ∈ X1 and

∞∑
n=−∞

2n/2
∫ 2n

0
ω(2)
ϕ

(
t; [2n, 2n+1])dt

t
<∞

then Qϕ ∈ S1.

Proof. Let In = [2n, 2n+1]. Then Theorem 10.5 yields

‖QIn
ϕ ‖S1 =

∞∑
k=0

sk(Q
In
ϕ ) ≤ 2‖QIn

ϕ ‖S2 + C|In|1/2
∞∑
k=2

1

k
ω(2)
ϕ

(
2n

k
; In
)

≤ C2n/2‖ϕ‖L2(In)
+ C2n/2

∫ 2n

0
ω(2)
ϕ (t; In) dt

t

and the result follows by Theorem 6.4 and (1.3).

Corollary 10.8. If ϕ ∈ X1 and

∞∑
n=−∞

2n
∫ 2n

0
ω(∞)
ϕ

(
t; [2n, 2n+1]) dt

t
<∞

then Qϕ ∈ S1.

Note that for the functions ϕN considered in Theorem 6.5, the estimate of the
singular numbers in Theorem 10.5 is sharp (within a constant factor) and the estimates
of the S1 norm implicit in Corollary 10.6, Theorem 10.7 and Corollary 10.8 are of the
right order.

We do not know whether the condition in Theorem 10.7 is necessary, but we will
give a related necessary condition using the L1 modulus of continuity in §15.

We have in these applications of Theorem 10.5 considered S1 only, but the same
arguments apply to Sp for other p too. In particular, Theorem 10.7 extends as follows
(see the remark after Theorem 6.4).
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Theorem 10.9. Let 1/2 < p ≤ 1. If ϕ ∈ Xp and

∞∑
n=−∞

2n(1−p/2)
∫ 2n

0

(
ω(2)
ϕ

(
t; [2n, 2n+1]))ptp−2 dt <∞,

then Qϕ ∈ Sp.

Note also the following immediate consequence of Theorem 10.5.

Corollary 10.10. If I is a finite interval and ϕ satisfies a Hölder (Lipschitz) condition
|f (x) − f (y)| ≤ C|x − y|α for x, y ∈ I , where 0 < α ≤ 1, then Qϕ ∈ S1/(1+α),∞
and thus Qϕ ∈ Sp for every p > 1/(1+ α).

11. Averaging projection

In this section we study properties of the averaging projection onto the set of operators
of the form Qψ . Let us first define the averaging projection on S2. Let T be an
operator on L2(R+) of class S2 with kernel function k = kT ∈ L2((R+)2). We define
the function ϕ on R+ by

ϕ(x) = 1

2x

(∫ x

0
k(x, t)dt +

∫ x

0
k(s, x) ds

)
, x > 0. (11.1)

We define the averaging projection Q on S2 by

QT
def= Qϕ.

It is not hard to see that if Qψ ∈ S2, then QQψ = Qψ . It is also easy to see that
‖QT ‖S2 ≤ ‖T ‖S2 for any T ∈ S2, and so Q is the orthogonal projection of S2 onto
the set of operators of the form Qψ .

We will show in this section that Q is a bounded linear operator on Sp for
1 < p ≤ 2. This allows us to define by duality the projection Q on the classes Sp for
2 ≤ p < ∞. We also show that Q is unbounded on S1 but it has weak type (1,1),
i.e., sn(QT )(1 + n) ≤ C‖T ‖S1 . Finally, we use this result to show that Q maps the
Matsaev ideal into the set of compact operators.

Theorem 11.1. Let 1 < p ≤ 2. Then Q is a bounded projection on Sp.

Proof. Let T be an integral operator in Sp with kernel function k and let ϕ be defined
by (11.1). We have to show that ϕ ∈ Xp (see the definition in the Introduction). We
can identify in a natural way the dual space X∗p with the space Zp′ of functions f on
R+ such that ∑

n∈Z

2−np′/2
(∫ 2n+1

2n
|f (x)|2 dx

)p′/2

<∞
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with respect to the pairing

(ϕ, f ) =
∫ ∞

0
ϕ(x)f (x) dx. (11.2)

Here p′ = p/(p− 1). Suppose that f is a function on (0,∞). Define the function ψ
on R+ by ψ(x) = f (x)

2x , x > 0. It is straightforward to see from the definition of the
Xp spaces that f ∈ X∗p if and only if ψ ∈ Xp′ and the norm of f in X∗p and the norm
of ψ in Xp′ are equivalent. It is also easy to see that for 1 < p <∞ the space Xp is
reflexive.

Let us show that if f is a bounded function in X∗p with compact support in (0,∞),
then

(ϕ, f ) = trace TQψ. (11.3)

We have

trace TQψ =
∫∫

R
2+
k(x, y)ψ(max{x, y}) dxdy

=
∫ ∞

0
ψ(x)

(∫ x

0
k(x, t)dt +

∫ x

0
k(s, x)ds

)
dx

=
∫ ∞

0
2xψ(x)ϕ(x) dx =

∫ ∞

0
ϕ(x)f (x) dx.

It follows that

sup{|(ϕ, f )| : f ∈ X∗p, ‖f ‖X∗p ≤ 1} ≤ C‖T ‖Sp sup{‖Qψ‖Sp′ : ‖ψ‖Xp′ ≤ 1}
≤ C‖T ‖Sp

by Theorem 3.3. It follows that ϕ ∈ Xp, and again by Theorem 3.3, QT ∈ Sp.

Theorem 11.1 allows us to define for 1 < p < 2 the adjoint operator Q∗ on Sp′ .
Since Q is an orthogonal projection on S2, Q is a self-adjoint operator on S2. We
denote the adjoint operator Q∗ on Sp′ by the same symbol Q.

Thus we can consider the projection Q on any class Sp with 1 < p < ∞. It
is easy to show that if T is an integral operator with kernel function k of class Sp,
2 < p < ∞, then QT = Qϕ , where ϕ is defined by (11.1) and Qϕ ∈ Sp. We are
going to prove that for any T ∈ Sp, 2 < p < ∞, the operator QT has the form Qϕ

for a function ϕ ∈ Xp.

Theorem 11.2. Let T be an operator of class Sp, 2 < p < ∞. Then there exists a
function ϕ ∈ Xp such that QT = Qϕ .
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Proof. Let Xp be the space of operators of the form Qϕ with ϕ ∈ Xp. Clearly, Xp is
a Banach space with norm

‖Qϕ‖Xp
= ‖ϕ‖Xp .

It follows from Theorems 11.1 and 3.3 that for T ∈ S2

‖QT ‖Xp
≤ C‖QT ‖Sp ≤ C‖T ‖Sp .

Since S2 dense in Sp, it follows that QT ∈ Xp for any T ∈ Sp.

We consider now the behavior of Q on S1. It follows from Theorem 11.1 that if
T ∈ S1, then QT ∈ Sp for any p > 1. The next result shows that QT does not have
to be in S1 but it has to be in S1,∞.

Theorem 11.3. (i) There exists an operator T in S1 such that QT /∈ S1.

(ii) Q has weak type (1, 1), i.e., Q maps S1 into S1,∞, i.e.,

sn(QT ) ≤ C(1+ n)−1‖T ‖S1 , T ∈ S1.

Lemma 11.4.

QS1 = X1
def= {Qϕ : ϕ ∈ X1}.

Let us first deduce Theorem 11.3 from Lemma 11.4.

Proof of Theorem 11.3. (i) is an immediate consequence of Lemma 11.4 and the
Example following Theorem 6.5. (ii) also follows immediately from Lemma 11.4 and
Theorem 10.1.

Proof of Lemma 11.4. Let us first show that QS1 ⊂ X1. Let T ∈ S1 and QT = Qϕ .
We have to prove that ϕ ∈ X1. Consider the space Z0∞ that consists of functions f on
R+ such that

lim
n→±∞

(
2−n

∫ 2n+1

2n
|f (x)|2 dx

)
= 0.

It is not difficult to see that (Z0∞)∗ = X1 with respect to the pairing (11.2). As in the
proof of Theorem 11.1 we define the function ψ by ψ(x) = f (x)

2x , x > 0. It follows
from (11.3) that

|(ϕ, f )| ≤ C‖T ‖S1‖Qψ‖ ≤ C‖T ‖S1‖ψ‖X0∞ ≤ C‖T ‖S1‖f ‖Z0∞ ,

and so ϕ determines a continuous linear functional on Z0∞. Hence, ϕ ∈ X1.
To prove that QS1 = X1, we consider the operator A : S1 → X1 defined by

AT = ϕ, where ϕ is the function on R+ such that QT = Qϕ . We have to show that
A maps S1 onto X1. Consider the conjugate operator A∗ : X∗1 → B(L2(R+)).
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It is easy to see that with respect to the pairing (11.2) the spaceX∗1 can be identified
with the space Z∞ that consists of functions f on R+ such that

sup
n∈Z

2−n/2
(∫ 2n+1

2n
|f (x)|2 dx

)1/2

<∞.

Consider the operator J : X∗1 → X∞ defined by (Jf )(x) = f (x)
2x , x > 0. It is easy to

see that J maps isomorphically X∗1 onto X∞.
It can easily be verified that A∗f = QJf . It follows from Theorem 3.1 that

‖A∗f ‖ ≥ C‖f ‖X∗1 . It follows that A maps S1 onto X1.

Remark. In [Pel3] metric properties of the averaging projection P onto the space of
Hankel matrices were studied. In particular, it was shown in [Pel3] that PS1 ⊂ S1,2.
However, it turns out that the averaging projection Q onto the operators Qϕ has
different properties. Theorem 11.3 shows that QS1 ⊂ S1,∞ but it follows from
Lemma 11.4 and the remark preceding Theorem 6.6 that QS1 �⊂ S1,q for any q <∞.

Recall that the Matsaev ideal Sω consists of the operators T on Hilbert space such
that

‖T ‖Sω

def=
∑
n≥0

sn(T )

1+ n
<∞.

It is easy to see that Sp ⊂ Sω for any p <∞.
Consider now the operator ideal S� defined by (10.1). It is easy to see that

S1,∞ ⊂ S�. It is well known (see [GK1]) that S∗ω = S� with respect to the pairing

{T ,R} = trace T R, T ∈ Sω, R ∈ S�. (11.4)

Theorem 11.5. The averaging projection Q defined on S2 extends to a bounded linear
operator from Sω to the space of compact operators. If T ∈ Sω, then QT = Qϕ for
a function ϕ in X0∞.

Proof. Let us prove that Q extends to a bounded operator from Sω to the space of
compact operators. The proof of the second part of the theorem is the same as the
proof of Theorem 11.2. Since the finite rank operators are dense in Sω, it is sufficient
to show that Q extends to a bounded operator from Sω to B(L2(R+)).

Let T ∈ S2 and R ∈ S1. By Theorem 11.3, QR ∈ S1,∞ ⊂ S�. We have

{QT ,R} = {T ,QR},
and so

|{QT ,R}| ≤ C‖T ‖Sω‖QR‖S�

≤ C‖T ‖Sω‖QR‖S1,∞ ≤ C‖T ‖Sω‖R‖S1



An interesting class of operators with unusual Schatten–von Neumann behavior 113

by Theorem 11.3. Since S∗1 = B(L2(R+))with respect to the pairing (11.4), it follows
that ‖QT ‖ ≤ C‖T ‖Sω , and so Q extends to a bounded linear operator from Sω to
B(L2(R+)).

12. Finite rank

We say that ϕ is a step function if there exist finitely many numbers 0 = x0 < x1 <

· · · < xN < ∞ such that ϕ is a.e. constant on each interval (xi−1, xi), and zero on
(xN ,∞). The number of steps of ϕ then is the smallest possible N in this definition.

There is a natural correspondence between operators Qϕ where the symbol ϕ is
a step function, with given x1 < · · · < xN , and matrices of the form {amax{i,j}}. We
need a simple result for such matrices, but will not pursue their study further.

Lemma 12.1. If a1, . . . , an are complex numbers, then the matrix {amax{i,j}}1≤i,j≤n
has determinant an

∏n−1
i=1 (ai − ai+1).

Proof. Denote this determinant by D(a1, . . . , an). Subtracting the last row from all
others, we see that D(a1, . . . , an) = anD(a1 − an, . . . , an−1 − an), and the result
follows by induction.

Theorem 12.2. Qϕ has finite rank if and only if ϕ is a step function. In this case, the
rank of Qϕ equals the number of steps of ϕ.

Proof. If ϕ is a step function with N steps, we have ϕ =∑N
i=1 aiχ(0,xi ) for some ai

and xi > 0, and thus Qϕ is a linear combination of N rank one operators.
Conversely, suppose that rank(Qϕ) = M < ∞. Suppose that n > M and that

z1 < · · · < zn are Lebesgue points of ϕ. If h > 0 and fz,h = h−1χ(z,z+h), then
the matrix (〈Qϕfzi,h, fzj ,h〉)ij has rank at most M < n and thus its determinant
vanishes. As h → 0, as shown in the proof of Theorem 4.1, 〈Qϕfzi,h, fzj ,h〉 →
ϕ(max{zi, zj }) = ϕ(zmax{i,j}), and thus the determinant of

(
ϕ(zmax{i,j})

)
ij

vanishes
too. By Lemma 12.1, this implies that either ϕ(zi) = ϕ(zi+1) for some i < n or
ϕ(zn) = 0.

Consequently, if z1 < · · · < zn are Lebesgue points ofϕ such thatϕ(zi) �= ϕ(zi+1)

for i < n and ϕ(zn) �= 0, then n ≤ M . Choose such a sequence z1 < · · · < zn with
n maximal. If z ∈ (zi, zi+1) ∩ Leb(ϕ) for some i < n, then either ϕ(z) = ϕ(zi) or
ϕ(z) = ϕ(zi+1), since n is maximal. Moreover, for the same reason, if ϕ(z) = ϕ(zi),
then ϕ(z′) = ϕ(zi) for every z′ ∈ (zi, z) ∩ Leb(ϕ), and if ϕ(z) = ϕ(zi+1), then
ϕ(z′) = ϕ(zi+1) for every z′ ∈ (z, zi+1) ∩ Leb(ϕ). Together with similar arguments
for the intervals (0, z1) and (zn,∞), which we leave to the reader, this easily shows
that ϕ is a step function with at most n steps.
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13. A class of integral operators on L2(R)

In this section we associate with the operator Qϕ on L2(R+) an integral operator on
L2(R) and we study these operators.

For a function ϕ ∈ L2
loc(R+) we define the function ϕ♥ on R by

ϕ♥(t) def= 2ϕ(e2t )e2t , t ∈ R; (13.1)

this defines a one-to-one correspondence between L2
loc(R+) and L2

loc(R). With a
function ψ on L2(R) we associate the function ψ̆ on R× R defined by

ψ̆(s, t) = ψ(max{s, t})e−|s−t |, s, t ∈ R, (13.2)

and denote by Kψ the integral operator on L2(R) with kernel function ψ̆ (if it makes
sense):

(Kψf )(s) =
∫

R

ψ(max{s, t})e−|s−t |f (t) dt.

Theorem 13.1. Let ϕ ∈ L2
loc(R+). Then the operators Qϕ and Kϕ♥ are unitarily

equivalent.

Theorem 13.1 certainly means that the boundedness of one of the operators implies
the boundedness of the other one.

Proof. Consider the unitary operator U : L2(R+) → L2(R) defined as follows
(Uf )(t) = √2f (e2t )et . It remains to observe that Kϕ♥U = UQϕ .

We can identifyL2(R+)with the subspace ofL2(R)which consists of the functions
vanishing on (−∞, 0). We can now extend in a natural way the operator of triangular
projection P to act on the space of operators on L2(R) by defining it in the same way
as it has been done in §2. We keep the same notation, P , for this extension. We put

K+ψ
def= PKψ and K−ψ

def= Kψ −PK+ψ .
It is easily seen from the proof of Theorem 13.1 that the operators Q+ϕ and Q−ϕ are

unitarily equivalent to the operators K+
ϕ♥ and K−

ϕ♥ respectively.
It is easy to see that, for any p > 0,

ϕ ∈ Xp ⇔
∞∑

n=−∞
‖ϕ♥‖p

L2[n,n+1] <∞ (13.3)

(and correspondingly for X∞ and X0∞) and, using Theorem 5.1 (vii),

ϕ ∈ Yp ⇔
∞∑

n=−∞
‖ϕ♥‖pBV [n,n+1] <∞. (13.4)
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(In (13.3) and (13.4), the intervals [n, n + 1] can be replaced by any partition of R

into intervals of the same length.) We can thus translate results from the preceding
sections to Kψ , for example as follows.

Theorem 13.2. Let ψ ∈ L2
loc(R). The following are equivalent:

(i) Kψ is bounded on L2(R);

(ii) K+ψ is bounded on L2(R);

(iii) supn∈Z

∫ n+1

n

|ψ(x)|2 dx <∞.

Proof. The theorem is a direct consequence of Theorems 3.1 and 13.1.

Similarly we find from Theorems 3.3, 6.2, and 5.1, respectively, the following
three theorems.

Theorem 13.3. Let ψ ∈ L2
loc(R). If 1 < p <∞, the following are equivalent:

(i) Kψ ∈ Sp;

(ii) K+ψ ∈ Sp;

(iii)
∑

n∈Z
‖ψ‖p

L2[n,n+1] <∞.

Theorem 13.4. If Kψ ∈ S1, then
∑

n∈Z
‖ψ‖L2[n,n+1] < ∞ and thus ψ ∈ L1(R).

Moreover, then traceKψ =
∫

R
ψ(x) dx.

Theorem 13.5. If 1/2 < p ≤ 1 and
∑

n∈Z
‖ψ‖pBV [n,n+1] <∞, then Kψ ∈ Sp.

The following two results involving the modulus of continuity also can be obtained
by changes of variables in the corresponding Theorems 10.5 and 10.9, using (10.3)
and Lemma 10.3, but the details are involved and we prefer to imitate the proofs.

Theorem 13.6. If ψ ∈ L2(R) has support on [0, 1], then

sn(Kψ) ≤ C
1

n
ω
(2)
ψ

(
1

n

)
+ C

1

n2 ‖ψ‖L2 , n ≥ 1.

Proof. We interpolate using Lemma 10.4 as in the proof of Theorem 10.5.

Theorem 13.7. Let 1/2 < p ≤ 1. If
∑

n∈Z
‖ψ‖p

L2[n,n+1] <∞ and

∞∑
n=−∞

∫ 1

0

(
ω
(2)
ψ

(
t; [n, n+ 1]))ptp−2 dt <∞,

then Kψ ∈ Sp.
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Proof. We argue as in the proofs of Theorems 10.7 and 10.9, using Theorem 13.6.

We denote by F the Fourier transformation onL2(Rn), which is a unitary operator
defined by (2.3) for f ∈ L2(Rn)

⋂
L1(Rn). Let T be the integral operator with kernel

function k ∈ L2(R2). Denote by R the integral operator with kernel function F k.
The following lemma has a straightforward verification.

Lemma 13.8. F TF = R.

Note that Lemma 13.8 is similar to Lemma 2.3.

Corollary 13.9. Let p > 0. Then ‖T ‖Sp = ‖R‖Sp .

Denote by Z be the integral operator with kernel function (x, y) �→ (F k)(x,−y).
By Lemma 2.3, T is unitarily equivalent toZ. Indeed, the equality F TF = R implies
F TF −1 = Z.

Lemma 13.10. If ψ ∈ L1(R), then ψ̆ ∈ L1(R2), and

(F ψ̆)(x, y) = (F ψ)(x + y)

(
1

1− 2π ix
+ 1

1− 2π iy

)
. (13.5)

Proof. The inclusion ψ̆ ∈ L1(R2) is obvious. We have

(F ψ̆)(x, y) =
∫

R2
ψ(max{s, t})e−|s−t |e−2π isx−2π ity ds dt

=
∫

R

(
ψ(s)e−se−2π isx

∫ s

−∞
et−2π itydt

)
ds

+
∫

R

(
ψ(t)e−t e−2π ity

∫ t

−∞
es−2π isx ds

)
dt

=
∫

R

ψ(s)e−2π is(x+y) ds
1− 2π iy

+
∫

R

ψ(t)e−2π it (x+y) dt
1− 2π ix

=
(

1

1− 2π ix
+ 1

1− 2π iy

)
(F ψ)(x + y).

Consider the functions

ψ̆+(s, t)
def= χ{(s,t):s>t}ψ̆(s, t) and ψ̆−(s, t)

def= χ{(s,t):s<t}ψ̆(s, t). (13.6)

It can easily be seen from the proof of Lemma 13.10 that

(F ψ̆+)(x, y) = (F ψ)(x + y)

1− 2π iy
and (F ψ̆−)(x, y) = (F ψ)(x + y)

1− 2π ix
. (13.7)
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It is easy to verify that if ψ is a tempered distribution on R (see §2), we can define
tempered distributions ψ̆ , ψ̆+, and ψ̆− by (13.2) and (13.6); the formal definitions are
by duality and analogous to (2.4)–(2.6). It is easy to check that formulas (13.5) and
(13.7) also hold for tempered distributions ψ .

As a corollary to Theorem 13.2, we have the following lemma.

Lemma 13.11. Letψ ∈ L2
loc(R). Suppose that the operatorKψ is bounded onL2(R).

Then ψ determines a tempered distribution.

Theorem 13.12. Let 0 < p <∞. Suppose that ϕ ∈ L2
loc(R+) and ϕ♥ is defined by

(13.1). The following are equivalent:

(i) Qϕ ∈ Sp;

(ii) Kϕ♥ ∈ Sp;

(iii) the integral operator on L2(R) with kernel

(x, y) �→ (F ϕ♥)(x + y)

(
1

1− 2π ix
+ 1

1− 2π iy

)
belongs to Sp.

Proof. The theorem is a consequence of Theorem 13.1, Lemma 13.8 and Lemma
13.10.

Note that if forp > 2 we have a tempered distribution in (iii) rather than a function,
by the integral operator we mean the operator determined by this tempered distribution
(see §2).

In the same way one can prove the following result.

Theorem 13.13. Let 0 < p < ∞ and let ϕ ∈ L2
loc(R+). The following are equiva-

lent:

(i) Q+ϕ ∈ Sp;

(ii) Q−ϕ ∈ Sp;

(iii) K+
ϕ♥ ∈ Sp;

(iv) K−
ϕ♥ ∈ Sp;

(v) the integral operator on L2(R) with the kernel

(x, y) �→ (F ϕ♥)(x + y)

1− 2π ix

belongs to Sp.
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It is straightforward to show that if p > 0 and the integral operator on L2(R) with
kernel function h(x+y)

x+α belongs to Sp for some α ∈ C \ R, then it belongs to Sp for
any α ∈ C \R. Let us show that such an integral operator can belong to Sp for p ≤ 1
only if it is zero.

Consider the operator E : D(R2) → D(R+ × R+) defined by the following

formula (Ef )(s, t)
def= 1

2 (st)
−1/2f ( 1

2 log s, 1
2 log t). Clearly, E is an isomorphism.

Consequently, the conjugate operator E ′ is an isomorphism from D ′(R+×R+) onto
D ′(R2). Clearly, (E ′	)(x, y) = 2	(e2x, e2y)exey if 	 ∈ L1

loc(R+ × R+). Put

2	(e2x, e2y)exey
def= (E ′	)(x, y) for 	 ∈ D ′(R+ × R+).

Theorem 13.14. Let 	 ∈ D ′(R+ × R+). Then 	 determines a bounded operator
on L2(R+) if and only if the distribution 2	(e2x, e2y)exey determines a bounded
operator onL2(R). Moreover, these two operators are unitarily equivalent operators.

Proof. It suffices to note that

〈2	(e2x, e2y)exey,
√

2eyf (e2y)
√

2exg(e2x)〉 = 〈	(s, t), f (t)g(s)〉

for any f, g ∈ D(R+ × R+), and the map h �→ √
2exh(e2x) is a unitary operator

from L2(R+) onto L2(R).

Theorem 13.15. Let h ∈ D ′(R). Suppose that the distribution h(x+y)
1−2π ix determines

an operator on L2(R) of class S1. Then h = 0.

Proof. By Lemma 2.2, h(x+y)
1−2π ix ∈ S′(R2). Consequently, h(x + y) ∈ S′(R2), whence

h ∈ S′(R). Thus, there exists a distribution ϕ ∈ D ′(R+) such that ϕ♥ ∈ S′(R)
and F ϕ♥ = h (the operation ϕ �→ ϕ♥ defined in (13.1) extends in an obvious
way to distributions ϕ). Lemma 2.3 and formula (13.7) imply that Q−ϕ and
thus also Q+ϕ belongs to S1. By Theorem 2.4, ϕ ∈ L2

loc(R+). Thus ϕ = 0 by
Theorem 6.6.

We are going to prove now that for p > 1/2 if the integral operator with kernel
function h(x+y)

( 1
x+α + 1

y+β
)

belongs to Sp for some α, β ∈ C\R with α+β �∈ R,
then it belongs to Sp for any α, β ∈ C \R. We will also show that this is not true for
p ≤ 1/2.
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Lemma 13.16. The function

(x, y) �→ 1

x + y + i
χ[0,1](x), x, y ∈ R,

is a Schur multiplier of Sp for any p > 0.

Proof. First we prove that the function

(x, y) �→ 1

x + y + i
χ[0,1](x)χR\[−2,2](y), x, y ∈ R, (13.8)

is a Schur multiplier of Sp. We have

1

x + y + i
χ[0,1](x)χR\[−2,2](y) =

∑
n≥0

(−1)n
(x + i)n

yn+1 χ[0,1](x)χR\[−2,2](y).

Clearly, the p-multiplier norm of the n-th summand is bounded by 2−n/2. Conse-
quently, the function (13.8) is a Schur multiplier of Sp. It remains to prove that the
function

(x, y) �→ 1

x + y + i
χ[0,1](x)χ[−2,2](y), x, y ∈ R,

is a Schur multiplier of Sp. For any (ξ, η) ∈ [0, 1] × [−2, 2] we can expand the
function 1

x+y+i in a Taylor series in a neighborhood of (ξ, η). It follows easily that
for a sufficiently small ε > 0 the function

(x, y) �→ 1

x + y + i
χ[0,1]∩[ξ−ε,ξ+ε](x)χ[−2,2]∩[η−ε,η+ε](y), x, y ∈ R,

is a Schur multiplier of Sp. It remains to choose a finite subcover of [0, 1] × [−2, 2]
that consists of rectangles of the form [ξ − ε, ξ + ε] × [η − ε, η + ε].
Remark. In the same way we can prove that the function

(x, y) �→ 1

x + y + α
χ[ξ,η](x), x, y ∈ R,

is a Schur multiplier of Sp for any p > 0 for any α ∈ C \ R and for any ξ, η ∈ R.

Corollary 13.17. Let α, β, γ ∈ C and γ �∈ R. Then the function

(x, y) �→ (x + α)(y + β)

x + y + γ
χ[0,1](x), x, y ∈ R,

is a Schur multiplier of Sp for any p > 0.

Proof. We have

(x + α)(y + β)

x + y + γ
= (x + α)

(
1+ β − γ − x

x + y + γ

)
.
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It remains to note that

χ[0,1](x), (x + α)χ[0,1](x), (β − γ − x)χ[0,1](x), and
1

x + y + γ
χ[0,1](x)

are Schur multipliers of Sp.

Corollary 13.18. Let p > 0 and let α, β ∈ C \R such that α+β �∈ R. Suppose that
the integral operator on L2(R) with kernel function

(x, y) �→ h(x + y)

(
1

x + α
+ 1

y + β

)
, x, y ∈ R,

belongs to Sp. Then the integral operator with kernel function

(x, y) �→ h(x + y)χ[0,1](x), x, y ∈ R,

belongs to Sp.

Theorem 13.19. Let p > 1/2 and let α0, β0 ∈ C\R such that α0+β0 �∈ R. Suppose
that the integral operator on L2(R) with kernel function

(x, y) �→ h(x + y)

(
1

x + α0
+ 1

y + β0

)
, x, y ∈ R,

belongs to Sp. Then the integral operator with kernel function

(x, y) �→ h(x + y)

(
1

x + α
+ 1

y + β

)
, x, y ∈ R,

also belongs to Sp for any α, β ∈ C \ R.

Proof. By Corollary 13.18, the integral operator with kernel h(x+y)χ[0,1](x) belongs
to Sp. Obviously, for any n ∈ Z,

‖h(x + y)χ[0,1](x)‖Sp = ‖h(x + y)χ[n,n+1](x)‖Sp

(as usual we write ‖k‖Sp for the Sp norm (or quasi-norm) of the integral operator with
kernel k). Consequently,∥∥∥∥h(x + y)

(
1

x + α
− 1

x + α0

)
χ[n,n+1](x)

∥∥∥∥
Sp

≤ C(1+ |n|)−2.

It is now clear that the integral operator with kernel function

(x, y) �→ h(x + y)

(
1

x + α
− 1

x + α0

)
, x, y ∈ R,

belongs to Sp for p > 1/2. Similarly, we prove that the integral operator with kernel
function

(x, y) �→ h(x + y)

(
1

y + β
− 1

y + β0

)
, x, y ∈ R,
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belongs to Sp for p > 1/2.

Theorem 13.20. Let ϕ ∈ L2
loc(R+), a ∈ R \ {0}, and p > 1/2. Put

ϕ[a](t)
def= ϕ(ta)ta−1.

Then Qϕ ∈ Sp if and only if Qϕ[a] ∈ Sp.

Proof. Recall that ϕ♥(t) = 2ϕ(e2t )e2t and ϕ
♥
[a](t) = 2ϕ[a](e2t )e2t = 2ϕ(e2at )e2at .

Consequently, ϕ♥[a](t) = ϕ♥(at). By Theorem 13.12, Qϕ[a] ∈ Sp if and only if the

integral operator on L2(R) with kernel

(x, y) �→ (F ϕ♥)
(
x + y

a

)(
1

1− 2π ix
+ 1

1− 2π iy

)
, x, y ∈ R,

belongs to Sp, and thus if and only if the integral operator on L2(R) with kernel

(x, y) �→ (F ϕ♥)(x + y)

(
1

1− 2π iax
+ 1

1− 2π iay

)
, x, y ∈ R,

belongs to Sp. By Theorem 13.19, this holds if and only if the integral operator on
L2(R) with kernel

(x, y) �→ (F ϕ♥)(x + y)

(
1

1− 2π ix
+ 1

1− 2π iy

)
, x, y ∈ R,

belongs to Sp. It remains to apply Theorem 13.12 once more.

Corollary 13.21. Let ψ ∈ L2
loc(R), a ∈ R \ {0}, and p > 1/2. Define ψa(t)

def=
ψ(at). Then Kψ ∈ Sp if and only if Kψa ∈ Sp.

Remark. Theorem 13.20 and its corollary do not generalize to the case p ≤ 1/2.
Indeed, if ϕ is the characteristic function of an interval, then Qϕ ∈ Sp for any p > 0
but if a �= 1, then Qϕ[a] �∈ Sp by Corollary 8.12. It follows from the proof above that
Theorem 13.19 too does not extend to p ≤ 1/2.

Remark. Note that if ϕ ∈ Xp, then ϕ[a](t) ∈ Xp for any a ∈ R \ {0} and any p > 0.
Moreover, if ϕ ∈ Yp, then ϕ[a](t) ∈ Yp for any a ∈ R \ {0} and any p > 0. Indeed,
let A > 1. It is easy to see that (1.3) is equivalent to the condition∑

n∈Z

Anp/2
(∫ An+1

An

|ϕ(x)|2 dx
)p/2

<∞,

while the condition in Theorem 5.3 (vii) is equivalent to∑
n∈Z

‖xϕ(x)‖p
BV [An,An+1] <∞,

which easily implies the above assertions.
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Theorem 13.22. Let α, β ∈ C \ R and let p > 0. Then the integral operator on
L2(R) with kernel function

(x, y) �→ h(x + y)

(
1

x + α
+ 1

y + β

)
, x, y ∈ R,

belongs to Sp if and only if convolution with the function h(x)(x + α + β) is an
operator from L2(R, (1+ x2) dx) to L2(R, (1+ x2)−1 dx) of class Sp.

Proof. Clearly, the integral operator on L2(R) with kernel function

(x, y) �→ h(x + y)

(
1

x + α
+ 1

y + β

)
, x, y ∈ R,

belongs to Sp if and only if so does the integral operator with kernel function

(x, y) �→ h(x − y)
x − y + α + β

(x + α)(y − β)
, x, y ∈ R.

To complete the proof, it remains to observe that multiplication by (x − β)−1 is an
isomorphism from L2(R) onto L2(R, (1 + x2) dx) and multiplication by (x + α)−1

is an isomorphism from L2(R, (1+ x2)−1 dx) onto L2(R).

Corollary 13.23. Let α, β, γ ∈ C \ R such that α + β �∈ R and let p > 1/2. Then
the integral operator with kernel function

(x, y) �→ h(x + y)

(
1

x + α
+ 1

y + β

)
, x, y ∈ R,

belongs to Sp if and only if convolution with the function h(x)(x + γ ) is an operator
from L2(R, (1+ x2) dx) to L2(R, (1+ x2)−1 dx) of class Sp.

Proof. It suffices to apply Theorem 13.19.

Remark. In the same way we can prove that the following statements are equivalent
for any α ∈ C \ R and for any p > 0:

(i) the integral operator on L2(R) with kernel function

(x, y) �→ k(x + y)(x + α)−1, x, y ∈ R,

belongs to Sp;

(ii) the integral operator on L2(R) with kernel function

(x, y) �→ k(x + y)(y + α)−1, x, y ∈ R,

belongs to Sp;

(iii) convolution with k is an operator from L2(R) to L2(R, (1 + x2)−1 dx) of
class Sp;
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(iv) convolution with k is an operator fromL2(R, (1+x2) dx) toL2(R) of class Sp.

Let us repeat that Theorem 13.15 implies that the integral operator with kernel
function k(x + y)(x + α)−1 can be a nonzero operator in Sp only if p > 1.

14. Matrix representation

Let ϕ be a function in L2
loc(R) such that ϕ(x + 1) = ϕ(x), x ∈ R. Consider the

operators Q[0,1]ϕ and Q
[0,2]
ϕ on L2[0, 1] and L2[0, 2] respectively. Obviously,∥∥Q[0,1]ϕ

∥∥
Sp
≤ ∥∥Q[0,2]ϕ

∥∥
Sp
, 0 < p <∞. (14.1)

Obviously,

‖Q[0,2]ϕ ‖ ≥ ∥∥P[1,2]×[0,1]Q[0,2]ϕ

∥∥ = ‖ϕ‖L2[0,1]. (14.2)

It is also easy to see that∥∥Q[0,2]ϕ

∥∥
Sp
≤ C(p)

(∥∥Q[0,1]ϕ

∥∥
Sp
+ ‖ϕ‖L2[0,1]

)
, 0 < p <∞, (14.3)

where C(p) is a constant that may depend only on p.

Theorem 14.1. Let 0 < p < ∞. Suppose that ϕ is a function in L2
loc(R) such that

ϕ(x) = ϕ(x + 1) and ψ(x)
def= ϕ(1− x). Then

C1(p)
(∥∥Q[0,1]ϕ

∥∥
Sp
+∥∥Q[0,1]ψ

∥∥
Sp

) ≤ ∥∥Q[0,2]ϕ

∥∥
Sp
≤ C2(p)

(∥∥Q[0,1]ϕ

∥∥
Sp
+∥∥Q[0,1]ψ

∥∥
Sp

)
.

Proof. To prove the left inequality, consider the integral operator K on L2[0, 1] with
kernel function

(x, y) �→ ϕ(min{x, y}).
Clearly, the operators K and Q

[0,1]
ψ are unitarily equivalent, and therefore we have

‖K‖Sp =
∥∥Q[0,1]ψ

∥∥
Sp

for any p > 0. Note that

ϕ(min{x, y})+ ϕ(max{x, y}) = ϕ(x)+ ϕ(y).

Hence, K+Q
[0,1]
ϕ is the integral operator with kernel function (x, y) �→ ϕ(x)+ϕ(y).

Thus
∥∥Q[0,1]ϕ + K

∥∥
Sp
≤ C(p)‖ϕ‖L2 . Now the left inequality is obvious. To prove

the right inequality, we have to show that

‖ϕ‖L2[0,1] ≤ C(p)
(∥∥Q[0,1]ϕ

∥∥
Sp
+ ∥∥Q[0,1]ψ

∥∥
Sp

)
.

Clearly, (
K +Q[0,1]ϕ

)
1 = ϕ +

∫ 1

0
ϕ(t) dt.
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It follows that∥∥(K +Q[0,1]ϕ

)
1
∥∥2
L2[0,1] = ‖ϕ‖2

L2[0,1] + 3

∣∣∣∣ ∫ 1

0
ϕ(t) dt

∣∣∣∣2 ≥ ‖ϕ‖2
L2[0,1].

Thus, ∥∥K +Q[0,1]ϕ

∥∥
Sp
≥ ∥∥K +Q[0,1]ϕ

∥∥ ≥ ‖ϕ‖L2[0,1],

and so

‖ϕ‖L2[0,1] ≤
∥∥(K +Q[0,1]ϕ

)∥∥
Sp

≤ C(p)
(‖K‖Sp +

∥∥Q[0,1]ϕ

∥∥
Sp

)
= C(p)

(∥∥Q[0,1]ϕ

∥∥
Sp
+ ∥∥Q[0,1]ψ

∥∥
Sp

)
.

Corollary 14.2. Under the hypotheses of Theorem 14.1∥∥Q[0,2]ψ

∥∥
Sp
≤ C(p)

∥∥Q[0,2]ϕ

∥∥
Sp
.

Theorem 14.3. Let p > 0 and a ∈ R. If ϕ is a function satisfying the hypotheses of

Theorem 14.1 and ψ(x)
def= ϕ(x − a), then∥∥Q[0,2]ψ

∥∥
Sp
≤ C(p)

∥∥Q[0,2]ϕ

∥∥
Sp
.

Proof. Clearly, it is sufficient to consider the case a ∈ (0, 1). Then Q
[0,1]
ψ is by a

translation unitarily equivalent to Q
[1−a,2−a]
ϕ , and thus∥∥Q[0,1]ψ

∥∥
Sp
= ∥∥Q[1−a,2−a]ϕ

∥∥
Sp
≤ ∥∥Q[0,2]ϕ

∥∥
Sp
.

The result follows by (14.3) and (14.2).

Let φ be a function on the unit circle T. Put T+
def= {ζ ∈ T : Im ζ ≥ 0},

T−
def= {ζ ∈ T : Im ζ < 0} and

kφ(ζ, τ )
def=
{

φ(ζ 2), ζ τ ∈ T+,
φ(τ 2), ζ τ ∈ T−,

(ζ, τ ) ∈ T
2. (14.4)

It is easy to see that the functions φ and kφ are equimeasurable. In particular,
‖φ‖L2(T) = ‖kφ‖L2(T2). Note also that if φ is continuous on T, then kφ is con-
tinuous on T

2. Let φ ∈ L2(T). Denote by Kφ the integral operator on L2(T) with
kernel function kφ .
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Theorem 14.4. Let p > 0. Suppose that φ ∈ L2(T) and ϕ(t)
def= φ(e2π it ), t ∈ R.

Then

C1(p)
∥∥Q[0,2]ϕ

∥∥
Sp
≤ ‖Kφ‖Sp ≤ C2(p)

∥∥Q[0,2]ϕ

∥∥
Sp
,

where C1(p) and C2(p) may depend only on p.

Proof. Consider the integral operator K on L2[0, 1] with kernel function
k ∈ L2([0, 1]2) defined by

k(x, y) =
{

ϕ(2 max{x, y}), |x − y| ≤ 1/2,
ϕ(2 min{x, y}), |x − y| > 1/2.

It is easy to see that K is unitarily equivalent to Kφ . For α, β = 0, 1 we consider the
integral operator K(α,β) with kernel function

(x, y) �→ k(x, y)χ[α/2,(1+α)/2](x)χ[β/2,(1+β)/2](y).

Using the substitution (x, y) �→ (2x, 2y), we find that 2‖K(0,0)‖Sp =
∥∥Q[0,1]ϕ

∥∥
Sp

. In

a similar way we can obtain 2‖K(1,1)‖Sp =
∥∥Q[0,1]ϕ

∥∥
Sp

. Let ψ(t)
def= ϕ(1 − t). It is

also easy to see that 2‖K(0,1)‖Sp = 2‖K(1,0)‖Sp =
∥∥Q[0,1]ψ

∥∥
Sp

. Hence,

1

4

(∥∥Q[0,1]ϕ

∥∥
Sp
+ ∥∥Q[0,1]ψ

∥∥
Sp

) = 1

4

1∑
α=0

1∑
β=0

∥∥K(α,β)
∥∥

Sp

≤ ‖Kφ‖Sp ≤ C(p)

1∑
α=0

1∑
β=0

∥∥K(α,β)
∥∥

Sp

= C(p)
(∥∥Q[0,1]ϕ

∥∥
Sp
+ ∥∥Q[0,1]ψ

∥∥
Sp

)
.

It remains to apply Theorem 14.1.

We denote by f̂ (n) denote the nth Fourier coefficient of a function f in L1(T).
For convenience we put

f̂ (n+ 1/2)
def= 0, n ∈ Z.

For a function k in L1(T2) we denote by {k̂(m, n)}(m,n)∈Z2 the sequence of its
Fourier coefficients.

Let φ be a function on T. Put

k+φ (ζ, τ )
def=
{

φ(ζ 2), ζ τ ∈ T+,
0, ζ τ ∈ T−,
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and

k−φ (ζ, τ )
def=
{

0, ζ τ ∈ T+,
φ(τ 2), ζ τ ∈ T−.

Clearly, k+φ (ζ, τ ) = k−φ (τ, ζ ) and kφ(ζ, τ ) = k+φ (ζ, τ )+k−φ (ζ, τ ), where kφ is defined
by (14.4).

Lemma 14.5. Let φ ∈ L1(T). Then for (m, n) ∈ Z
2

k̂+φ (m, n) =

⎧⎪⎪⎨⎪⎪⎩
1
2 φ̂(

m
2 ), n = 0,

i
πn
φ̂(m+n2 ), m, n are odd,

0, otherwise.

Proof. Let us first observe that for any ζ ∈ T and n ∈ Z we have

∫
{τ∈T:ζ τ∈T+}

τ−n dm(τ ) =

⎧⎪⎪⎨⎪⎪⎩
1
2 , n = 0,

i
πn
ζ−n, n is odd,

0, otherwise.

It follows that∫
T

k+φ (ζ, τ )ζ
−mτ−n dm(ζ ) =

∫
{τ∈T:ζ τ∈T+}

φ(ζ 2)ζ−mτ−n dm(τ )

=

⎧⎪⎪⎨⎪⎪⎩
1
2φ(ζ

2)ζ−m, n = 0,

i
πn
φ(ζ 2)ζ−m−n, n is odd,

0, otherwise.

It remains to integrate the last identity in ζ .

Corollary 14.6. Let φ ∈ L1(T). Then

k̂−φ (m, n) =

⎧⎪⎪⎨⎪⎪⎩
1
2 φ̂(

n
2 ), m = 0,

i
πm

φ̂(m+n2 ), m, n are odd,

0, otherwise.

Proof. It suffices to observe that k−φ (ζ, τ ) = k+φ (τ, ζ ).
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Corollary 14.7. Let φ ∈ L1(T). Then

k̂φ(m, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2 φ̂
(
m
2

)
, n = 0,

1
2 φ̂(

n
2 ), m = 0,

φ̂(0), m = n = 0,

i
π

( 1
m
+ 1

n

)
φ̂
(
m+n

2

)
, m, n are odd,

0, otherwise.

Proof. It suffices to observe that kφ(ζ, τ ) = k+φ (ζ, τ )+ k+φ (τ, ζ ).

Theorem 14.8. Suppose that ϕ(t) = ∑k∈Z
ake

2π ikt and
∑

k∈Z
|ak|2 < ∞, and let

p > 0. Then Q
[0,2]
ϕ ∈ Sp if and only if the matrix{

am+n+1

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m,n∈Z

(14.5)

belongs to Sp.

Here we identify operators on �2(Z)with their matrices with respect to the standard
orthonormal basis of �2(Z).

Proof. Consider the functionφ on T defined byφ(z) =∑n∈Z
anz

n. By Theorem 14.4,

Q
[0,2]
ϕ ∈ Sp if and only if Kφ ∈ Sp . It easy to see that the operator Kφ belongs to

Sp if and only if the matrix {k̂φ(m, n)}m,n∈Z belongs to Sp. Corollary 14.7 implies
that k̂φ(m, n) �= 0 only if mn is odd or mn = 0. Hence, it is easy to check that
{k̂φ(m, n)}m,n∈Z ∈ Sp if and only if {k̂φ(2m+ 1, 2n+ 1)}m,n∈Z ∈ Sp. It remains to
note that

k̂φ(2m+ 1, 2n+ 1) = i

π

(
1

2m+ 1
+ 1

2n+ 1

)
am+n+1

by Corollary 14.7.

Clearly, the same reasoning shows that Q[0,2]ϕ is bounded on L2[0, 1] if and only
if the matrix (14.5) is bounded. The following result shows that the boundedness of
(14.5) is equivalent to its membership of Sp, p > 1.

Theorem 14.9. Let {ak}k∈Z be a two-sided sequence of complex numbers and let

A
def=
{
am+n+1

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m,n∈Z

.

Suppose that p > 1. The following are equivalent:
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(i) A is a bounded operator on �2(Z);

(ii) A ∈ Sp;

(iii) {ak}k∈Z ∈ �2(Z).

Proof. Suppose that A is bounded. Then the sequence{
an+1

(
2+ 1

n+ 1
2

)}
n∈Z

belongs to �2(Z) which implies (iii). It is clear that (iii) is equivalent to the fact that
ϕ ∈ L2[0, 1]. By Theorem 3.3, Q[0,2]ϕ ∈ Sp, and so by Theorem 14.8, A ∈ Sp. The
implication (ii)⇒ (i) is trivial.

Related results, that matrices of a roughly similar sort are bounded if and only if
they are in certain Sp can be found in [W1].

Remark. Note that the following identities hold:

i

π

∑
m,n∈Z

am+n+1

(
1

m+ 1
2

+ 1

n+ 1
2

)
ζmτn = φ(ζ )− φ(τ)√

ζ τ
,

i

π

∑
m,n∈Z

am+n+1

n+ 1
2

ζmτn = φ(ζ )√
ζ τ

,

i

π

∑
m,n∈Z

am+n+1

m+ 1
2

ζmτn = −φ(τ)√
ζ τ

,

where
√
ζ τ is chosen so that τ

√
ζ τ ∈ T+ (the series converge in L2(T2)).

Indeed, it suffices to note that by Corollary 14.7,

i

π

∑
m,n∈Z

am+n+1

(
1

2m+ 1
+ 1

2n+ 1

)
ζ 2m+1τ 2n+1 = 1

2

(
kφ(ζ, τ )− kφ(ζ,−τ)

)
,

by Lemma 14.5,

i

π

∑
m,n∈Z

am+n+1

2n+ 1
ζ 2m+1τ 2n+1 = 1

2

(
k+φ (ζ, τ )− k+φ (ζ,−τ)

)
,

and by Corollary 14.6,

i

π

∑
m,n∈Z

am+n+1

2m+ 1
ζ 2m+1τ 2n+1 = 1

2

(
k−φ (ζ, τ )− k−φ (ζ,−τ)

)
.
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Remark. Note that if p > 1/2, then

A
def=
{
am+n+1

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m,n∈Z

∈ Sp

if and only if

B
def=
{
am+n

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m,n∈Z

∈ Sp. (14.6)

Indeed, put ψ(t)
def= e2π it ϕ(t). By Theorem 14.8, it suffices to prove that Q[0,2]ϕ ∈ Sp

implies Q[0,2]ψ ∈ Sp. This follows from Theorem 7.3.
Note however that for p ≤ 1/2 this is not true. Indeed, if a0 = 1 and an = 0

for n �= 0 (in other words, ϕ(t) = 1, t ∈ R), then it is easy to see that A is the zero
matrix, and so it belongs to Sp for any p > 0. On the other hand, the matrix B has
nonzero entries−(n2−1/4)−1 form = −n, and so it belongs to Sp only for p > 1/2.
The situation is similar in the case where the restriction ϕ

∣∣[0, 1) is the characteristic
function of an interval in which case A ∈ Sp for any p > 0 but B ∈ Sp only for
p > 1/2, see Theorem 8.11 and Corollary 9.11.

Suppose now that p > 1/2 and consider the following submatrices of the matrix
B defined by (14.6):

B1 =
{
am+n

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m,n≥0

,

B2 =
{
am+n

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m≥0, n<0

,

B3 =
{
am+n

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m<0, n≥0

,

and

B4 =
{
am+n

(
1

m+ 1
2

+ 1

n+ 1
2

)}
m,n<0

.

Clearly, B ∈ Sp if and only if all matrices Bj , 1 ≤ j ≤ 4, belong to Sp.
It is direct that B1 ∈ Sp if and only if the matrix{

aj+k
j + k + 1

(j + 1)(k + 1)

}
j,k≥0

(14.7)
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belongs to Sp. Matrices of the form

{aj+k(1+ j)α(1+ k)β}j,k≥0 (14.8)

are called weighted Hankel matrices. It was proved in [Pel2] that if α > −1/2,
β > −1/2, and 0 < p ≤ 1, the matrix (14.8) belongs to Sp if and only if the function∑

n≥0 anz
n belongs to the Besov class B1/p+α+β

p p of functions on the unit circle T.
More recent results on Schatten class properties of weighted Hankel matrices are in
[RW] and [W2]. However, in the case of interest, the weighted Hankel matrix (14.7)
for α = β = −1, no characterization of such matrices of class Sp is known. In the
next section we obtain some necessary conditions for the matrix (14.7) to belong to S1.

It is also easy to see that B4 ∈ Sp if and only if the weighted Hankel matrix{
a−(j+k+2)

j + k + 1

(j + 1)(k + 1)

}
j,k≥0

(14.9)

belongs to Sp.
It can also be easily shown that B2 ∈ Sp if and only if B3 ∈ Sp and this is

equivalent to the fact that the weighted Toeplitz matrix{
aj−k−1

j − k

(1+ j)(1+ k)

}
j,k≥0

(14.10)

belongs to Sp.
Summarizing the above, we can state the following result.

Theorem 14.10. Let 1/2 < p ≤ 1 and let ϕ be a function in L2[0, 1] of the form
ϕ(t) =∑n∈Z

ane
2π int , t ∈ [0, 1]. Then Q[0,1]ϕ ∈ Sp if and only if the matrices (14.7),

(14.9), and (14.10) belong to Sp.

In the next section we use the results above to obtain necessary conditions for the
nuclearity of operators Qϕ .

Let us consider now the family of functions {Fλ}λ∈C on [0, 1)2 defined for a
function ϕ ∈ L1[0, 1] by

Fλ(t, s)
def= ϕ (max{s, t}) e−2πλi|s−t | + ϕ (min{s, t}) e2πλi|s−t |−2πλi.

Clearly, Fλ ∈ L1([0, 1)2). We identify [0, 1)2 via the map (s, t) �→ (e2π is , e2π it )

with T
2 and we can consider the Fourier coefficients of functions on [0, 1)2.

Theorem 14.11. Suppose that λ �∈ Z. Then

F̂λ(m, n) = 1− e−2π iλ

2π i

(
1

λ−m
+ 1

λ− n

)
ϕ̂(m+ n). (14.11)

Proof. We have

F̂λ(m, n)
def=

∫∫
[0,1)×[0,1)

Fλ(s, t)e
−2π ims−2π int dsdt =

∫∫
t≥s

+
∫∫
t≤s

.
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Let us compute the first integral:∫∫
t≥s

=
∫ 1

0

(∫ t

0
ϕ(t)e2π iλ(s−t)e−2π imt−2π ins ds

)
dt

+
∫ 1

0

(∫ 1

s

ϕ(s)e2π iλ(t−s)−2π iλe−2π imt−2π ins dt

)
ds

=
∫ 1

0
ϕ(t)e−2π iλt−2π imt

(∫ t

0
e2π is(λ−n) ds

)
dt

+
∫ 1

0
ϕ(s)e−2π iλs−2π iλ−2π ins

(∫ 1

s

e2π it (λ−m) dt
)
ds

=
∫ 1

0
ϕ(t)e−2π iλt−2π imt e

2π it (λ−n) − 1

2π i(λ− n)
dt

+
∫ 1

0
ϕ(s)e−2π iλs−2π iλ−2π ins e

2π iλ − e2π is(λ−m)

2π i(λ−m)
ds

= ϕ̂(m+ n)

2π i(λ− n)
− 1

2π i(λ− n)

∫ 1

0
ϕ(t)e−2πiλt−2πimt dt

+ 1

2π i(λ−m)

∫ 1

0
ϕ(s)e−2π iλs−2π ins ds − e−2π iλϕ̂(m+ n)

2π i(λ−m)
.

Similarly,∫∫
t≤s

= ϕ̂(m+ n)

2π i(λ−m)
− 1

2π i(λ−m)

∫ 1

0
ϕ(s)e−2π iλs−2π ins ds

+ 1

2π i(λ− n)

∫ 1

0
ϕ(t)e−2π iλt−2π imt dt − e−2π iλϕ̂(m+ n)

2π i(λ− n)

which implies (14.11).

Theorem 14.12. Let λ ∈ C. The integral operator with kernel functionFλ is bounded
on L2[0, 1] if and only if ϕ ∈ L2([0, 1)).

Proof. Clearly, the integral operator with kernel function Fλ belongs to S2 if ϕ ∈
L2([0, 1)). Suppose now that the integral operator with kernel functionFλ is bounded.
If λ ∈ Z, then

Fλ(s, t) =
(
ϕ(max{s, t})e−4π iλmax{s,t} + ϕ(min{s, t})e−4π iλmin{s,t})e2π iλ(s+t)

= (ϕ(s)e−4π iλs + ϕ(t)e−4π iλt)e2π iλ(s+t).
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Consequently, the boundedness of this operator implies that ϕ ∈ L2[0, 1]. If λ �∈ Z,
then the boundedness of the integral operator with kernel function Fλ implies that∑

m∈Z

∣∣F̂λ(m, 0)
∣∣2 < +∞

and by Theorem 14.11 we obtain∑
m∈Z

|ϕ̂(m)|2
∣∣∣∣2λ−m

λ−m

∣∣∣∣2 < +∞,

whence ϕ ∈ L2[0, 1].
Lemma 14.13. Let w, a ∈ C and w �= 1. Let p > 1

2 . Then the function

(s, t) �→ (w − ea|s−t |)−1χ�(s)χ�(t), s, t ∈ R,

is a Schur multiplier of Sp if � is an interval of sufficiently small length.

Proof. Clearly, it suffices to consider the case p < 1. Note that w− ea|s−t | is a Schur
multiplier of Sp(L

2(�)) by Theorem 7.3, since

w − ea|s−t | = w − ea max{s,t}e−a min{s,t}.

We have to prove that this multiplier is an isomorphism of Sp(L
2(�)) if � has suffi-

ciently small length. For ω ∈ L∞(�2) we put

‖ω‖Mp(�)
def= sup ‖ωk‖Sp(L2(�)),

where the supremum is taken over all integral operators with kernel k ∈ L2(�2) such
that ‖k‖Sp = 1. Here by ‖k‖Sp we mean the Sp norm (quasi-norm if p < 1) of the
integral operator with kernel function k. Obviously, it suffices to prove the inequality

‖ea max{s,t}e−a min{s,t} − 1‖Mp(�) < |w − 1|
provided the length of � is sufficiently small. Theorem 7.7 implies that, for any
x0 ∈ �,

lim|�|→0
‖ea(max{s,t}−x0)−1‖Mp(�) = 0 and lim|�|→0

‖e−a(min{s,t}−x0)−1‖Mp(�) = 0.

Hence, the desired inequality is obvious.

Theorem 14.14. Suppose that λ �∈ Z and p > 1/2. Then Q
[0,2]
ϕ ∈ Sp if and only if

the integral operator with kernel function Fλ belongs to Sp.

Proof. Suppose that Q[0,2]ϕ ∈ Sp. Then the integral operators with kernel functions
ϕ(max{s, t}) and ϕ(min{s, t}) belong to Sp(L

2[0, 1]) (see Theorem 14.1). Note that
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e2π iλ|s−t | = e2π iλ(2 max{s,t}−s−t). It follows now from Theorem 7.3 that the integral
operator with kernel function Fλ belongs to Sp.

Suppose now that the integral operator with kernel function Fλ belongs to Sp. We

have to prove that Q[0,2]ϕ ∈ Sp. By Theorem 14.12, ϕ ∈ L2[0, 1], and so it suffices

to show that Q[0,1]ϕ ∈ Sp. By Lemma 14.13, we can choose a positive number δ such
that the function (e2π iλ−e4π iλ|s−t |)−1 belongs to Mp(�) for any interval � of length
less than δ. We can represent the interval [0, 1) in the form

⋃N
j=1 �j , where the �j

are pairwise disjoint intervals with lengths less than δ. Clearly,

Fλ(s, t) = ϕ(max{s, t})e−2πλi|s−t | + (ϕ(s)+ ϕ(t)− ϕ(max{s, t})e2πλi|s−t |−2πλi.

Let s, t ∈ �j . Then

ϕ(max{s, t}) = Fλ(s, t)− (ϕ(s)+ ϕ(t))e2πλi|s−t |−2πλi

e−2πλi|s−t | − e2πλi|s−t |−2πλi =(
Fλ(s, t)− (ϕ(s)+ ϕ(t))e2πλi(max{s,t}−min{s,t}−1

)
e2πλi − e4πλi|s−t | e2πλi(1+max{s,t}−min{s,t}).

Theorem 7.3 and Lemma 14.13 imply that the integral operator with kernel function

(s, t) �→ ϕ(max{t, s})χ�j
(t)χ�j

(s), s, τ ∈ R,

belongs to Sp. To complete the proof, it remains to observe that the kernel function

(s, t) �→ ϕ(max{s, t})−
N∑
j=1

ϕ(max{s, t})χ�j
(s)χ�j

(t)

determines a finite rank operator.

Theorem 14.14 implies that ifp > 1/2, λ1, λ2 /∈ Z, andFλ1 ∈ Sp, thenFλ2 ∈ Sp.
This can also be easily deduced from the following elementary fact: if x ∈ �2(Z) and
y ∈ �p(Z) with p ≤ 2, then {xm+n yn}m,n∈Z ∈ Sp.

15. Necessary conditions for Qϕ ∈ S1

In this section we obtain various necessary conditions for Qϕ ∈ S1.

Theorem 15.1. Let {an}n≥0 be a sequence in �2. If the matrix

� =
{
aj+k

(
1

j + 1
2

+ 1

k + 1
2

)}
j,k≥0

belongs to S1, then the function
∑

n≥0 log(2+n)anz
n belongs to the Hardy class H 1.
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We need the following well-known lemma (see e.g., [Pel1]).

Lemma 15.2. Suppose that the matrix {ajk}j,k≥0 belongs to S1. Then the function∑
n≥0

(∑n
j=0 aj n−j

)
zn belongs to the Hardy class H 1.

Proof. It is sufficient to prove this when the matrix has rank one in which case the
result is an immediate consequence of the fact that H 2 ·H 2 ⊂ H 1.

Lemma 15.3. Let m ∈ Z+ and let

βn
def=

n∑
j=0

1

j + 1
2

. (15.1)

Then there exists d ∈ R such that

|βn − log(2+ n)− d| ≤ C
1

1+ n
.

Proof. We use the following well known fact (see, for example, [Z, Ch. I, (8.9)])∣∣∣ n∑
j=1

1

j
− log n− γ

∣∣∣ ≤ C · n−1, (15.2)

where γ is the Euler constant. We have

n∑
j=0

1

j + 1
2

= 2
n∑

j=0

1

2j + 1
= 2

2n+1∑
j=1

1

j
−

n∑
j=1

1

j
,

and so by (15.2),∣∣∣ n∑
j=0

1

j + 1
2

− 2 log(2n+ 1)+ log n− γ

∣∣∣ ≤ C · n−1

which implies the result.

Proof of Theorem 15.1. By Lemma 15.2, we have∑
m≥0

am

( m∑
j=0

(
1

j + 1
2

+ 1

(m− j + 1
2 )

))
zm = 2

∑
m≥0

am

( m∑
j=0

1

j + 1
2

)
zm ∈ H 1.

Since {an}n≥0 ∈ �2, it is not hard to check that
∑

n≥0 log(2 + n)anz
n ∈ H 1 by

Lemma 15.3.

Theorem 15.4. Let ϕ ∈ L2[0, b] and ϕ(x) =∑n∈Z
ane

2π inx/b. If Q[0,b]ϕ ∈ S1, then
the functions

∑
n≥0 an log(2 + n)zn and

∑
n≥0 a−n log(2 + n)zn in the unit disc D

belong to the Hardy class H 1.
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Proof. Without loss of generality we may assume that b = 1. By Theorem 14.8, the
matrices

� =
{
aj+k+1

(
1

j + 1
2

+ 1

k + 1
2

)}
j,k≥0

and

� =
{
a−(j+k+1)

(
1

j + 1
2

+ 1

k + 1
2

)}
j,k≥0

belong to S1. The result follows now from Theorem 15.1.

Theorem 15.5. Let I be a compact interval in (0,∞) and let ϕ be a function in
L1

loc(R+) such that Qϕ ∈ S1. If

an =
∫
I

ϕ(x)e−2π inx/|I | dx, n ∈ Z,

then the functions
∑

n≥0 an log(2 + n)zn and
∑

n≥0 a−n log(2 + n)zn belong to the
Hardy class H 1.

Proof. Since I is separated away from 0, it follows that ϕ
∣∣I ∈ L2(I ). We can now

apply a translation and reduce the result to Theorem 15.4.

Corollary 15.6. Under the hypotheses of either Theorem 15.4 or 15.5 the following
holds:

(i) |an| ≤ C(log(2+ |n|))−1, n ∈ Z;

(ii) suppose that {nk}k≥0 is an Hadamard lacunary sequence of positive integers,
i.e.,

inf
k≥0

nk+1

nk
> 1,

then∑
k≥0

|ank |2(log(1+ n2
k))

2 <∞ and
∑
k≥0

|a−nk |2(log(1+ n2
k))

2 <∞.

Proof. (i) follows immediately from Theorem 15.5 and the obvious fact that the Fourier
coefficients of an H 1 function are bounded. Finally, (ii) is an immediate consequence
of Theorem 15.5 and Paley’s inequality (see [Z, v. 2, Ch. XII, (7.8)]).

Note that if I is a compact interval in (0,∞), the restrictions of function in X1 to
I fill the space L2(I ), and so the sequence of Fourier coefficients {an}n∈Z can be an
arbitrary sequence in �2. Thus Corollary 15.6 also shows that the condition ϕ ∈ X1
is not sufficient for Qϕ ∈ S1.
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Now we are going to use Theorem 13.12 to obtain another necessary condition for
Qϕ ∈ S1. We denote by H1 the Stein–Weiss space of functions f in L1(R) such that
F −1(χR+F f ) ∈ L1(R), where F is Fourier transformation.

Theorem 15.7. Let h ∈ L2
loc(R). Suppose that the integral operator on L2(R) with

kernel function

(x, y) �→ h♠(x, y) def= h(x + y)

(
1

x + i
+ 1

y − i

)
, x, y ∈ R,

belongs to S1. Then the Fourier transform of the function h(x) log(1 + x2) belongs
to the Stein–Weiss space H1.

Proof. Clearly, the integral operator with kernel function h♠χ[0,+∞)2 belongs to S1.
Put

g(x)
def=
∫
R

h♠(t, x − t)χ[0,+∞)2(t, x − t) dt.

We have

g(x) =
⎧⎨⎩ h(x)

x∫
0

(
1
t+i + 1

x−t−i

)
dt = h(x) log(1+ x2), x > 0,

0, x < 0.

It follows from Theorem 6.3 that F g ∈ L1(R). In the same way it can be shown that
the Fourier transform of the function h(x) log(1+ x2)χR−(x) belongs to L1(R). This
implies the result.

Corollary 15.8. Let h ∈ L2
loc(R) and let a, b ∈ C \R such that a + b /∈ R. Suppose

that the integral operator on L2(R) with kernel function

h
♠
a,b(x, y)

def= h(x + y)

(
1

x + a
+ 1

y + b

)
belongs to S1. Then the Fourier transform of the function h(x+c) log(1+x2) belongs
to H1 for any c ∈ R.

Proof. It is obvious that the integral operators on L2(R) with kernel functions
h(x + y + c)

( 1
x+a+c + 1

y+b
)

belong to S1. Consequently, by Theorem 13.19, the

integral operator on L2(R) with kernel function h(x + y + c)
( 1
x+i + 1

y−i

)
belongs to

S1. It remains to apply Theorem 15.7.

Corollary 15.9. Suppose that h, a and b satisfy the hypotheses of Corollary 15.8.
Then h(x) log |x| → 0 as |x| → ∞.

Now Corollary 15.9 and Theorem 13.12 imply the following theorem.
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Theorem 15.10. Let ϕ ∈ L2
loc(R+). Suppose that Qϕ ∈ S1. Then

log |x|
∫

R+
ϕ(t)txi dt → 0 as |x| → ∞. (15.3)

Note that it follows from Theorem 6.2 that ϕ ∈ L1(R+), and so the integral in
(15.3) is well defined. It is easy to see that if ϕ is an arbitrary L2 function supported
on a compact subset of (0,∞), then ϕ ∈ X1. However, ϕ does not have to satisfy
(15.3), and so Theorem 15.10 also implies that the condition ϕ ∈ X1 is not sufficient
for Qϕ ∈ S1.

We conclude this section with necessary conditions on theL1 modulus of continuity
of symbols. If f is a function on T, then its L1 modulus of continuity ω

(1)
f is defined

by, in analogy with (10.2),

ω
(1)
f (t)

def= sup
ζ∈T, |1−ζ |<t

∫
T

|f (ζτ)− f (τ)| dm(τ ), t > 0.

The following result is possibly known to experts. We were not able to find a
reference, and we prove it here.

Theorem 15.11. Let f ∈ L1(T) and let

g(z) =
∑
n∈Z

f̂ (n)

log(|n| + 2)
zn.

Then g ∈ L1(T) and

lim
t→0

ω(1)
g (t) log

1

t
= 0. (15.4)

Consider the function h on T defined by

h(z) def=
∑
n∈Z

(log(|n| + 2))−1 zn.

It is well-known (see, for example, [Z, Ch. V, (1.5)]) that the series converges for
z ∈ T \ {1}, h ≥ 0 and h ∈ L1(T). We define the function h on R by

h(x)
def= h(eix) = (log 2)−1 + 2

∑
n≥1

(log(n+ 2))−1 cos nx. (15.5)

Then h is continuously differentiable on R \ 2πZ, see [Z, Ch. V, Miscellaneous theo-
rems and examples, 7].

We use the following notation. Let ϕ and ψ be nonvanishing functions on an
interval (0, α). We write

ϕ
0∼ ψ, if lim

x→0

ϕ(x)

ψ(x)
= 1.



138 A. B. Aleksandrov, S. Janson, V. V. Peller and R. Rochberg

Lemma 15.12. Let h be the function defined by (15.5). Then

h(x)
0∼ π

x(log x)2
(15.6)

and

h′(x) 0∼ − π

x2(log x)2
. (15.7)

Proof. (15.6) is proved in [Z, Ch. V, (2.17)]. Let us prove (15.7). Using Abel’s
transformation, we obtain

h(x) =
∑
n≥0

(
(log(n+ 2))−1 − (log(n+ 3))−1) sin(n+ x

2 )

sin x
2

= cot
x

2

(∑
n≥0

(
(log(n+ 2))−1 − (log(n+ 3))−1) sin nx

)
+
∑
n≥0

(
(log(n+ 2))−1 − (log(n+ 3))−1) cos nx.

Consequently,

h′(x) = − 1

2 sin2 x
2

(∑
n≥0

(
(log(n+ 2))−1 − (log(n+ 3))−1) sin nx

)

+ cot
x

2

(∑
n≥0

(
(log(n+ 2))−1 − (log(n+ 3))−1)n cos nx

)

−
∑
n≥0

(
(log(n+ 2))−1 − (log(n+ 3))−1)n sin nx

def= �1 +�2 +�3.

It remains to observe that

�1
0∼ − π

x2(log x)2

by [Z, Ch. V, (2.13)], while

�2
0∼ − 2π

x2(log x)3
,

and

�3
0∼ − 1

x(log x)2

by [Z, Ch. V, (2.18)].
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Corollary 15.13. The following inequality holds∫
T

|h(ζ τ )− h(τ )| dm(τ ) ≤ C

(
log

3

|ζ − 1|
)−1

for any ζ ∈ T.

Proof. It suffices to prove that∫ π

−π
|h(x + t)− h(x)| dx ≤ C

(
log

1

t

)−1

for sufficiently small positive t . We have∫ π

−π
|h(x + t)− h(x)| dx =

∫
|x|≤2t

|h(x + t)− h(x)| dx

+
∫

2t≤|x|≤π
|h(x + t)− h(x)| dx

≤ 2
∫
|x|≤3t

|h(x)| dx +
∫

2t≤|x|≤π
|h(x + t)− h(x)| dx

def= 2I1 + I2.

Using Lemma 15.12, we obtain

I1 ≤ C

∫ 3t

0

1

x(log x)2
dx ≤ C

(
log

1

t

)−1

and

I2 ≤ Ct

∫ π

2t

dx

x2(log x
10 )

2 ≤ C

(
log

1

t

)−2

,

if t > 0 is sufficiently small.

Proof of Theorem 15.11. Note that g = f ∗ h. Consequently, g ∈ L1(T). It follows
easily from Corollary 15.13 that

ω(1)
g (t) ≤ C‖f ‖L1

(
log

3

t

)−1

, 0 < t < 2.

The result follows now from the obvious fact that (15.4) holds for trigonometric poly-
nomials f .
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For a function f ∈ L1(R), we defined the L1 modulus of continuity ω(1)
f in (10.2):

ω
(1)
f (t) = sup

|s|≤t

∫
R

|f (x + s)− f (x)| dx, t > 0.

In fact this definition can be extended to functions f not necessarily in L1(R). It is
sufficient to assume that∫

R

|f (x + s)− f (x)| dx <∞, s ∈ R.

In a similar way we can prove the following analog of Theorem 15.11.

Theorem 15.14. Let f ∈ L1(R). Then there exists a function g ∈ L1(R) such that

(F f )(x) = (F g(x)) log(|x| + 2), x ∈ R,

and

lim
t→0

ω(1)
g (t) log

1

t
= 0

Proof. Indeed, let

h(x)
def=
∫

R

(log(2+ |t |))−1 e−2π itx dt = 2
∫ ∞

0
(log(2+ t))−1 cos(2πtx) dt.

Then h is an even positive continuously differentiable function on R \ {0}. We can
repeat the above reasoning to prove that

h(x)
0∼ 1

2x(log x)2

and

h′(x) 0∼ − 1

2x2(log x)2
.

Moreover, |h(x)| ≤ C · x−2 and |h′(x)| ≤ C · x−2 everywhere. These estimates allow
us to obtain the inequality∫

R

|h(x + t)− h(x)| dx ≤ C

(
log

1

t

)−1

for t ∈ (0, 1
2 ) and repeat the reasoning in the proof of Theorem 15.11.

Let us introduce some more notation. Set C+
def= {z ∈ C : Im z > 0} and

C−
def= {z ∈ C : Im z < 0}. Let f be a function in L1

loc(R) such that∫
R

|f (t)|
1+ |t | dt < +∞.
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Consider the Cauchy transform of f defined by

(Cf )(ζ )
def= 1

2π i

∫
R

f (t) dt

t − ζ
, Im ζ �= 0.

It is well known that (Cf )
∣∣C+ and (Cf )

∣∣C− are holomorphic functions of bounded
characteristic in C+ and C− respectively, and so they have finite angular boundary
values almost everywhere on R. Set

f+(x)
def= lim

y→0+(Cf )(x + iy) and f−(x)
def= − lim

y→0−(Cf )(x + iy).

By the Privalov theorem (see [Pr] for the case of a rectifiable Jordan curve),
f = f+ + f− almost everywhere on R. If f ∈ L1(R)+ L2(R), then

(Cf )(z) =
∫ ∞

0
(F f )(t)e2π itz dt, z ∈ C+,

and

(Cf )(z) = −
∫ 0

−∞
(F f )(t)e2π itz dt, z ∈ C−.

Note that f+ does not have to be in L1(R) for an arbitrary function f ∈ L1(R). In
fact, if f ∈ L1(R), then f+ ∈ L1(R) if and only if f belongs to the Stein–Weiss
space H1.

Theorem 15.15. Let f ∈ H1. Suppose that there exists a function g ∈ L1(R) such
that (F f )(x) = (F g)(x) log(1+ x2) for all x ∈ R. Then

lim
t→0

ω(1)
g+ (t) log

1

t
= 0

and

lim
t→0

ω(1)
g− (t) log

1

t
= 0.

Note, however, that the assumptions of Theorem 15.15 do not imply that g+ ∈
L1(R) or g− ∈ L1(R).

We need some auxiliary facts. Let M(R) be the space of finite Borel measures
on R.

Lemma 15.16. Let f ∈ L1(R). Suppose that f ′′ ∈ M(R) (in the distributional
sense). Then F f ∈ L1(R) and

‖F f ‖L1(R) ≤ C
√
‖f ‖L1(R)‖f ′′‖M(R).

Proof. The result follows from the obvious inequality:

|(F f )(x)| ≤ min

{
‖f ‖L1 ,

‖f ′′‖M(R)

4π2x2

}
, x ∈ R.
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Corollary 15.17. Let f ∈ L1(R). Suppose that supp F f is bounded above. Then

ω
(1)
f+ (t) ≤ C · t, t > 0.

Proof. It suffices to construct a function gs ∈ L1(R) such that ‖gs‖L1(R) ≤ C|s| and
f+(x + s)− f+(x) = (f ∗ gs)(x) for all x ∈ R. Suppose that supp f ⊂ (−∞,M],
where M > 0. We may take a function gs such that

(F gs)(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, t ≤ 0,

e2π ist − 1, t ∈ [0,M],
e2π is(2M−t) − 1, t ∈ [M, 2M],
0, t ≥ 2M.

Clearly, f+(x + s)− f+(x) = (f ∗ gs)(x) for all x ∈ R. The inequality ‖gs‖L1(R) ≤
C|s| follows from Lemma 15.16 (with C depending on M).

Lemma 15.18. Set ρ(t)
def= 2 log(2+ |t |)− log(1+ t2). Then F ρ ∈ L1.

Proof. It suffices to observe that ρ is even, limt→∞ ρ(t) = 0, ρ has two continuous
derivatives on (0,∞), and ∫ ∞

0
t |ρ′′(t)| dt <∞;

this implies that ρ(x) = − ∫∞|x| ρ′(t) dt and

ρ(x) =
∫ ∞

|x|
(t − |x|)ρ′′(t) dt =

∫ ∞

0
ρ′′(t)(t − |x|)+ dt =

∫ ∞

0
ρ′′(t)tF Kt(x) dt,

where Kt is the Fejér kernel with ‖Kt‖L1 = 1.

Lemma 15.19. Suppose that ϕ is an even positive function in C2(R) such that
ϕ(x) = log(1+ x2) for sufficiently large |x|. Then F (ϕ−1) ∈ L1.

Proof. See the proof of the previous lemma.

Proof of Theorem 15.15. We prove the first equality (the proof of the second one is the
same). Letψ be a function inL1(R) such that supp F ψ is compact and supp F ψ = 1
in a neighborhood of 0. Then f = f ∗ ψ + (f − f ∗ ψ). The Fourier transform of
the first summand has a compact support while the support of the Fourier transform
of the second summand does not contain 0. Thus it is sufficient to consider two cases.

Case 1, supp F f is compact. The result follows from Corollary 15.17.
Case 2, 0 /∈ supp F f . Clearly,

(F f+)(x) = (F g+)(x) log(1+ x2), x ∈ R.

Let δ > 0 be such that F f = 0 on [−δ, δ], and let ϕ be an even positive function in
C2(R) such that ϕ(x) = log(1+ x2) for |x| ≥ δ. By Lemma 15.19, 1/ϕ = F 	 for
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some 	 ∈ L1(R). Hence,

F g+ = F f+/ϕ = F (f+ ∗	),
which implies that g+ ∈ L1(R). Moreover, if ρ is as in Lemma 15.18, and thus
ρ = F F with F ∈ L1(R), then

2(F g+)(x) log(2+ |x|) = (F g+)(x)ρ(x)+ (F f+)(x) = F (g+ ∗ F + f+)(x),

so (F g+)(x) log(2 + |x|) is the Fourier transform of an L1-function. It remains to
apply Theorem 15.14.

Theorem 15.20. Let ϕ be a function in L2[0, b] such that Q[0,b]ϕ ∈ S1 and let
ϕ(x) =∑n∈Z

ane
2π inx/b. If

φ+(ζ )
def=
∑
n≥0

anζ
n and φ−(ζ )

def=
∑
n<0

anζ
n, (15.8)

then

lim
t→0

ω
(1)
φ+(t) log

1

t
= 0 and lim

t→0
ω
(1)
φ−(t) log

1

t
= 0. (15.9)

Proof. The result follows immediately from Theorems 15.4 and 15.11.

Theorem 15.21. Let I be a compact interval in (0,∞) and let ϕ be a function in
L1

loc(R+) such that Qϕ ∈ S1. If

an =
∫
I

ϕ(x)e−2π inx/|I | dx, n ∈ Z,

and φ+ and φ− are defined by (15.8), then (15.9) holds.

Proof. The result is an immediate consequence of Theorem 15.20.

Recall that for a function ϕ ∈ L2
loc(R+) the function ϕ♥ is defined by (13.1). Note

that if Qϕ ∈ S1, then by Theorem 6.2, ϕ ∈ L1(R+) and thus ϕ♥ ∈ L1(R).

Theorem 15.22. Let ϕ be a function in L2
loc(R+) such that Qϕ ∈ S1. Then

lim
t→0

ω
(1)
(ϕ♥)+(t) log

1

t
= 0 and lim

t→0
ω
(1)
(ϕ♥)−(t) log

1

t
= 0.

In particular,

lim
t→0

ω
(1)
ϕ♥(t) log

1

t
= 0.

Proof. The result follows from Theorem 13.12, Corollary 15.8, and Theorem 15.15.
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This result should be compared to Theorems 10.7 and 13.7. In particular, if ϕ has
compact support in R+, we see that a Dini condition on theL2 modulus of continuity is
sufficient for Qϕ ∈ S1, while the slightly weaker condition limt→0 ω

(1)
ϕ (t) log 1

t
= 0

on the L1 modulus of continuity is necessary.

Theorem 15.23. Let ϕ be a function in L2
loc(R+) such that Qϕ ∈ S1. Then

lim
a→1

∫
R+
|ϕ(ax)− ϕ(x)| dx · log

1

|a − 1| = 0.

Proof. By Theorem 15.22, we have

lim
t→0

∫
R

∣∣ϕ(e2s+2t )e2s+2t − ϕ(e2s)e2s
∣∣ ds · log

1

t
= 0.

Substituting e2s = x and e2t = a, we obtain

lim
a→1

∫
R+
|aϕ(ax)− ϕ(x)| dx · log

1

|a − 1| = 0.

It remains to observe that by Theorem 6.2, ϕ ∈ L1(R+) and obviously,

lim
a→1

|a − 1| · log
1

|a − 1| = 0.

16. Dilation of symbols

Let ϕ be a function in L2
loc(R) such that ϕ(x + 1) = ϕ(x), x ∈ R. For a > 0 we

define the function ϕa on [0, 1] by ϕa(x)
def= ϕ(ax) for x ∈ [0, 1). We are going to

obtain in this section upper and lower estimates for
∥∥Q[0,1]ϕa

∥∥
Sp

.

Note that we can extend ϕa to R as a 1-periodic function on R. Using an obvious
estimate, see (14.1)–(14.3),

C1

(∥∥Q[0,1]ϕa

∥∥
Sp
+ ‖ϕa‖L2[0,1]

)
≤ ∥∥Q[0,2]ϕa

∥∥
Sp
≤ C2

(∥∥Q[0,1]ϕa

∥∥
Sp
+ ‖ϕa‖L2[0,1]

)
,

(16.1)
we can reduce the estimation of ‖Q[0,1]ϕa ‖Sp to that of ‖Q[0,2]ϕa ‖Sp . We can consider
the Fourier coefficients of ϕa defined by

ϕ̂a(n)
def=
∫ 1

0
ϕa(t)e

−2π int dt, n ∈ Z.

Theorem 16.1. Let ϕ be a 1-periodic function in L2
loc(R) and let a > 0. Suppose that

ϕ has bounded variation on [0, 1]. Then

‖Q[0,2]ϕa
‖S1 ≤ C(ϕ) log(2+ a)
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and

‖Q[0,2]ϕa
‖Sp ≤ C(ϕ)(1+ a)1/p−1, 1/2 < p < 1.

Proof. The result follows from Theorem 7.7.

Theorem 16.2. Letϕ be a nonconstant 1-periodic function inL2
loc(R). Then for a ≥ 1

‖Q[0,1]ϕa
‖S1 ≥ C(ϕ) log(2+ a).

Proof. It follows from (16.1) that it is sufficient to prove that

‖Q[0,2]ϕa
‖S1 ≥ C(ϕ) log(2+ a). (16.2)

First we consider the case where a is an integer. There exists an integer k ∈ Z \ {0}
such that ϕ̂(k) �= 0. By Corollary 15.6,

|ϕ̂a(l)| ≤ C(log(2+ |l|))−1‖Qϕa‖S1 .

Substituting l = ak, we obtain (16.2), since ϕ̂a(ak) = ϕ̂(k).
Let now a be an arbitrary number in (1,∞). For any σ ∈ [1, 2] there exists

kσ ∈ Z \ {0} such that ϕ̂σ (kσ ) �= 0. Consequently, there exists a neighborhood Uσ of
σ such that ϕ̂τ (kσ ) �= 0 for any τ ∈ Uσ . The first part of the proof allows us to obtain
the required estimate for any a > 1 such that a/N ∈ Uσ for some positive integer N .
To complete the proof, we can choose a finite subcover Uσj of [1, 2].
Theorem 16.3. Let ϕ be a nonconstant 1-periodic function in L2

loc(R) and let 0 <

p < 1. Then for a ≥ 1 ∥∥Q[0,1]ϕa

∥∥
Sp
≥ C(ϕ)a1/p−1.

Proof. It suffices to consider the case when a is an even integer. The general case may
be reduced to this special case in the same way as in the proof of Theorem 16.2. With
any kernel k on the square [0, 1)2 and any integer n ≥ 1 we associate the kernel k[n]
defined by

k[n](x, y) = n2
∫ j+1

n

j
n

∫ l+1
n

l
n

k(t, s) dt ds, if x ∈
[
j

n
,
j + 1

n

)
and y ∈

[
l

n
,
l + 1

n

)
.

Clearly, ‖k[n]‖Sp ≤ ‖k‖Sp for any positive p (recall that ‖k‖Sp means the Sp-norm
(or quasinorm) of the integral operator with kernel k).

Suppose that ∫ 1

0
ϕ(t) dt �= 2

∫ 1

0
tϕ(t) dt.

Put kn(x, y)
def= ϕ (nmax{x, y}) for x, y ∈ [0, 1). Clearly,∥∥k[n]2n − k

[2n]
2n

∥∥
Sp
≤ 21/p‖k2n‖Sp .



146 A. B. Aleksandrov, S. Janson, V. V. Peller and R. Rochberg

It is not hard to see that on
[
j
n
,
j+1
n

)
× [ l

n
, l+1

n

)
k
[n]
2n =

{ ∫ 1
0 ϕ(t) dt, j �= l,

1
2

∫ 1
0 ϕ(t) dt + ∫ 1

0 tϕ(t) dt, j = l.

Next, on
[
j

2n ,
j+1
2n

)
× [ l

2n ,
l+1
2n

)
k
[2n]
2n =

{ ∫ 1
0 ϕ(t) dt, j �= l,

2
∫ 1

0 tϕ(t) dt, j = l.

Thus, the kernel k[n]2n−k[2n]2n vanishes outside the “diagonal”
⋃n−1

j=0

[
j
n
,
j+1
n

)
×
[
j
n
,
j+1
n

)
.

Clearly, for x, y ∈ [0, n−1
n
)× [0, n−1

n

)
we have

k
[n]
2n (x, y)− k

[2n]
2n (x, y) = k

[n]
2n

(
x + 1

n
, y + 1

n

)
− k

[2n]
2n

(
x + 1

n
, y + 1

n

)
.

Consequently,∥∥k[n]2n − k
[2n]
2n

∥∥
Sp
= n1/p

∥∥(k[n]2n − k
[2n]
2n

)
χ[

0, 1
n

)
×
[

0, 1
n

)∥∥
Sp
.

We have

k
[n]
2n − k

[2n]
2n = 1

2

∫ 1

0
ϕ(t) dt −

∫ 1

0
tϕ(t) dt

on
([

0, 1
2n

)× [0, 1
2n

)) ∪ ([ 1
2n ,

1
n

)× [ 1
2n ,

1
n

))
and

k
[n]
2n − k

[2n]
2n =

∫ 1

0
tϕ(t) dt − 1

2

∫ 1

0
ϕ(t) dt

on
([

0, 1
2n

)× [ 1
2n ,

1
n

)) ∪ ([ 1
2n ,

1
n

)× [0, 1
2n

))
. Now it is easy to see that∥∥k[n]2n − k

[2n]
2n

∥∥
Sp
= cn1/p−1

for some nonzero c, since
∫ 1

0 ϕ(t) dt �= 2
∫ 1

0 tϕ(t) dt .
Suppose now that ϕ is an arbitrary nonconstant 1-periodic function. It suffices to

prove that there exists b ∈ R such that
∫ 1

0 ϕ(t − b) dt �= 2
∫ 1

0 tϕ(t − b) dt . Suppose
that ∫ 1

0
ϕ(t − b) dt = 2

∫ 1

0
tϕ(t − b) dt, b ∈ R. (16.3)

Let h be the 1-periodic function such that h(t) = 2t − 1 for t ∈ [0, 1). Clearly,
ĥ(n) �= 0 for n �= 0. Thus it follows from (16.3) that ϕ is constant.
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Invariant symbolic calculi and eigenvalues of
invariant operators on symmetric domains

Jonathan Arazy and Harald Upmeier ∗

Dedicated to Jaak Peetre on the occasion of his 65th anniversary

Abstract. We study the structure of invariant symbolic calculi A in the context of weighted
Bergman spaces on symmetric domains D = G/K and the eigenvalues of the associated
link transforms A′A. We parametrize all such calculi by K-invariants maps which have very
simple description. We also introduce and study the properties of the fundamental function
aA(λ) associated with an invariant symbolic calculus A. Our main result is the formula for the
eigenvalues of the associated link transform A′A:

Ã′A(λ) = aA(λ) aA(λ)

aT (λ)
,

where T is the Toeplitz calculus.

2000 Mathematics Subject Classification: 32M15, 46E22, 47B35, 81T70

0. Introduction

LetD ≡ G/K be a hermitian symmetric domain in C
d and let H be a Hilbert space of

holomorphic functions onDwith reproducing kernelK(z,w), which is invariant under
an irreducible projective representation U of G. An invariant symbolic calculus A is
a linear map b �→ Ab from a G-invariant subspace Dom(A) of functions (“symbols”)
on D into the space Op(H) of operators on H which intertwines the natural actions
of G on symbols and operators:

U(g)Ab U(g)−1 = Ab$g−1 , ∀g ∈ G, ∀b ∈ Dom(A).

∗Both authors were supported by a grant from the German–Israeli Foundation (GIF), I-415-023.06/95.
Part of this work was carried over while the authors visited the Erwin Schrödinger Institute for Mathematical
Physics (ESI) in Vienna.



152 J. Arazy and H. Upmeier

The adjoint of A is the map A′ : Op(H)→ {functions onD} defined by

〈A′(T ), b〉L2(D,μ0)
= 〈T ,Ab〉S2 , ∀T ∈ Dom(A′), ∀b ∈ Dom(A),

where μ0 is the G-invariant measure on D and S2 is the Hilbert–Schmidt class. The
operator B := A′A : Dom(A)→ {functions on D} is the link transform associated
with A. It is G-invariant: B(f $ g) = (Bf ) $ g for all g ∈ G and f ∈ Dom(B),
and is therefore diagonalized by the exponential functions {eλ} in Dom(B):

Beλ = B̃(λ) eλ.

The link transform B = A′A associated with the invariant symbolic calculus
A maps the active symbol b of Ab into its passive symbol: B(b) = A′(Ab). For
instance, the link transform associated with the Toeplitz calculus T is the well-known
Berezin transform B := T ′ T , which plays a central role in quantization on symmetric
domains.

The link transform and its eigenvalues reflect characteristic features of the under-
lying quantization procedure. For example, on the cotangent bundle C

n = T ∗(Rn)

the well-known Weyl calculus W is unitary (i.e. W ′W = I ), whereas the Toeplitz
(or, anti-Wick) calculus T yields the contraction semi-group of the Laplace operator:
T ′ T = exp(β�) for some β > 0 depending on the underlying Hilbert space. Even
more interesting are quantizations of curved symmetric spaces, such as the unit disk
and its higher dimensional generalizations (Cartan and Siegel domains).

In this paper we develop a unified approach to compute the eigenvalues B̃(λ) of
the link transforms B. This approach is based on a new factorization technique and
on a parametrization of the invariant symbolic calculi by K-invariant operators on H
which have very simple structure. Let Ko be the reproducing kernel at the base point
o ≡ K ∈ G/K of D. The formula for the eigenvalues of B := A′A is expressed in
terms of the fundamental function aA(λ) := 〈Aeλ(Ko),Ko〉H of the calculus A via

B̃(λ) = aA(λ) aA(λ)

aT (λ)
.

Our approach gives also new proof for the known results concerning the eigenvalues of
the Berezin transforms in the context of the weighted Bergman spaces over symmetric
domains. For the flat case D = C

d and the associated weighted Fock spaces Fν , we
also show that the general approach developed here not only clarifies the relationship
between the standard calculi (Toeplitz, Weyl, and Wick calculi) in a very satisfactory
manner, but also enables one to construct entirely new invariant symbolic calculi
which, nevertheless, can be fully analyzed by closed formulas.

The organization of the paper is as follows. In Section 1 we give first the nec-
essary background on symmetric domains D = G/K , Jordan theory, and invariant
Hilbert spaces H of holomorphic functions on D. Subsections 1.2 and 1.3 give the
background on the Fock spaces on C

d and on the weighted Bergman spaces over
symmetric tube domains respectively. In particular, we give explicit formulas for the
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reproducing kernels and the exponential functions in these setups. In Section 2 we
introduce and study the notions of invariant symbolic calculus (“quantization”) and the
associated link transform. We establish the one-to-one correspondence between the
invariant symbolic calculi and the K-invariant operators on H . The main examples
(Toeplitz and Weyl calculi, as well as the calculi associated with the projections onto
the K-irreducible subspaces) are discussed. Of special importance is the study of a
real-analytic reflection ψ of D = G/K and the induced involution on the Lie algebra
A of spectral parameters. The main result of this section is Theorem 2.23 which pro-
vides a new general formula for the eigenvalues of the link transforms. In Section 3
we introduce the Wick calculus in a general setting via the sesqui-holomorphic ex-
tension of real-analytic functions. We also introduce and study the properties of the
fundamental function associated with an invariant symbolic calculus. Our main result
(Theorem 3.12) provides a simple formula for the eigenvalues of the link transform
in terms of this fundamental function. The remaining two sections are devoted to
applications of this general formula, for weighted Fock spaces over C

d (Section 4)
and weighted Bergman spaces over symmetric tube domains (Section 5). In the flat
case we find unexpected relations between the classical functional calculi on C

d , and
present a new class of calculi which are still explicitly solvable. For symmetric tube
domains, we present a new proof for the spectral analysis of the Berezin transform.

It should be remarked that our formulas for the eigenvalues of link transforms can
be translated into corresponding formulas describing the link transforms in terms of
canonical sets of generators of the ring of invariant differential operators on D (via
the Harish-Chandra transform).

The general theory of invariant symbolic calculi on symmetric domains developed
here may be applied in a much wider setting. For example – in the context of real
symmetric domains our approach led to some definite results, particularly in the rank-
one case (see [AU01]). It is possible and very interesting to develop our theory in
the context of the invariant Hilbert spaces of holomorphic functions on symmetric
Siegel domains, which are associated with the Wallach parameter but are not part of
the holomorphic discrete series. The discrete Wallach points are of special interest
(and most difficult to handle), since they are the only points which survive when the
rank of the domains becomes infinite. The integral formulas for the invariant inner
products associated with the Wallach set obtained in [AU97], [AU98] and [AU99] will
be very useful in this goal. Finally, our theory can also be developed in the context
of NA-invariant and vector-valued Hilbert spaces of holomorphic functions on sym-
metric domains.
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1. Invariant Hilbert spaces of holomorphic functions on
symmetric domains

1.1. The general framework

Let D be an irreducible hermitian symmetric domain in C
d with a distinguished

base point o ∈ D (called the “origin”). Then D can be realized as the quotient
D = G/K , where G := Iso(D) ⊆ Aut(D) is the real Lie group of all biholomorphic
Riemannian isometries of D, and K := {g ∈ G; g(o) = o} is the maximal compact
subgroup of G. Our main applications are in the cases where D is either C

d , or
irreducible symmetric tube domain (i.e. a symmetric Siegel domain of type I), see
Subsections 1.2 and 1.3 bellow. Nevertheless, we prefer to develop our theory in the
general setup, so as to allow future applications (for instance, to general symmetric
hermitian spaces). [He78] and [He84] are our general references for symmetric spaces
and semi-simple Lie groups. [Hu63], [Gi64] and [FK94] are the general references
for analysis on symmetric domains, and [Lo77], [Up87] are the references to the
analysis on symmetric domains from the Jordan-theoretic point of view. [UU96] and
[Un98] are general references for pseudo-differential analysis on symmetric cones and
quantization respectively.

It is known that for every z ∈ D there is a unique symmetry sz ∈ G (i.e. sz$sz = 1G,
the unit of G) for which z is the unique fixed point. Moreover,

sz = g $ so $ g−1, ∀g ∈ G, g(o) = z. (1.1)

The Cartan involution induced by so, �(g) := so $ g $ so, g ∈ G gives rise to the
Iwasawa decomposition

G = NAK (1.2)

in which A and N are maximal abelian and maximal nilpotent subgroups of G

respectively. NA is a maximal solvable subgroup of G, and the evaluation map
NA % g �→ g(o) ∈ D is a surjective Riemannian isometry. Thus, for every z ∈ D

there exists a unique element gz ∈ NA for which gz(o) = z. In what follows we shall
use the important map ψ : D→ D which is defined by

ψ(z) := g−1
z (o). (1.3)

We shall show thatψ is a real-analytic diffeomorphism of period 2 ofD whose unique
fixed point is the origin o. It is known that any pair of points in D can be joined
by a unique geodesic line. Also, since the elements of G act on D as Riemannian
isometries, they permute the geodesic lines in D. In particular, the symmetry sz maps
each geodesic line through z into itself, reverses its orientation and preserves distances.
Given w ∈ D, let z be the mid-point along the geodesic line between o and z. We
denote ϕw := sz. Thus

ϕw $ ϕw = 1G, ϕw(o) = w, and ϕw(w) = o.
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Let A be the Lie algebra of A. It is isomorphic to R
r , where r is the rank of D.

Given g ∈ G with Iwasawa decomposition g = n a k (with n ∈ N, a ∈ A, k ∈ K) let
A(g) ∈ A be the unique element for which exp A(g) = a. Then A(n1gk1) = A(g) for
all n1 ∈ N , k1 ∈ K , and A(a1a2) = A(a1)+A(a2) for all a1, a2 ∈ A. Let A∗C ≡ C

r

be the complexification of the dual of A and let ρ ∈ A∗ be the half sum of the positive
roots. The exponential functions

eλ(z) := exp〈A(g)|λ+ ρ〉, g ∈ G, g(o) = z, (1.4)

are N -invariant functions on D which are the eigenfunctions of NA

eλ(h(z)) = eλ(h(o)) eλ(z), ∀h ∈ NA, ∀z ∈ D. (1.5)

Let us define

Xλ = span{eλ $ g; g ∈ G} (1.6)

where the closure is taken in the topology of uniform convergence on compact subsets
of D. It is known that span{Xλ; λ ∈ C

r} is dense in C∞(D) in that topology. The
spherical function associated with the exponential function eλ is

φλ(z) :=
∫
K

eλ(k(z)) dk.

Then φλ ∈ Xλ is K-invariant, φλ(o) = eλ(o) = 1, and for every f ∈ Xλ∫
K

f (k(z)) dk = f (o) φλ(z), ∀z ∈ D. (1.7)

Let W be the Weyl group of D. It is a subgroup of GL(Cr ) which contains the
permutation group, and moreover

φλ = φλ′ if and only if there exists w ∈ W so that λ = w(λ′). (1.8)

It follows that

Xλ = Xλ′ if and only if there exists w ∈ W so that λ = w(λ′).

We denote by Diff(D)G the algebra of G-invariant differential operators on D

(i.e. differential operators T on D so that T (f $ g) = T (f ) $ g for all g ∈ G and all
f ∈ C∞(D)). A fundamental property of the exponential and spherical functions is
that they are joint eigen-functions for Diff(D)G:

T (φλ) = T̃ (λ) φλ, T (eλ) = T̃ (λ) eλ, ∀T ∈ Diff(D)G, ∀λ ∈ C
r . (1.9)

A fundamental result of Harish-Chandra is that the eigen-value map T �→ T̃ (λ)

(called the Harish-Chandra transform) is an algebra isomorphism of Diff(D)G onto
the algebra C[x1, . . . , xr ]W of W -invariant polynomials in x1, . . . , xr . In particular,
Diff(D)G is commutative.

Using standard tools from spectral theory, this result extends to more general
(bounded or unbounded) G-invariant operators on D (see [E98]). Thus, if T is a
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G-invariant operator, defined on aG-invariant subspaceXof functions onD, then (1.9)
holds whenever eλ ∈ X, and the generalized Harish-Chandra transform T �→ T̃ (·)
is injective. Thus T is uniquely determined by its eigenvalues T̃ (λ), and they can be
computed by

T̃ (λ) = T (eλ)(o) = T (φλ)(o). (1.10)

In what follows we shall use (1.10) with the exponential function, since they are much
simpler than the spherical functions, and obey (1.5).

Let μ0 be the (unique up to a multiplicative constant) G-invariant measure on D,
i.e. ∫

D

f dμ0 =
∫
G

f (g(o)) dg.

The normalization of μ0 will be fixed in the definition (1.21) below. For any Borel
measure μ on D we define a function μ̃ by

Dom(μ̃) := {λ ∈ C
r ; eλ ∈ L1(D,μ)}

and

μ̃(λ) :=
∫
D

eλ(z) dμ(z), ∀λ ∈ Dom(μ̃).

Notice that if μ is K-invariant then μ̃ is its (spherical) Fourier transform and

μ̃(λ) :=
∫
D

φλ(z) dμ(z), ∀λ ∈ Dom(μ̃).

In particular, if f is a measurable function on D then f̃ := f̃ dμ0, i.e.

f̃ (λ) :=
∫
D

eλ(z) f (z) dμ0(z). (1.11)

Again, if f is K-invariant then f̃ is its (spherical) Fourier transform,

f̃ (λ) :=
∫
D

φλ(z) f (z) dμ0(z) ∀λ ∈ Dom(f̃ ).

Next, if μ is a K-invariant measure on D then the convolution operator

(Cμf )(z) :=
∫
D

f (g(w)) dμ(w), where g ∈ G and g(o) = z,

is well-defined (on an appropriate domain) andG-invariant. Its Harish-Chandra trans-
form is the Fourier transform of μ:

C̃μ(λ) = Cμ(eλ)(o) =
∫
D

eλ dμ = μ̃(λ).

Let H be a Hilbert space of holomorphic functions on D on which the point
evaluation functionals H % f �→ f (w), w ∈ D, are continuous, and let K(z,w) =
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Kw(z) be the reproducing kernel of H . Let

kw(z) := Kw(z)

‖Kw‖ =
K(z,w)

K(w,w)1/2

be the normalized kernel at the point w ∈ D. For convenience we adopt the normal-
ization

K(o, o) = 1.

We assume that G acts on H by means of an irreducible projective representation U

of the form:

U(g)(f )(z) := j (g−1, z) f (g−1(z)), ∀g ∈ G, ∀z ∈ D. (1.12)

Thus, each operator U(g) is isometric on H , the function j (g−1, z) is holomorphic
in z for all g ∈ G, and

j (g−1
2 $ g−1

1 , z) = c(g1, g2) j (g
−1
2 , g−1

1 (z)) j (g−1
1 , z), ∀g1, g2 ∈ G, ∀z ∈ D,

(1.13)
where c(g1, g2) is a unimodular constant depending only on g1, g2. This is clearly
equivalent to

U(g1 $ g2) = c(g1, g2) U(g1) U(g2), ∀g1, g2 ∈ G. (1.14)

The relationship (1.13) yields also

|j (g−1
2 $ g−1

1 , z)| = |j (g−1
2 , g−1

1 (z))| |j (g−1
1 , z)|, ∀g1, g2 ∈ G, ∀z ∈ D.

In particular,

|j (k1 $ k2, o)| = |j (k1, o)| |j (k2, o)|, ∀k1, k2 ∈ K.

This fact and the compactness of K yield

|j (k, o)| = 1, ∀k ∈ K. (1.15)

Also, (1.13) and the fact that j (1G, z) ≡ 1 lead to c(g, g−1) = 1, i.e.

j (g−1, g(z)) j (g, z) = 1, ∀g ∈ G, z ∈ D. (1.16)

This implies thatU(g−1) = U(g)−1 for all g ∈ G, and that c(g1, g2) c(g
−1
2 , g−1

1 ) = 1
for all g1, g2 ∈ G. Thus the natural action of G on operators on H ,

π(g)(T ) := U(g) T U(g)−1, g ∈ G,

is a genuine representation, i.e. π(g1 $ g2) = π(g1) π(g2) for all g1, g2 ∈ G.
The fact that the operators U(g), g ∈ G, are unitary on H is reflected in the

transformation formula of the reproducing kernel:

j (g, z) K(g(z), g(w)) j (g,w) = K(z,w), ∀g ∈ G, ∀z,w ∈ D, (1.17)
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a fact which can also be written as (U(g) ⊗ U(g))(K) = K . Also, (1.17) can be
written as

U(g)(Kw) = j (g,w)Kg(w), ∀g ∈ G, ∀w ∈ D. (1.18)

Notice that since K(o, o) = 1, (1.17) implies in particular that

|j (g, o)|−2 = K(z, z), where g ∈ G, g(o) = z. (1.19)

Of particular interest is the case where H is the weighted Bergman space

H := L2
a(D,μ) = L2(D,μ) ∩ {holomorphic functions}

with respect to a K-invariant absolutely continuous measure μ on D. In this case we
require that the measure μ transforms under G via

dμ(g(z)) = |j (g, z)|2 dμ(z), ∀g ∈ G. (1.20)

Thus U extends to a projective representation of L2(D,μ). The transformation rule
(1.20) of the measure μ and (1.15) yield easily that the measure μ0 defined by

dμ0(z) := |j (g, o)|−2 dμ(z) = K(z, z) dμ(z), where g ∈ G and g(o) = z

(1.21)
is well-defined (independent of the particular g ∈ G satisfying g(o) = z), and is
G-invariant, i.e.

dμ0(g(z)) = dμ0(z), ∀g ∈ G.

1.2. Weighted Fock spaces on C
d

For ν > 0 consider on C
d the probability measure

dμν(z) =
( ν
π

)d
e−ν|z|2 dm(z),

where dm(z) is Lebesgue measure. The weighted Fock space

Fν = Fν(C
d) = L2

a(C
d , μν) := L2(Cd , μν) ∩ {holomorphic functions}

has a reproducing kernel

K(ν)(z, w) = eν〈z,w〉.

Let G be the semi-direct product of the unitary group U(d) and the translation group
T := {gw; w ∈ C

d} ≡ C
d , where gw(z) = z+w. Notice that in the Iwasawa decom-

position of G we have K = U(d), A = {1G}, N = T , and that U(d) normalizes T :

k gw k−1 = gk(w), ∀ k ∈ U(d), ∀ w ∈ C
d .

G acts isometrically on L2(Cd , μν) by the rule

U(ν)(g) f (z) = j (g−1, z) f (g−1(z)),
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where

j (g−1, z) = exp{−ν

2
|g(0)|2 + ν〈z, g(0)〉}

= K(ν)(z, g(0))/K(ν)(g(0), g(0)) = k
(ν)
g(0)(z).

Here k(ν)w (z) := K(ν)(z, w)/K(ν)(w,w)1/2. Indeed, for g ∈ G

dμν(g(z)) = |j (g, z)|2 dμν(z), (1.22)

i.e. (1.20) holds. To prove (1.22) let us write g = gw k, where k ∈ U(d) and gw ∈ T .
Then

dμν(g(z)) = (ν/π)d e−ν |k z+w|2 dm(k z+ w)

= (ν/π)d e−ν |z|2 e−2ν Re〈z, k∗(w)〉−ν |w|2 dm(z)
= ∣∣e−ν 〈z, k∗(w)〉 − 1

2 ν|w|2 ∣∣2 dμν(z)

= ∣∣eν 〈z, g−1(0)〉 − ν
2 |g−1(0)|2 ∣∣2 dμν(z) = |j (g, z)|2 dμν(z).

The action U(ν) of G is an irreducible projective representation (see (1.14)) since, by
elementary calculations, one obtains (1.13) with the unimodular constant

c(g1, g2) := exp
{
i ν Im〈g1(0), g

′
1(0)(g2(0))〉

}
.

Let us define

dμ0(w) =
( ν
π

)d
dm(w).

Then μ0 is clearly G-invariant. The reason for the particular normalization is the
following relationship between μ0 and μν

dμ0(z) = |j (g, 0)|−2 dμν(z), g ∈ G, g(0) = z,

in accordance with (1.21). The ring of G-invariant differential operators is simply the
polynomial ring C[�], where

� = 〈∂|∂〉 =
d∑

j=1

∂j ∂j

is the Euclidean Laplacian (properly normalized). The exponential functions

ea,b(z) = e〈z|b〉 e〈a|z〉, a, b ∈ C
d (1.23)

are eigen-functions of �:

�(ea,b) = λ ea,b with λ = 〈a|b〉
as well as of the translation subgroup T :

ea,b $ gw = ea,b(w) ea,b, ∀w ∈ C
d .
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Notice that ea,b is bounded if and only if b = −a, and in this case ea,−a(z) = e2i Im〈a|z〉
and λ = 〈a,−a〉 = −‖a‖2. The map ψ(w) = g−1

w (0) is simply ψ(w) = −w =
s0(w) and the exponential functions transform under ψ according to the rule

ea,b $ ψ = e−a,−b. (1.24)

Since ea,b = eb,a , it follows that

ea,b $ ψ = e−b,−a. (1.25)

In this case the spherical function φλ associated with ea,b (λ = 〈a|b〉) is calculated
explicitly

φλ(z) =
∫
U(d)

ea,b(k(z)) dk =
∞∑
�=0

1

(d)�

λ�‖z‖2�

�! = 0F1(d; λ ‖z‖2).

1.3. Weighted Bergman spaces over symmetric tube domains

Let X be an irreducible Euclidean Jordan algebra of dimension d with unit element
e, and let � = {x2; X % x invertible} be the associated symmetric cone. The
triple product {x, y, z} = (xy)z + (yz)x − (zx)y extends to the complexification
Z = XC = X ⊕ iX, and Z carries the structure of a JB∗-algebra with product
zw = {z, e, w}, unit e, and involution z∗ = {e, z, e} (see [Up87]). The tube domain
associated with � is

T (�) := X + i� =
{
z ∈ Z; z− z∗

2i
∈ �

}
.

It is well known that T (�) is an irreducible hermitian symmetric domain (symmetric
Siegel domain of type I). Thus with respect to the Bergman metric the holomorphic
symmetry at ie, sie(z) = −z−1, is an isometry, and the group G := Aut (T (�)) of
all biholomorphic automorphisms of T (�) acts on it transitively. Let G = NAK be
the Iwasawa decomposition with respect to the Cartan involution g �→ sie g sie. Thus
K = {g ∈ G; g(ie) = ie} is a maximal compact subgroup ofG and T (�) ≡ G/K ≡
NA, with A maximal abelian and N maximal nilpotent subgroups of G. Since NA

acts on T (�) simply transitively, for any z ∈ T (�) there exists a unique element
gz ∈ NA so that gz(ie) = z.

Let N(z) and tr(z) = 〈z|e〉 be the determinant (“norm”) and trace polynomials
(defined on X via the spectral theorem, and extended linearly to the complexification
Z = XC). Fix a frame {ej }rj=1 of pairwise orthogonal primitive idempotents in X,
where r is the rank of X (also, the rank of T (�)). Thus e = ∑r

j=1 ej , and Z has a
Peirce decomposition

Z =
∑

1≤i≤j≤r
⊕ Zi,j
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relative to {ej }rj=1 (see [Lo77], [FK94], and [Up87]). For 1 ≤ k ≤ r let Nk be the
determinant polynomial of the JB∗-sub-algebra

Zk :=
∑

1≤i≤j≤k
⊕ Zi,j

whose unit is uk =∑k
j=1 ej . It is known that the characteristic multiplicity

a = dimC Zi,j , 1 ≤ i < j ≤ r

is independent of the frame and of the pair (i, j) with i < j . Let P be the orthogonal
projection from Z onto Zk and extend Nk to all of Z via Nk(z) = Nk(Pk(z)). Clearly,
Nr = N.

The conical function associated with s = (s1, s2, . . . , sr ) ∈ C
r is defined on T (�)

via

Ns(z) := N1(z)
s1−s2 N2(z)

s2−s3 . . .Nr (z)
sr , z ∈ T (�).

Notice that if s ∈ N
r and s ≥ 0 in the sense that s1 ≥ s2 ≥ · · · ≥ sr ≥ 0 then Ns(z)

is a polynomial.
The Gindikin–Koecher Gamma function is defined for s ∈ C

r with Re(sj ) >

(j − 1) a
2 for all j by the absolutely convergent integral

��(s) =
∫
�

e− tr(x) Ns(x) dμ�(x)

where dμ�(x) = N(x)− d
r dx is the (unique up to a constant multiple) measure on

� which is invariant under GL(�) := {g ∈ GL(X);G(�) = �}. It is known (see
[Gi64] and [FK94]) that

��(s) = (2π)
d−r

2

r∏
j=1

�
(
sj − (j − 1)

a

2

)
. (1.26)

This allows to extend ��(s) to an entire meromorphic function on C
r . Let us denote

τ(z,w) := z− w∗

2i
, z, w ∈ Z and τ(z) := τ(z, z) = Im(z).

The functions Ns $τ are joint eigenfunctions of the group NA:

Ns(τ (g(z))) = Ns(τ (g(ie))) Ns(τ (z)), ∀ g ∈ NA. (1.27)

See [UU94]. Thus the exponential functions in this context are given by

eλ(z) := Nλ+ρ(τ (z, z)), z ∈ T (�), (1.28)
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where ρ := ( 1
2 ((j−1)a+1))rj=1 is the half-sum of the positive roots. Property (1.27)

allows the derivation of the fundamental formula

1

��(s)

∫
�

e−〈
z
i
|x〉 Ns(x)dμ�(x) = Ns

((z
i

)−1
)
= N∗−s∗

(z
i

)
(1.29)

valid for all s ∈ C
r with Re(sj ) > (j − 1) a

2 for all j , and all z ∈ T (�). Here,
s∗ = (sr , sr−1, sr−2, . . . , s1) and N∗α are the conical functions associated with the
frame in reverse order {er , er−1, er−2, . . . , e1}.

The Wallach set W(D) is the set of all ν ∈ C for which the function

K(ν)(z, w) := N(τ (z, w))−ν, z, w ∈ T (�) (1.30)

is positive definite. It is known (see [Be75], [Gi75], [VR76], [W79], [La86], [La87],
[FK90]) that

W(D) =
{

0,
a

2
, 2

a

2
, . . . , (r − 1)

a

2

}
∪
(
(r − 1)

a

2
,∞
)
.

For ν ∈ W(D) let Hν be the Hilbert space of analytic functions on T (�) whose
reproducing kernel is K(ν)(z, w). Let p = 2 d

r
= (r − 1) a+ 2 be the genus of T (�).

Then (with J denoting the Jacobian)

(J g(z))ν/p K(ν)(g(z), g(w)) Jg(w)
ν/p = K(ν)(z, w), ∀ g ∈ G, ∀ z,w ∈ T (�) .

Thus G acts isometrically on Hν via

U(ν)(g) f = (J (g−1))ν/p · (f $ g−1), g ∈ G, f ∈ Hν,

and this action is an irreducible projective representation ofGwhich becomes a unitary
representation when ν ∈ W(T (�)) ∩ 1

2 N. Thus, in the notation of Subsection 1.1,

j (g, z) := (Jg(z))
ν
p , ∀g ∈ G, ∀z ∈ T (�).

If ν > p − 1 then Hν is the weighted Bergman space

Hν = L2
a(T (�), μν) = L2(T (�), μν) ∩ {holomorphic functions}

where

dμν(z) := a(ν) N(τ (z))ν−pdm(z),

dm(z) being the Lebesgue measure, and

a(ν) := ��(ν)

(4π)d ��(ν − d
r
)
.

The measure μν transforms according to the rule

dμν(g(z)) =
∣∣Jg(z)∣∣ 2ν

p dμν(z), (1.31)

in accordance with (1.20). In particular, the measure N(τ (z))−p dm(z) is the unique,
up to a multiplicative factor, G-invariant measure on T (�). It will be convenient for
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us to use the following normalization for the G-invariant measure:

dμ0(z) := a(ν) N(τ (z))−p dm(z).

With this normalization, the measures μ0 and μν are related by

dμ0(z) = |Jg(ie)|−
2ν
p dμν(z), g ∈ G, g(ie) = z,

in accordance with (1.21).

2. Invariant symbolic calculi

2.1. Invariant symbolic calculi and covariant fields of operators

As in Section 1, let D be a hermitian symmetric domain in C
d and let H be a Hilbert

space of holomorphic functions on D with reproducing kernel K(z,w) = Kw(z), on
which the group G := Iso(D) of all biholomorphic Riemannian isometries of D acts
isometrically and irreducibly by means of a projective representationU with multiplier
j (g, z) (1.12).

Definition 2.1. An invariant symbolic calculus is a map b �→ Ab from a G-invariant
subspace Dom (A) of functions on D into the space Op(H) of closed operators on
H , such that

1. span{Xλ ∩Dom(A); λ ∈ C
r} = span{eλ $g; g ∈ G,λ ∈ C

r} is dense in Dom(A)

in the topology of uniform convergence on compact subsets.

2. span{Kw;w ∈ D} ⊂ Dom(Ab), ∀b ∈ Dom(A);

3. A intertwines the natural group actions on functions and operators:

U(g)AbU(g)−1 = Ab$g−1 , ∀ g ∈ G, ∀ b ∈ Dom (A). (2.1)

The function b is called the active symbol (or, strong symbol) of the operator Ab.
The invariant symbolic calculi appear naturally in Berezin’s theory of quantization
on symmetric domains, see [Be71], [Be72], [Be73], [Be74-1], [Be74-2], [Be75] and
[Be78].

Remarks. (i) If the function 1 belongs to Dom(A) then A1 commutes with all the
operators U(g), g ∈ G. Since U is irreducible, A1 is a multiple of the identity
operator. In this case we normalize A by requiring that

A1 = I.

(ii) We are vague here about the nature of the functions (symbols) in Dom(A) and
the nature of the operators Ab. In the applications the symbols are measurable (or
even continuous) functions, and the operators are bounded.
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(iii) One can study the more general setup in which Ab is an operator from H into
another Hilbert space L of functions (holomorphic or not) on D which is invariant
under an isometric action V of G. The intertwining property is then

V (g)AbU(g)−1 = Ab$g−1 ∀ g ∈ G, ∀ b ∈ Dom (A).

The space L need not be irreducible. For instance, let D be an irreducible hermitian
symmetric domain (realized either as a Cartan or as a Siegel domain), let ν > p − 1
and let L := L2(D,μν) and H := L2

a(D,μν), the space of holomorphic functions
in L2(D,μν). G = Aut(D) acts isometrically on both L and H via U(ν)(g)(f ) :=
(J (g−1)(z))ν/p f $ g−1. The study of Hankel operators and their generalizations
[A96] fits in naturally here.

Another important case is when H and L are both Hilbert spaces of holomor-
phic functions on D on which G acts isometrically by means of (possibly different)
irreducible projective representations U and V respectively. In this case one can
also replace L by L := {f̄ ; f ∈ L} and replace V by V , which is defined by

V (f ) := V (f̄ ).
Notice that since span{Kw;w ∈ D} is dense in H , Ab is determined by its action

on the kernel functions Kw,w ∈ D. We define

Ab(z,w) := Ab (Kw)(z)/Kw(z) = 〈AbKw,Kz〉
〈Kw,Kz〉 . (2.2)

Then Ab is completely determined by the function Ab(z,w). Notice that the function
Ab(z, z) is the Berezin symbol of Ab, and it determines the function Ab(z,w), since
the latter is sesqui-holomorphic in (z, w), i.e. holomorphic in z and anti-holomorphic
in w, see Subsection 3.1. Also, the mapping b �→ Ab (2.2) is G-covariant, i.e.

Ab(g(z), g(w)) = Ab$g(z, w), ∀b ∈ Dom(A). (2.3)

Indeed, this follows easily by (1.17) and (2.1).
Conversely, if b �→ Ab is a map from aG-invariant space X of functions onD into

functionsAb(z,w) onD×D, which are sesqui-holomorphic and satisfy (2.3), then we
can define a map X % b �→ Ab ∈ Op(H) via Ab(Kw)(z) = K(z,w)Ab(z,w), and
(2.1) will hold. Thus, the invariant symbolic calculi are in one-to-one correspondence
with the covariant maps into sesqui-holomorphic functions. A similar statement is true
for the version of the theory in which Ab : H → L.

Next, define an operator β : X = Dom(A)→ {holomorphic functions on D} by

β(b)(z) = Ab(z, o) = Ab(Ko)(z)/Ko(z). (2.4)

Then β is K-invariant, i.e.

β(b $ k) = β(b) $ k, ∀ k ∈ K.
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Indeed, by (2.3) β(b)(kz) = Ab(kz, o) = Ab(kz, ko) = Ab$k(z, o) = β(b $ k)(z).
Also, β determines A and A via

Ab(z,w) = β(b $ g)(g−1(z)) and Ab(Kw)(z) = K(z,w) β(b $ g)(g−1(z)),

(2.5)
where g ∈ G is any element for which g(o) = w. We therefore obtain

Corollary 2.1. (2.4) and (2.5) establish a one-to-one correspondence between the
invariant symbolic calculi b �→ Ab and the K-invariant maps b �→ β(b).

In what follows we shall assume that β is an integral operator:

β(b)(z) =
∫
D

F(z,w) b(w) dμ0(w),

where F(z,w) is holomorphic in z and is K-invariant in the sense that

F(k(z), k(w)) = F(z,w), ∀ k ∈ K, ∀ z,w ∈ D. (2.6)

This is indeed the case for the interesting calculi A on the weighted Fock and Bergman
spaces. Next, for each η ∈ D define an operator Bη on H via its action on the
reproducing kernel functions

Bη(Kw)(z) = F
(
g−1(z), g−1(η)

)
K(z,w), (2.7)

where, again, g is any element of G with g(o) = w. It is well-known and easy to
prove that the kernel functions {Kw}w∈D are linearly independent. Hence, the K-
invariance (2.6) shows that Bη is well-defined (independent of the choice of g) on
span{Kw;w ∈ D}. Under mild assumptions on F (or β) Bη is also a closed operator.
This property can be derived also on the basis of the properties of the adjoint A′ of A,
which will be studied in the next subsection (see (2.18)).

Proposition 2.2. For every b ∈ Dom(A),

Ab =
∫
D

b(η)Bη dμ0(η), (2.8)

where the integral converges in the weak operator topology on the dense subspace
span{Kw;w ∈ D}.

Proof. It is enough to act on the reproducing kernel functions. Now (with g ∈
G, g(o) = w),

Ab(Kw)(z) = Ab(z,w)K(z,w) = β(b $ g)(g−1(z)) K(z,w)

=
∫
D

F
(
g−1(z), ξ

)
b(g(ξ)) dμ0(ξ) K(z,w)

=
∫
D

F
(
g−1(z), g−1(η)

)
b(η) dμ0(η) K(z,w)

=
∫
D

b(η) Bη(Kw)(z) dμ0(η) =
(∫

D

b(η) Bη dμ0(η)

)
(Kw)(z).
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Proposition 2.3. The map D % η �→ Bη ∈ Op(H) is G-equivariant, namely

U(g)−1 Bη U(g) = Bg−1(η), ∀ g ∈ G, ∀η ∈ D. (2.9)

Proof. Again, it is enough to act on the kernel functions {Kw}w∈D . Now, for all g ∈ G,(
U(g)−1 Bη U(g) Kw

)
(z) = j (g,w)

(
U(g−1) Bη Kg(w)

)
(z)

= j (g,w) j (g, z) (BηKg(w))(g(z))

= j (g, z) j (g,w) F ((gh)−1(g(z)), (gh)−1(η))K(g(z), g(w))

where h ∈ G is any element for which h(o) = w. Using (1.30) we see that the last
expression is

F
(
h−1 (z), h−1(g−1(η))

)
K(z,w) = Bg−1(η)(Kw)(z).

Definition 2.2. A covariant field of operators on H is a family {Bη}η∈D ⊆ Op(H)

satisfying (2.9).

Corollary 2.4. Given a covariant field of operators {Bη}η∈D on H define a map
b �→ Ab via (2.8). Then (2.1) holds. Thus, the invariant symbolic calculi A are in
one-to-one correspondence with the covariant fields of operators {Bη}η∈D via (2.8).

Proposition 2.5. Let {Bη}η∈D be a covariant field of operators on H .
(i) The operator Bo is K-invariant, i.e.

U(k)BoU(k)−1 = Bo, ∀k ∈ K. (2.10)

(ii) Bo determines all other operators Bη via

Bη = U(g) Bo U(g)−1, g ∈ G, g(o) = η. (2.11)

(iii) Given a K-invariant operator B on H , define Bo := B, and let Bη be defined
by (2.11). Then {Bη}η∈D are well-defined (independent of the choice of g ∈ G for
which g(o) = η) and form a covariant field of operators. Thus, (2.11) establishes a
one-to-one correspondence between the covariant fields of operators on H and the
K-invariant operators on H .

Proof. (2.10) follows from (2.9): U(k)Bo U(k)−1 = Bk(o) = Bo for all k ∈ K . Also
(2.11) follows from (2.9). Finally, (iii) follows from the fact that U is a projective
representation.

Corollary 2.6. The invariant symbolic calculi A are in one-to-one correspondence
with the K-invariant operators B on H , B ↔ AB , via

AB
b =

∫
G

b(g(o)) U(g) B U(g)−1 dg =
∫
D

b(ξ)Bξ dμ0.
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Moreover, AB is given also by the following formulas

AB
b =

∫
D

b(η)U(gη) B U(gη)
−1 dμ0(η) =

∫
D

b(η)U(ϕη) B U(ϕη) dμ0(η),

where gη ∈ NA satisfies gη(o) = η, and ϕη ∈ G is the symmetry at the geodesic
mid-point between o and η.

Remark. It is possible to develop our theory so that A will extend to a certain class
of distributions. Then, the K-invariant operator B which determines A is given by
B = Aδ0 , and the associated covariant field of operators is given by Bξ = Aδξ .

The next class of examples of invariant symbolic calculi, related to irreducible
representations of K , is described in the setting of symmetric tube domains (cf. Sec-
tion 1.3). The minor notational changes needed for the weighted Fock spaces are ob-
vious. Let {Pm}m≥0 be the irreducible K-invariant subspaces of H . It is known that
these subspaces are pairwise orthogonal and mutuallyK-inequivalent, and

∑
m≥0 Pm

is dense in H (see [Sch69]). Therefore Schur’s lemma in representation theory implies
that everyK-invariant operatorB on H leaves each Pm invariant andB|Pm = bm IPm .
Thus

B =
∑
m≥0

bmPm

where Pm is the projection onto Pm which annihilates all the spaces Pn for n �= m.

Corollary 2.7. The invariant symbolic calculi are in one-to-one correspondence with
families {bm}m≥0 of complex numbers, via

A←→ B =
∑
m≥0

bm Pm.

Remark. Bo is bounded on H if and only if all the {Bη; η ∈ D} are bounded, and
‖Bη‖ = ‖Bo‖ for all η ∈ D. Moreover, Bo =∑m≥0 bmPm is bounded if and only if
{bm}m≥0 is bounded.

Definition 2.3. Am = APm , i.e. Am is the invariant symbolic calculus determined
by the K-invariant operator B = Pm. Let Am, Fm, and βm be the maps associated
with Am in the manner described above.

The importance of the Am’s is exhibited in the following simple fact.

Proposition 2.8. Given a K-invariant operator T =∑m≥0 tm Pm on H , the corre-

sponding invariant symbolic calculus is given by Ab = AT
b =

∑
m≥0 tm Am

b .

Definition 2.4. The covariant field of operators associated with Pm is

Pm, η = U(g) Pm U(g)−1, g ∈ G, g(o) = η.

Definition 2.5. The reproducing kernel of Pm with respect to the inner product of H
is denoted by Km(z, w) = KH

m (z, w).
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Thus

Pm(f )(z) = 〈f, Km(·, z)〉H .

Lemma 2.9. Let m ≥ 0 and η ∈ D. Then for every g ∈ G with g−1(o) = η we have

Pm,η(Kw)(z) = j (g, z) Km(g(z), g(w)) j (g,w) (2.12)

Am
b (z, w) = K(z,w)−1

∫
D

b(η) Km(g
−1
η (z), g−1

η (w)) j (g−1
η , z) j (g−1

η , w) dμ0(η)

(2.13)
where gη is the unique element of NA for which gη(o) = η. In particular,

βm(b)(z) = K(z, o)−1
∫
D

b(η) Km(g
−1
η (z), g−1

η (o)) j (g−1
η , z) j (g−1

η , o) dμ0(η)

(2.14)
and

Fm(z, η) = K(z, o)−1Km(g
−1
η (z), g−1

η (o)) j (g−1
η , z) j (g−1

η , o). (2.15)

Proof. By definition of Pm,η we have

Pm,η (Kw)(z) =
(
U(g)−1 Pm U(g) Kw

)
(z)

= Pm (U(g)Kw) (g(z)) j (g, z)

= 〈U(g)Kw, Km(·, g(z))〉H j (g, z)

= 〈Kw,Km(g(·), g(z)〉H j (g, z) j (g,w)

= Km(g(z), g(w)) j (g, z) j (g,w).

This establishes (2.12). Next,

Am
b (Kw)(z) =

∫
D

b(η) Pm,η(Kw)(z) dμ0(η)

=
∫
D

b(η) Km (g−1
η (z), g−1

η (w)) j (g−1
η , z) j (g−1

η , w) dμ0(η).

This implies (2.13). Finally, (2.14) and (2.15) are direct consequences of (2.13).

Remark. In (2.13), (2.14) and (2.15) we can replace gη by any other g ∈ G for which
g(o) = η.

In what follows we describe the basic examples of invariant symbolic calculi.

Example 2.1. The most important symbolic calculus is the Toeplitz calculus (called
also “Toeplitz quantization”, or “Toeplitz–Berezin quantization”). Let us consider the
case where H is the Bergman space

H = L2
a(D,μ) := L2(D,μ) ∩ {holomorphic functions on D},
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and μ is a measure on D satisfying (1.20). Let P : L2(D,μ)→ H be the orthogonal
projection. The Toeplitz operator with an active (strong) symbol b ∈ L∞(D,μ) is
the operator Tb : H → H defined by

(Tbf )(z) := P(bf )(z) =
∫
D

b(w)f (w)K(z,w) dμ(w), f ∈ H , z ∈ D.

It is well known that (2.1) holds with A = T .

Example 2.2 Another important invariant symbolic calculus, the Weyl calculus W , is
defined in the general setting via

Wb :=
∫
D

b(η)U(sη) dμ0(η),

where sη ∈ G is the symmetry at η and μ0 is the G-invariant measure on D. Namely,
the domain of definition Dom(W) of W consists of all measurable functions b on D

for which the integral

Wb(f )(z) :=
∫
D

b(η) (U(sη)f )(z) dμ0(η)

converges weakly in H for all f ∈ H . Using (1.1), (1.14) and (1.16) one obtains

U(g)U(sη) U(g)−1 = U(sg(η)), ∀g ∈ G, ∀η ∈ D,

and this implies that (2.1) holds with A = W .

2.2. The adjoint map and the link transform

The adjoint of an invariant symbolic calculus b �→ Ab is the map A′ from Op(H),
the space of closed operators on H , to functions on D is defined via

Dom(A′) := {T ∈ Op(H); TA∗
b ∈ S1(H) ∀b ∈ Dom(A)},

where S1(H) is the space of trace class operators on H , and

〈A′(T ), b〉L2(D,μ0)
= 〈T ,Ab〉S2 = trace(T A∗

b) (2.16)

for all T ∈ Dom(A′) and for all b ∈ Dom(A). Here S2 is the Hilbert–Schmidt class.
The function A′(T ) is called the passive (or, weak) symbol of T .

Proposition 2.10. (i) For every T ∈ Dom(A′),

A′(U(g) T U(g)−1) = A′(T ) $ g−1, ∀ g ∈ G. (2.17)

(ii) For every T ∈ Dom(A′),

A′(T )(η) = 〈T ,Bη〉S2 , ∀η ∈ D. (2.18)
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Proof. (i) is a consequence of (2.1) and (2.16). From (2.8) we obtain, formally,

〈A′(T ), b〉L2(μ0)
=
〈
T ,

∫
D

b(η) Bη dμ0(η)
〉
S2
=
∫
D

〈T ,Bη〉S2b(η) dμ0(η),

and this yields (2.18).

Example 2.3. (i) For the Toeplitz calculus T (see Example 2.1) we haveBz = kz⊗kz,
where kz := Kz/‖Kz‖. Hence

T ′(T )(z) = 〈T kz, kz〉H
is the Berezin symbol of T .

(ii) For the Weyl calculus W (see Example 2.2) we have

W ′(T )(η) = 〈T ,U(sη)〉S2 ,

where sη ∈ G is the symmetry at η ∈ D.

Remark. (2.17) implies that the function A′(I ) satisfies A′(I ) $ g = A′(I ) for every
g ∈ G. Hence A′(I ) is a constant function. We therefore assume without loss of
generality (by modifying the definition of A′ if necessary) that

A′(I )(z) = 1, ∀z ∈ D.

We now associate with an invariant symbolic calculusA two linear transformations,
namely

B := A′A and Q := A A′,

acting on functions onD, and on operators on H respectively. The operator B is called
the link transform associated with A, because it maps the active symbol b of Ab to the
passive symbol B b = A′ (Ab) of Ab. We call Q the corresponding “co-transform”.
It maps an operator S to the operator Q(S) whose active symbol is the passive symbol
of S.

Example 2.4 The link transform associated with the Toeplitz calculus T on the
Bergman space H = L2

a(D,μ)with respect to aK-invariant measureμ is the Berezin
transform B = T ′ T associated with μ:

B(b)(z) = 〈b kz, kz〉H =
∫
D

b(w)K(z, w) dμ0(w),

where dμ0(w) := K(w,w) dμ(w) is the (properly normalized) G-invariant measure
on D and

K(z, w) = |K(z,w)|2
K(z, z) K(w,w)
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is a G-invariant kernel, i.e.: K(g(z), g(w)) = K(z, w) for all g ∈ G. This exhibits
B as the operator of convolution with μ:

(Bb)(z) =
∫
D

b $ g dμ, g ∈ G, g(o) = z. (2.19)

Also, in the case of the Toeplitz calculus the co-transform Q = T T ′ is given by

Q(S) =
∫
D

〈S kη, kη〉H kη ⊗ kη dμ0(η).

The link transforms associated with the Weyl calculus W are given formally by

W ′W(b)(η) =
∫
D

b(ξ)〈U(sξ ), U(sη)〉S2 dμ0(ξ)

and

WW ′(T ) =
∫
D

〈T ,U(sξ )〉S2 U(sξ ) dμ0(ξ).

Proposition 2.11. Let A be an invariant symbolic calculus with adjoint A′.
(i) The link transform B = A′A is given by

(B b)(η) =
∫
D

b(ξ) 〈Bξ , Bη〉S2 dμ0(ξ). (2.20)

(ii) The co-transform Q = A A′ is given by

Q(S) =
∫
D

〈S,Bη〉S2 Bη dμ0(η). (2.21)

Proof. (i) Using (2.8) and (2.18) we obtain

(Bb)(η) = A′ (Ab)(η) = 〈Ab, Bη〉S2

=
〈 ∫

D

b(ξ) Bξ dμ0(ξ), Bη

〉
S2
=
∫
D

〈Bξ , Bη〉S2 dμ0(ξ).

(ii) Formula (2.21) is a consequence of (2.8) and (2.18).

Corollary 2.12. For b1, b2 ∈ Dom (A),

〈Ab1 ,Ab2〉S2 =
∫ ∫
D×D

b1(ξ) b2(η) 〈Bξ , Bη〉S2 dμ0(ξ) dμ0(η).

Proof. Using (2.20) we obtain

〈Ab1 ,Ab2〉S2 = 〈B b1, b2〉L2(μ0)
=
∫
D

(Bb1(ξ) b2(η) dμ0(η)

=
∫ ∫
D×D

b1(ξ) b2(η) 〈Bξ , Bη〉S2 dμ0(ξ) dμ0(η).
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Proposition 2.13. (i) The link transform B = A′A is G-invariant, i.e.

B(b $ g) = (B b) $ g, ∀ g ∈ G.

(ii) The co-transform Q = A A′ is G-invariant in the sense that

U(g) Q(S) U(g)−1 = Q
(
U(g) S U(g)−1), ∀ g ∈ G.

Proof. This follows from (2.1) and (2.17).

Remark. If 1 ∈ Dom(A) then 1 ∈ Dom(A′A) as well, and

A′A(1) = 1.

Indeed, this follows from the facts that A1 = I and A′(I ) = 1.

Lemma 2.14. Let ξ, η ∈ D. Then

〈Bξ , Bη〉S2 =
∫
D

∫
D

F(g−1(z), g−1(ξ)) F (g−1(z), g−1(η)) |K(z,w)|2 dμ(z) dμ(w)
(2.22)

where g ∈ G in the inner integral is an arbitrary element for which g(o) = w.

Proof. It is a well-known fact that for every operator T on H = L2
a(D,μ) for which

the trace tr(T ) is well defined (i.e., T ∈ S1 or T ≥ 0),

tr(T ) =
∫
D

〈T (Kw),Kw)〉H dμ(w).

Therefore, using (2.7) we obtain

〈Bξ , Bη〉S2= tr(B∗η Bξ ) =
∫
D

〈Bξ (Kw), Bη(Kw)〉H dμ(w)

=
∫
D

∫
D

F(g−1(z), g−1(ξ)) F (g−1(z), g−1(η)) |K(z,w)|2 dμ(z) dμ(w).

Definition 2.6. Given two K-invariant operators T and S on H , let AT , AS be the
associated invariant symbolic calculi. The corresponding mixed link transform and
co-transform are

BT ,S := (AS)′AT and QT ,S := AT (AS)′ (2.23)

respectively.

It is clear that these two transforms are G-invariant, i.e.

BT ,S(b $ g) = (BT ,S b) $ g, ∀ b ∈ Dom(BT ,S), ∀ g ∈ G

and

U(g) QT ,S(X) U(g)−1 = QT ,S
(
U(g)XU(g)−1), ∀g ∈ G, ∀X ∈ Dom(QT ,S).

Our results extend to the context of the mixed link transforms and co-transforms.
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2.3. The reflection ψ and the associated involution of A∗C

In this subsection we study in detail the real-analytic reflection ψ of D at o mentioned
above (1.3) and its connection to a natural involution on A∗C. Recall that for any
z ∈ D there exists a unique element gz ∈ NA ⊂ G for which gz(o) = z. The map
ψ : D→ D is defined by

ψ(z) = g−1
z (o). (2.24)

Proposition 2.15. ψ is a real-analytic diffeomorphism of D satisfying ψ(ψ(z)) = z

for all z ∈ D. The unique fixed point of ψ is o.

Proof. Let w = ψ(z) = g−1
z (o). Then gw(o) = w = g−1

z (o) hence gw = g−1
z .

Thus ψ(w) = gz(o) = z, i.e. ψ(ψ(z)) = z. The fact that ψ is a real-analytic
diffeomorphism follows from the fact that NA % g �→ g(o) ∈ D is a real-analytic
diffeomorphism. Finally, ψ(z) = z if and only if gz $ gz = 1G. Since gz ∈ NA, this
is equivalent to gz = 1G, and so z = gz(o) = 1G(o) = o.

In view of Proposition 2.15 we call ψ a reflection of D at o. Unless D = C
d , ψ

is not holomorphic, and thus not a member of G.

Lemma 2.16. There exists an involution λ �→ λ∗ on the Lie algebra A∗C ≡ C
r such

that ∫
D

eλ(ξ) f (ψ(ξ)) dμ0(ξ) =
∫
D

eλ∗(ξ) f (ξ) dμ0(ξ) = f̃ (λ∗)

holds for all admissible functions f on D and λ ∈ C
r .

Proof. In the case of the Fock space on C
d (see Subsection 1.2 above) we have

gξ (z) = z + ξ and thus ψ(ξ) = (gξ )
−1(0) = −ξ . Hence, for a, b ∈ C

d with
〈a, b〉 = λ one can take eλ(z) = ea,b(z) = exp(〈a, z〉+〈z, b〉). Therefore one obtains∫

Cd

ea,b(ξ) f (ψ(ξ)) dμ0(ξ) =
∫

Cd

e−b,−a(ξ) f (ξ) dμ0(ξ). (2.25)

Since 〈−b,−a〉 = λ̄ the involution ∗ satisfying (2.25) is

λ∗ := λ̄. (2.26)

In the case of a symmetric tube domain T (�) ⊂ C
d we shall prove in Lemma 2.17

below that (
f̃ $ ψ)(λ) = f̃ (−λ). (2.27)

Since eλ(z) = eλ(z) in this case, we obtain∫
T (�)

eλ(ξ) f (ψ(ξ)) dμ0(ξ) =
∫
T (�)

e−λ(ξ) f (ξ) dμ0(ξ).
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Hence Lemma 2.16 holds with the involution

λ∗ = −λ . (2.28)

It remains to prove (2.27) in the setting of symmetric tube domains.

Lemma 2.17. In the context of symmetric tube domains T (�), the map ψ satisfies

DetR((dψ)(z)) = N2ρ−2p(τ (z)).

Proof. The evaluation map

ε : NA→ T (�), ε(g) = g(ie)

is a real-analytic diffeomorphism whose differential

dε(1) : a⊕ n = T1(NA)→ Z = Tie(T (�))

is also an evaluation map

dε(1)(X) = X(ie), ∀ X ∈ a⊕ n

which is a real-linear isomorphism of a⊕ n onto Z. For every g ∈ NA consider the
inner automorphism

cg(h) = ghg−1, h ∈ G

and its differential

Ad(g) = dcg(1) : a⊕ n→ a⊕ n .

Let j : NA → NA be the inversion map j (h) = h−1. We claim that for every
g ∈ NA we have

g−1 $ ε $ j $ cg = ψ $ g $ ε, (2.29)

namely the following diagram is commutative

NA
cg−→ NA

j−→NA
ε−→ T (�)

ε ↓ ↓ g−1

T (�)
g−→ T (�)

ψ−→ T (�)

(2.30)

Indeed, for every h ∈ NA

(g−1 $ ε $ j $ cg)(h) = g−1(((ghg−1)−1)(ie))

= g−1(g(h−1(g−1(ie)))) = h−1(g−1(ie)).

Also,

(ψ $ g $ ε)(h) = ψ(g(h(ie))) = (gh)−1(ie) = h−1(g−1(ie)),
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and (2.29) is proved. Since Tw(T (�)) = Z for all w ∈ T (�) and dj (1) = −I , we
obtain from (2.30) by taking differentials the following commutative diagram

a⊕ n
Ad(g)−→ a⊕ n

−I−→ a⊕ n
dε(1)−→ Z

dε(1) ↓ ↓ d(g−1)(ie)

Z
dg(ie)−→ Z

dψ(z)−→ Z,

(2.31)

where z := g(ie). Identifying a⊕ n and Z via the evaluation map dε(1), we obtain
from (2.31) by taking determinants

DetR(Ad(g))DetR(d(g
−1)(ie)) = DetR(dg(ie))DetR(dψ(z)).

Now the well-known modulus function of NA, determined in a general setting in
[AU99], yields

DetR Ad(g) = N2ρ(τ (z)).

Since DetR(dg(ie)) = N(τ (z))p and DetR(dg−1(ie)) = N(τ (z)−1)p = N(τ (z))−p,
we obtain

DetR(dψ(z)) = DetR(Ad(g))

N(τ (z))2p
= N2ρ−2p(τ (z)).

Corollary 2.18. TheG-invariant measureμ0 on T (�) transforms underψ according
to the rule

dμ0(ψ(z)) = N2ρ(τ (z)) dμ0(z).

Proof. (1.27) shows that

N(τ (ψ(z))) = N(τ (g−1
z (ie))) = N(τ (gz(ie)))

−1 = N(τ (z))−1.

Therefore we obtain

dμ0(ψ(z)) = N(τ (ψ(z)))−pdm(ψ(z))
= N(τ (z))p N2ρ−2p(τ (z)) dm(z) = N2ρ(τ (z)) dμ0(z).

Corollary 2.19. For every λ ∈ C
r and z ∈ T (�)

eλ(ψ(z)) = e−λ−ρ(z).

Proof. For every α ∈ C
r and g ∈ NA we get by (1.27)

1 = Nα(τ (ie)) = Nα(τ (g(g
−1(ie)))) = Nα(τ (g(ie))) Nα(τ (g

−1(ie))).

Thus

Nα(τ (g
−1(ie))) = 1

Nα(τ (g(ie)))
= N−α(τ (g(ie))).
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Putting z = g(ie) and using (1.28), this implies

eλ(ψ(z)) = Nλ+ρ(τ (g−1(ie))) = N−λ−ρ(τ (z)) = e−λ−2ρ(z).

Corollary 2.20. Let f be a locally integrable function on T (�) and λ ∈ C
r . Then

λ ∈ Dom
(
f̃ $ ψ) if and only if −λ ∈ Dom (f̃ ) and

f̃ $ ψ (λ) = f̃ (−λ).

Proof.(
f̃ $ ψ) (λ) = ∫

T (�)

f (ψ(z)) eλ(z) dμ0(z) =
∫
T (�)

f (w) eλ(ψ(w)) dμ0(ψ(w))

=
∫
T (�)

f (w) e−λ−2ρ(w) N2ρ(τ (w)) dμ0(w)

=
∫
T (�)

f (w) e−λ(w) dμ0(w)

= f̃ (−λ).

2.4. Eigenvalues of the link transforms

Let A be an invariant symbolic calculus on H = L2
a(D,μ), and let β, F,A′ and B

be as in previous sections. Recall that the “exponential functions” eλ, λ ∈ C
r , are

joint eigen-functions of the G-invariant operators on D, and that the K-averages of
the eλ’s are the spherical functions φλ(z) =

∫
K
eλ(k(z)) dk. In particular, if B is a

link transform then for every eλ ∈ Dom (B)

B(eλ) = B̃(λ) eλ, where B̃(λ) = B(eλ)(o).

In what follows we shall use the notation

zF (w) := F(z,w), ∀z,w ∈ D

as well as the notion of the transform f̃ of functions f on D (see (1.11)).

Proposition 2.21. For eλ ∈ Dom (B),

B̃(λ) =
∫
D

zF̃ (λ)
(

˜
zF $ ψ

)
(λ) |K(z, o)|2 dμ(z) (2.32)

where zF̃ (λ) and
(

˜
zF $ ψ

)
(λ) are defined via (1.11).

Proof. Using (2.20) with b = eλ and η = o, as well as (2.22) we find
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B̃(λ) =
∫
D

eλ(ξ) 〈Bξ , Bo〉S2 dμ0(ξ)

=
∫
D

eλ(ξ)

{∫
D

(∫
D

F(g−1
w (z), g−1

w (ξ)) F (g−1
w (z), g−1

w (o))

|K(z,w)|2 dμ(z)
)

dμ(w)

}
dμ0(ξ) .

Letting u = g−1
w (z), then

K(z,w) = K(gw(u), gw(o)) = K(u, o)/j (gw, u) j (gw, o) .

Using (1.20) and (1.21) with gw, we obtain

B̃(λ)

=
∫
D

eλ(ξ)

∫
D

[ ∫
D

uF(g
−1
w (ξ)) uF (g

−1
w (o)) |K(u, o)|2 dμ(u)

]
dμ0(w) dμ0(ξ).

Interchanging the order of integration, we obtain

B̃(λ)

=
∫
D

|K(u, o)|2 dμ(u)
∫
D

dμ0(w)

[ ∫
D

uF(g
−1
w (ξ)) eλ(ξ) dμ0(ξ)

]
uF (ψ(w)).

The substitution η = g−1
w (ξ) and the fact that eλ(ξ) = eλ(gw(η)) = eλ(w) eλ(η) lead

to

B̃(λ)

=
∫
D

|K(u, o)|2 dμ(u)
[∫

D

dμ0(w) uF (ψ(w)) eλ(w)

] ∫
D

uF(η) eλ(η) dμ0(η)

=
∫
D

ũF (λ)
˜
uF $ ψ(λ) |K(u, o)|2 dμ(u).

Formula (2.32) can be extended to the context of the link transform BT ,S =
(AS)′AT , see (2.23). Indeed, if FT , FS are the F -functions associated with AT and
AS respectively then the proof of Proposition 2.21 yields also the following result.

Proposition 2.22. The eigenvalues of the link transform BT ,S are given by

B̃T ,S(λ) =
∫
D

z̃F T (λ)
˜

zF S $ ψ(λ) |K(z, o)|2 dμ(z).

Notice that, by definition,

z̃F T (λ)=
∫
D

eλ(ξ)F
T (z, ξ) dμ0(ξ)= βT (eλ)(z)= AT

eλ
(z, o)= AT

eλ
(Ko)(z)/Ko(z).
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Also (
˜

zF S $ ψ
)
(λ) =

∫
D

eλ(ξ) F (z, ψ(ξ)) dμ0(ξ). (2.33)

Using Lemma 2.16, (2.33) can be written as(
˜

zF S $ ψ
)
(λ) =

∫
D

eλ∗(ξ) F S(z, ξ) dμ0(ξ) = AS
eλ∗ (Ko)(z).

Therefore Proposition 2.22 yields our first main result.

Theorem 2.23. Let AT ,AS be two invariant symbolic calculi associated with the K-
invariant operators T , S on H = L2

a(D,μ). Then the eigenvalues of the associated
link transform BT ,S = (AS)′AT are given by

B̃T ,S(λ) =
∫
D

AT
eλ
(Ko)(z)AS

eλ∗ (Ko)(z) dμ(z) (2.34)

= 〈AT
eλ
(Ko),A

S
eλ∗ (Ko)〉L2(D,μ).

For weighted Bergman spaces over a symmetric tube domain T (�) we obtain in
particular

Theorem 2.24. The eigenvalues of the link transform B associated with the invariant
symbolic calculus A on L2

a(T (�), μν) are given by

B̃(λ) = 〈Aeλ(Kie),Ae−λ(Kie)〉L2
a(T (�),μν)

.

3. The Wick calculus, the fundamental function, and
eigenvalues of link transforms

3.1. Sesqui-holomorphic extension of real analytic functions
and the Wick calculus

Let D, G, H , K(z,w), U , μ, μ0 etc. be as in the previous sections. Recall that a
sesqui-holomorphic function f (z,w) on D × D is a function which is holomorphic
in z and anti-holomorphic in w. The following result is well-known.

Lemma 3.1. Every sesqui-holomorphic function f (z,w) on D×D is determined by
its restriction to the “diagonal” f (z, z). Namely, if f (z, z) = 0 for all z ∈ D, then
f (z,w) = 0 for all z,w ∈ D as well.

We proceed with the definition of the Wick calculus E . We denote by Dom(E)
the space of all real analytic functions ϕ : D → C for which there exists a (unique)
sesqui-holomorphic function Eϕ on all of D ×D satisfying

Eϕ(z, z) = ϕ(z), ∀z ∈ D.
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We call the map ϕ �→ Eϕ (defined on Dom(E)) the extension operator. Note that
Dom(E) is a linear space, and it contains all real analytic functions on D of the form
f (z) = f1(z) f2(z) where f1 and f2 are holomorphic in D (since then Ef (z,w) =
f1(z) f2(w)). Moreover, Dom(E) contains all exponential functions eλ, λ ∈ Cr .
This can be obtained via case by case considerations (using (1.23) in the case of the
Fock space or (1.28) in the case of the weighted Bergman spaces over symmetric tube
domains), or via the general formula (1.4)) and the relationship between the complex
structures of G and D.

We define a map E : Dom(E)→ Op(span{Kw;w ∈ D}) ⊂ Op(H) via its action
on the kernel functions

Eϕ(Kw)(z) := Eϕ(z,w)K(z,w), ∀z,w ∈ D.

Lemma 3.2. E is an invariant symbolic calculus, i.e. Dom(E) is G-invariant and

U(g) Eϕ U(g)−1 = Eϕ$g−1 , ∀ϕ ∈ Dom(E), ∀g ∈ G.

Proof. Since G consists of biholomorphic automorphisms of D, it is clear that when-
ever ϕ ∈ Dom(E) and g ∈ G the function (z, w) �→ Eϕ(g(z), g(w)) is sesqui-
holomorphic in all of D × D. Moreover, Eϕ(g(z), g(z)) = ϕ(g(z)) for all z ∈ D.
Thus, ϕ $ g ∈ Dom(E) and

Eϕ$g(z, w) = Eϕ(g(z), g(w)), ∀z,w ∈ D.

Thus Dom(E) is G-invariant and E is G-covariant (cf. (2.3)). From this it is clear
by the discussion following (2.3) that E is the invariant symbolic calculus associated
with E.

Definition 3.1. The invariant symbolic calculus E is called the Wick calculus.

The name “Wick calculus” is justified by the following result.

Lemma 3.3. Let ϕ ∈ Dom(E) admit a factorization ϕ(z) = ϕ1(z) ϕ2(z), z ∈ D,
where ϕ1, ϕ2 ∈ H . Then for the Toeplitz calculus T we have

Eϕ = Tϕ1 Tϕ2 . (3.1)

Proof. Tϕ1 , Tϕ2 are well-defined operators, at least on span{Kw;w ∈ D}, and it is
well known and easy to prove that

Tϕ2(Kw) = ϕ2(w)Kw, ∀w ∈ D,

whereas Tϕ1 is the operator of multiplication by ϕ1. Therefore we obtain for all
z,w ∈ D

(Tϕ1 Tϕ2)(Kw)(z) = ϕ1(z)Tϕ2 (Kw)(z) = ϕ1(z) ϕ2(w)K(z,w)

= Eϕ(z,w)K(z,w) = Eϕ(Kw)(z),

and this yields (3.1).
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Remark. It follows from (3.1) that if ϕ ∈ Dom(E) admits a representation ϕ =∑n
j=1 fjhj with fj , hj ∈ H , then Eϕ =∑n

j=1 Tfj Thj , regardless of the representa-
tion of ϕ. This does not look obvious at first glance.

3.2. The fundamental function associated with
an invariant symbolic calculus

The following Lemma is a key result. It indicates the central role played by the Wick
calculus in our theory.

Lemma 3.4. Let A be an invariant symbolic calculus. Define

aA(λ) = Aeλ(Ko)(o), ∀eλ ∈ Dom(A).

Then

Aeλ(Kw)(z) = aA(λ) Eeλ(Kw)(z) = aA(λ)Eeλ(z, w)K(z,w) (3.2)

for all eλ ∈ Dom(A) and z,w ∈ D. Thus the Berezin symbol Aeλ of Aeλ is given by

Aeλ(z,w) = aA(λ)Eeλ(z, w), z,w ∈ D.

Proof. Both sides of (3.2) are sesqui-holomorphic in (z, w). In view of Lemma 3.1 it
suffices to prove (3.2) for z = w. Let eλ ∈ Dom(A) and z ∈ D. Let gz ∈ NA ⊂ G

be the unique element for which gz(o) = z. Using (1.18), (2.1), (1.5) and (1.19) we
obtain

Aeλ(Kz)(z) =
U(g−1

z )(Aeλ(U(gz)Ko))(o)

j (gz, o) j (gz, o)

= Aeλ$gz(Ko)(o)

|j (gz, o)|2 = Aeλ(Ko)(o) eλ(z)K(z, z).

This completes the proof.

Corollary 3.5. The map A �→ aA is injective. Thus aA completely determines A.

Proof. Since span{Kw;w ∈ D} is dense in H it suffices to show that the function aA

determines the action of Ab on the kernel functions for all b ∈ Dom(A). To this end
we claim first that for every b ∈ Xλ ∩ Dom(A) (see (1.6))

Ab(Kw)(z) = aA(λ) Eb(Kw)(z) = aA(λ)Eb(z,w)K(z,w), ∀z,w ∈ D. (3.3)

Indeed, it is enough to prove this for b = eλ $ g for some g ∈ G, and in this case
(1.19) and (3.2) yield

Ab(Kw)(z) =
(
U(g−1)Aeλ U(g)

)
(Kw)(z)

= j (g, z) j (g,w)Aeλ(Kg(w))(g(z))
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= aA(λ)Eeλ(g(z), g(w)) j (g, z) j (g,w)K(g(z), g(w))

= aA(λ)Eeλ$g(z, w)K(z,w).

Since span{∪λ∈CrXλ ∩ Dom(A)} is dense in Dom(A), (3.3) shows that aA deter-
mines A.

Definition 3.2. The function aA is called the fundamental function associated with
the calculus A.

As will become clear below, the eigenvalues of the link transforms can be expressed
conveniently via the fundamental functions of the associated calculi. Notice also that
we clearly have

aE (λ) = 1, ∀λ ∈ C
r .

This follows easily from (3.2).
Let B be the K-invariant operator on H which determines A via Corollary 2.6,

i.e. A = AB . For simplicity we write also aAB (λ) = aB(λ). Let {Bξ }ξ∈D be the
covariant field of operators generated by B via (2.11). Let us define

bA(ξ) := Bξ (Ko)(o) = 〈Bξ (Ko),Ko〉H , ξ ∈ D.

Lemma 3.6. (i) The function bA(ξ) is K-invariant in the sense that bA(k(ξ)) =
bA(ξ) for all k ∈ K and ξ ∈ D.

(ii) aA is the spherical Fourier transform of bA, i.e., for eλ ∈ Dom(A) we have

aA(λ) = b̃A(λ) =
∫
D

eλ(ξ) bA(ξ) dμ0(ξ). (3.4)

(iii) aA is invariant under the Weyl group W :

aA(w(λ)) = aA(λ), ∀w ∈ W. (3.5)

(iv) Let ψ(ξ) = g−1
ξ (o), see (2.24) and Proposition 2.15. Then

bA(ξ) = B(Kψ(ξ))(ψ(ξ))K(ψ(ξ), ψ(ξ)), ∀ξ ∈ D.

Proof. (i) Let ξ ∈ D and k ∈ K . Then Bk(ξ) = U(k)Bξ U(k)−1. Hence, (2.11)
yields

bA(k(ξ)) = 〈BξU(k)−1(Ko), U(k)−1(Ko)〉H
= 〈Bξ (j (k−1, o)Ko), j (k−1, o)Ko〉H = 〈Bξ (Ko),Ko〉H = bA(ξ),

since j (k−1, o) is unimodular and k−1(o) = o.

(ii) This follows from the definition of aA:

aA(λ) = Aeλ(Ko)(o) =
∫
D

eλ(ξ) Bξ (Ko)(o) dμ0(ξ) =
∫
D

eλ(ξ) bA(ξ) dμ0(ξ).
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(iii) This follows by (i), (ii) and (1.8). Indeed, let w ∈ W , then

aA(λ) =
∫
D

φλ(ξ) bA(ξ) dμ0(ξ) =
∫
D

φw(λ)(ξ) bA(ξ) dμ0(ξ) = aA(w(λ)).

(iv) Using (2.11) we obtain for all ξ ∈ D

bA(ξ) = Bξ (Ko)(o) = (U(gξ ) B U(g−1
ξ ))(Ko)(o)

= j (g−1
ξ , o) B(j (gξ , o)Kψ(ξ))(ψ(ξ)) = B(Kψ(ξ))(ψ(ξ))K(ψ(ξ), ψ(ξ)).

The proof of Corollary 3.5 yields the following result.

Proposition 3.7. Let a be a W -invariant holomorphic function, defined on a
W -invariant subset of C

r . Then there exists a unique invariant symbolic calculus
A on H for which a = aA.

Proof. Notice first that since eλ ∈ Dom(E) for all λ we have Xλ ⊂ Dom(E) (cf.
(1.6)) by the G-invariance of Dom(E). For λ ∈ Dom(a) and b ∈ Xλ we define Ab

on the kernel functions via (3.3), and extend it to span{Kw;w ∈ D} by linearity. To
check the invariance (2.1) let g ∈ G. Then, for all z,w ∈ D,

(U(g)Ab U(g−1))(Kw)(z) = j (g−1, z) j (g−1, w)Ab(Kg−1(w))(g
−1(z))

= j (g−1, z) j (g−1, w) a(λ)Eb(g
−1(z), g−1(w))K(g−1(z), g−1(w))

= a(λ)Eb$g−1(z, w)K(z,w) = Ab$g−1(Kw)(z).

We extend A to span{∪λ∈Dom(a)Xλ} by linearity, and define Dom(A) to be this
space. Then Dom(A) is G-invariant and A is an invariant symbolic calculus. Finally,
the uniqueness of A follows from (3.3) and the fact that Ab is determined by its action
on the kernel functions Kw,w ∈ D.

The function bA(ξ) is real analytic and K-invariant on D. The next result shows
that such functions are in one-to-one correspondence with the invariant symbolic
calculi.

Proposition 3.8. Let b be aK-invariant real analytic function onD. Then there exists
a unique covariant field of operators {Bξ }ξ∈D on H so that b(ξ) = Bξ (Ko)(o) for all
ξ ∈ D. Consequently, b = bA where A is the invariant symbolic calculus generated
by {Bξ }ξ∈D via (2.8).

Proof. Fix ξ ∈ D and define the operator Bξ in the following steps. First, we define
for every w ∈ D

Bξ(Kw)(w) = K(w,w) b(g−1(ξ)), where g ∈ G, g(o) = w.

The K-invariance of b implies that the definition is independent of the particular g.
The real analyticity of b implies the real analyticity of the function w �→ Bξ (Kw)(w).
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We assume the existence of a unique sesqui-holomorphic extension toD×D, which is
denoted by Bξ (Kw)(z). Now extend this operator by linearity to span{Kw;w ∈ D}.
The family of operators {Bξ }ξ∈D constructed in this way is covariant. Indeed, let
ξ,w ∈ D and let h ∈ G so that h(o) = w. Then for any g ∈ G,

(U(g−1) Bξ U(g))(Kw)(w) = |j (g,w)|2 Bξ (Kg(w))(g(w))

= |j (g,w)|2 K(g(w), g(w)) b((g $ h)−1(ξ))

= K(w,w) b(h−1(g−1(ξ))) = Bg−1(Kw)(w).

Hence U(g−1) Bξ U(g) = Bg−1(ξ). Finally, the relationship b(ξ) = Bξ (Ko)(o)

follows from the definition of Bξ .

Proposition 3.9. Let A be an invariant symbolic calculus on H and let B be a
G-invariant operator on D. Define the composition A B via

Dom(A B) = {b ∈ Dom(B); Bb ∈ Dom(A)} and

(A B)b := AB(b), ∀b ∈ Dom(A B).

Then, (i) A B is an invariant symbolic calculus, i.e. it satisfies (2.1).

(ii) The fundamental function of A B is

aA B(λ) = aA(λ) B̃(λ).

(iii) Let A = U |A| be the polar decomposition of A with respect to inner products
of L2(D,μ0) and S2(H) respectively, and let B = V |B| be the polar decomposition
of B with respect to L2(D,μ0). Then |A|, |B| and V are G-invariant operators on
D, U is an invariant symbolic calculus on H , and the polar decomposition of A B is

A B = (U V) (|A| |B|),
namely |A B| = |A| |B| and the partial isometry in the minimal polar decomposition
of A B is U V.

Proof. (i) Since Dom(B) is G-invariant, Dom(B) ∩Xλ �= {0} implies that Xλ ⊆
Dom(B) and B|Xλ = B̃(λ) I|Xλ . Thus B : Dom(B) → Dom(B) and the com-
position A B is defined in Dom(A) ∩ Dom(B). Next, for every g ∈ G and b ∈
Dom(A) ∩ Dom(B),

U(g)(A B)b U(g−1) = U(g)AB(b) U(g−1)

= AB(b)$g−1 = AB(b$g−1) = (A B)b$g−1 .

(ii) Let eλ ∈ Dom(A) ∩ Dom(B). Since B(eλ) = B̃(λ) eλ, we obtain

aA B(λ) = (A B)eλ(Ko)(o) = AB(eλ)(Ko)(o) = B̃(λ)Aeλ(Ko)(o) = B̃(λ) aA(λ).

(iii) For the modulus of A B we have |A B|2 = (A B)′(A B) = B ′ |A|2 B =
|A|2 |B|2, since all invariant operators commute. Taking the square root and using
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the commutativity again, we obtain |A B| = |A| |B| and

A B = U |A|V |B| = U V |A| |B| = U V |A B|.
Since V maps Dom(A) ∩ Dom(B) isometrically onto itself and this space is the
domain of definition of U, we see that U V is a partial isometry, whose kernel is the
same as that of |A B|. This completes the proof.

Every invariant symbolic calculus A on H can be factorized in many ways as
A = A1 B with A1 invariant symbolic calculus and B a G-invariant operator on D.
Besides the trivial factorization A = AI and the factorization coming from the polar
decomposition A = U |A|, there is a canonical factorization in which A1 is the Wick
calculus E .

Proposition 3.10. Let A be an invariant symbolic calculus on H . Then

A = E CA, (3.6)

where CA is the operator of convolution with bA:

(CAf )(z) =
∫
D

f (g(ξ)) bA(ξ) dμ0(ξ), where g ∈ G, g(o) = z.

Proof. CA is certainly G-invariant, hence Proposition 3.9 guarantees that E CA is an
invariant symbolic calculus. Moreover, the eigenvalues of CA are C̃A(λ) = b̃A(λ) =
aA(λ). Hence,

aE CA(λ) = aE (λ) C̃A(λ) = aA(λ).

since aE (λ) ≡ 1. Thus Corollary 3.5 guarantees that (3.6) holds.

Remark. Propositions 3.8 and 3.10 can be generalized to distributions. We outline
this generalization briefly. Let b be a K-invariant distribution on D, and let Cb be the
operator of convolution with b:

(Cbf )(z) := 〈f $ g, b〉, where g ∈ G, g(o) = z.

Then A := E Cb is an invariant symbolic calculus on H in its canonical factorization.
In the important case of the Dirac measure b = δo we obtain A = E since Cδo = I .
However, this general approach leads to some open problems which will be discussed
in a subsequent publication.

3.3. Eigenvalues of link transforms via the fundamental functions

Proposition 3.11. Let T be a K-invariant operator on H = L2
a(D,μ) and let aT be

the fundamental function associated with the calculus AT . Let T ∗ the adjoint of T as
an operator on H . Then for all admissible λ ∈ C

r we have

aT ∗(λ) = aT (λ). (3.7)
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Proof. Let bT (ξ) = bAT (ξ) = 〈TξKo,Ko〉H and define bT ∗(ξ) similarly. Then,
bT ∗(ξ) = bT (ξ). Using the fact that eλ(ξ) = eλ(ξ) we obtain by (3.4)

aT ∗(λ) =
∫
D

eλ(ξ) bT ∗(ξ) dμ0(ξ)

=
∫
D

eλ(ξ) bT (ξ) dμ0(ξ) =
∫
D

eλ(ξ) bT (ξ) dμ0(ξ) = aT (λ).

Remark. In the case where H is either the weighted Bergman space over a symmetric
tube domain L2

a(T (�), μν) or the weighted Fock space Fν we have also

aT ∗(λ) = aT (λ
∗). (3.8)

Indeed, in the case of L2
a(T (�), μν) we have λ∗ = −λ (see Lemma 2.16 and (2.28)),

and (3.8) follows from (3.5) and (3.7). In the case of Fν , if a, b ∈ C
d are so that

〈a, b〉 = λ then eλ∗ = e−b,−a (see (1.25) and (2.26)). Hence

aT (λ∗) =
∫

Cd

e−b,−a(ξ) bT (ξ) dμ0(ξ) =
∫

Cd

eb,a(−ξ) bT (ξ) dμ0(ξ) = aT ∗(λ),

since aT (ξ) = aT (−ξ) by Lemma 3.6.

We now combine the results of Subsections 2.3 and 3.2 to obtain our main result.

Theorem 3.12. Let S, T be K-invariant operators on H = L2
a(D,μ) and let aS ,

aT be the fundamental functions of the associated invariant symbolic calculi AS and
AT respectively. Let BS,T = (AT )′AS be the corresponding link transform. Then
the eigenvalues of BS,T are expressed in terms of the fundamental functions in the
following way

B̃S,T (λ) = aS(λ) aT (λ
∗)

aT (λ)
, ∀λ ∈ Dom(BS,T ), (3.9)

where aT (λ) is the fundamental function associated with the Toeplitz calculus T and
λ �→ λ∗ is the involution whose existence is guaranteed by Lemma 2.16.

Proof. We know by Theorem 2.23 that

B̃S,T (λ) =
∫
D

AS
eλ
(Ko)(z) AT

λ∗(Ko)(z) dμ(z).

However, Lemma 3.4 says that

AS
eλ
(Ko)(z) = aS(λ)Eeλ(z, o)K(z, o), AT

eλ∗ (Ko)(z) = aT (λ
∗) Eeλ∗ (z, o)K(z, o).

Thus,

B̃S,T (λ) = aS(λ) aT (λ
∗) c(λ), (3.10)
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where

c(λ) =
∫
D

Eeλ(z, o)Eeλ∗ (z, o) |K(z, o)|2 dμ(z)

is independent of the particular calculi AS , AT . Let us apply (3.10) with AS = AT =
T . This yields

c(λ) = T̃ ′ T (λ)

aT (λ) aT (λ
∗)
.

In the case of the Toeplitz calculus we have T = APo , where Po := 〈·,Ko〉HKo, the
projection on CKo, is a self adjoint operator. Hence aT (λ

∗) = aT (λ), and

T̃ ′ T (λ) = 〈Teλ , Po〉S2(H) = Teλ(Ko)(o) = aT (λ).

Therefore

c(λ) = 1

aT (λ)
.

Using this fact, Proposition 3.11 and (3.10) we obtain (3.9).

Remark. In the case where H is either the weighted Bergman space over a symmetric
tube domain L2

a(T (�), μν) or the weighted Fock space Fν we can write (3.9) also as

B̃S,T (λ) = aS(λ) aT (λ)

aT (λ)
, ∀λ ∈ Dom(BS,T ),

Indeed, this follows from (3.9) and (3.8).

Theorem 3.12 is a substantial improvement of Theorem 2.23, since instead of the
inner product of the functions AT

eλ
(Ko)(z), AS

eλ∗ (Ko)(z) one needs only to compute

the product aT (λ) aS∗(λ) = AT
eλ
(Ko)(o)A

S
eλ∗ (Ko)(o). Theorem 3.12 involves the

fundamental function of the Toeplitz calculus aT (λ), which is known in the cases
under consideration. Indeed, in the case where H is the Fock space Fν we have

aT (λ) = e
λ
ν ,

and in the case where H is the weighted Bergman space L2
a(T (�), μν) we have, by

[UU94] (see also [Be78]),

aT (λ) =
��(λ+ ρ + ν − d

r
) ��(−λ+ ρ + ν − d

r
)

��(ν − d
r
) ��(ν)

(3.11)

We will give a new proof of this result in Section 5.
We close by observing that the results in this section yield also interesting in-

formation on the fundamental function of the unitary part of an invariant symbolic
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calculus A. Let A = U(A′A)
1
2 be the minimal polar decomposition of A (thus

ker(A) = ker(U)). We know that U itself is also an invariant symbolic calculus.
Thus for eλ ∈ Dom(A) we have

Aeλ = U
(A′A)

1
2 eλ
= (Ã′A(λ)

) 1
2 Ueλ .

From this it follows that

aA(λ) =
(
Ã′A(λ)

) 1
2

aU(λ) =
(

aA(λ) aA(λ)

aT (λ)

) 1
2

aU(λ).

Thus, if aA(λ) �= 0 then

aU(λ) =
(

aA(λ)

aA(λ)

) 1
2

aT (λ)
1
2 =

(
aA(λ)

aA∗(λ)

) 1
2

aT (λ)
1
2 .

In particular, if T = T ∗ then

aU(λ) = aT (λ)
1
2 .

4. Application to weighted Fock spaces

In this section we apply the general theory developed above to study various important
invariant symbolic calculi in the context of the weighted Fock spaces Fν over C

d

introduced in Subsection 1.2 above. After describing the standard calculi of Wick,
Weyl and anti-Wick (Toeplitz) type in the following subsection, we construct new
families of calculi, related to the “k - homogeneous” projections in the next subsection,
and give a detailed numerical analysis of their spectral properties. This yields a rather
surprising interrelationship between different calculi.

4.1. The Toeplitz, Weyl and Wick calculi

Proposition 2.21 yields the following result.

Theorem 4.1. Let A be an invariant symbolic calculus on the weighted Fock space
Fν = L2

a(C
d , μν). Then the eigenvalues of the associated link transform B = A′A

are given by

B̃(λ) =
∫

Cd

Aea,b (1)(z) Ae−b,−a (1)(z) dμν(z) = 〈Aea,b (1), Ae−b,−a (1)〉Fν (4.1)

where a, b ∈ C
d are arbitrary vectors for which λ = 〈a|b〉.
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Proof. With the notation as in the previous section, we have

zF̃ (λ) =
∫

Cd

F (z,w) ea,b(w) dμ0(w) = β(ea,b)(z)

= Aea,b (Ko)(z)/Ko(z) = Aea,b (1)(z),

since Ko(w) ≡ 1. Similarly,

z
˜F $ ψ(λ)=

∫
Cd

F (z, ψ(w)) ea,b(w) dμo(w) =
∫

Cd

F (z, ξ) ea,b(ψ(ξ)) dμ0(ψ(ξ))

=
∫

Cd

F (z, ξ) e−b,−a(ξ) dμ0(ξ) = Ae−b,−a (1)(z).

These results imply (4.1) via (2.34).

The extension of Theorem 4.1 to the link transform BT ,S is a consequence of
Proposition 2.22.

Theorem 4.2. Let AT ,AS be invariant symbolic calculi generated by theK-invariant
operatorsT , S on holomorphic functions on C

d . Then the eigenvalues of the associated
link transform BT ,S = (AS)′AT are

B̃T ,S(λ) =
∫

Cd

AT
ea,b

(1)(z)AS
e−b,−a (1)(z) dμν(z) = 〈AT

ea,b
(1), AS

e−b,−a (1)〉Fν

where a, b ∈ C
d are arbitrary vectors for which 〈a|b〉 = λ.

We turn now to some important examples to illustrate the scope of our theory.

Example 4.1. Toeplitz calculus. Let Tb = T (ν)
b be the Toeplitz operator with symbol

b on Fν = L2
a(C

d , μν). Then

Tea,b (1)(z) = e
λ
ν e〈z|b〉,

and in particular

aT (λ) = e
λ
ν .

Indeed, if λ = 〈a, b〉 then

Tea,b (1)(z) =
∫

Cd

e〈w|b〉 eν〈
a
ν
+z|w〉 dμν(w) = e

λ
ν e〈z|b〉.

Similarly,

Te−b,−a (1)(z) = e
λ
ν e−〈z|a〉 .

Hence∫
Cd

Tea,b (1)(z) Te−b,−a (1)(z) dμν(z) = e
2λ
ν

∫
Cd

e〈z|b〉 e−〈a|z〉 dμν(z) = e
λ
ν .
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Therefore the eigenvalues of the Berezin transform B = T ′ T , i.e.

B(f )(z) =
∫

Cd

f (w) |K(ν)(z, w)|2
K(ν)(z, z)

dμν(w) =
∫

Cd

f (w) e−ν|z−w|2 dμ0(w)

are given by

B̃(λ) = e
λ
ν , λ ∈ C.

From here one concludes that

B = e
�
ν .

We remark that in the case of the Berezin transform one can compute the eigenvalues
directly. Indeed, if λ = 〈a, b〉 then

B̃(λ) = B(ea,b)(0) =
∫

Cd

ea,b(w)dμν(w) =
∫

Cd

e〈w|b〉+〈a|w〉dμν(w) = e
λ
ν .

We calculate now the standard functions of our theory in the case of the Toeplitz
calculus T . First

Tb(z,w) = Tb(Kw)(z)/Kw(z) =
∫

Cd

b(ξ)
K(z, ξ) K(ξ,w)

K(z,w)
dμν(ξ).

Hence

βT (b)(z) = Tb(z, 0) =
∫

Cd

b(ξ)
K(z, ξ)

K(ξ, ξ)
dμ0(ξ)

and therefore

F T (z, ξ) = K(z, ξ)

K(ξ, ξ)
= eν〈z−ξ |ξ〉 .

From this we conclude that

Tη(Kw)(z) = K(z, η) K(η,w)

K(η, η)
,

and therefore Tηf = 〈f, kη〉νkη for all f ∈ Fν . In particular T0 = k0 ⊗ k0 = 1⊗ 1,
i.e. T0f = 〈f, 1〉1. This is the K-invariant operator which determines T . Also, it
follows that

bT (ξ) = 〈Tξk0, k0〉 = |〈kξ , 1〉|2 = e−ν|ξ |2 , ∀ξ ∈ C
d .

Example 4.2. The Weyl calculus. It is easy to see that the symmetry at w is given by
sw(z) = −z+ 2w. Therefore the corresponding isometry of L2(Cd , μν) and Fν is

U(sw)(f )(z) = f (−z+ 2w) e−2ν |w|2+2ν 〈z|w〉. (4.2)



190 J. Arazy and H. Upmeier

The Weyl calculus is defined by

Wb =
∫

Cd

b(w) U(sw) d̃μ0(w),

where d̃μ0(w) = 2d dμ0(w) =
( 2ν
π

)d
dm(w). Namely,

Wb(f )(z) =
(

2ν

π

)d ∫
Cd

b(w) f (−z+ 2w) e−2ν |w|2+2ν 〈z|w〉 dm(w).

It follows that for a, b ∈ C
d with λ = 〈a, b〉

Wea,b (1)(z) =
(

2ν

π

)d ∫
Cd

e〈w|b〉+〈a|w〉+2ν 〈z|w〉 e−2ν |w|2 dm(w)

=
∫

Cd

e〈w|b〉 K2ν(z+ a

2ν
, w) dμ2ν(w) = e〈z+

a
2ν |b〉 = e

λ
2ν e〈z|b〉.

In particular, if λ = 〈a|b〉 then

aW (λ) = Wea,b (1)(0) = e
λ
2ν .

Similarly,

We−b,−a (1)(z) = e
λ
2ν e−〈z|a〉,

and hence,

W̃ ′W(λ) =
∫

Cd

Wea,b (1)(z)We−b,−a (1)(z) dμν(z)

= e
λ
ν

∫
Cd

e〈z|b〉 e−〈a|z〉 dμν(z) = e
λ
ν e−

〈a|b〉
ν = 1.

Thus the eigenvalues of the link transform W ′W associated with the Weyl calculus
are

W̃ ′W(λ) ≡ 1, ∀ λ ∈ C.

From this we deduce that

W ′W = I,

namely W is an isometry fromL2(Cd , μν) into the Hilbert–Schmidt operators S2(Fν)

on the weighted Fock space Fν = L2
a(C

d , μν)). This result is well-known, but its
derivation by direct methods is more involved.

It is easy to compute the standard functions of our theory in the case of the Weyl
calculus. First

Wb(z,w) = Wb(Kw)(z)/Kw(z)

= e−2ν〈z|w〉
∫

Cd

b(ξ)
e2ν 〈z|ξ〉 e2ν 〈ξ |w〉

e2ν 〈ξ |ξ〉 dμ̃0(ξ)
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= e−2ν〈z|w〉
∫

Cd

b(ξ) K(2ν)(z, ξ) K(2ν)(ξ, w) dμ2ν(ξ).

Hence

βW (b)(z) = Wb(z, 0) =
∫

Cd

b(ξ) K(2ν)(z, ξ) dμ2ν(ξ) = P (2ν)(b)(z).

Thus, with respect to the invariant measure dμ̃0(ξ) =
( 2ν
π

)d
dm(ξ),

FW (z, ξ) = e2ν 〈z|ξ〉−2ν |ξ |2 = j (sξ , z).

Therefore we find easily that Wη(Kw)(z) = Kw(sη(z)) j (sη, z). Namely

Wη = U(sη).

In particular, the K-invariant operator on Fν which determines W is

W0 = U(s0) =
∞∑
k=0

(−1)k Pk.

Moreover, using (4.2) we see that the fundamental function bW (ξ) is given by

bW (ξ) = 〈Wξ1, 1〉 = U(sξ (1)(0) = e−2ν|ξ |2 .

Example 4.3. Wick calculus. Let b be a real-analytic function with everywhere
convergent Taylor expansion

b(z) =
∑

α,β∈Nd

∂α

α!
∂
β

β! b(0) z
αzβ.

We define the Wick calculus via

Eb =
∑

α,β∈Nd

∂α

α!
∂
β

β! b(0) Tzα T ∗
zβ

(4.3)

where Tzα is the Toeplitz operator with symbol zα . Notice that this definition is
consistent with the definition given in Subsection 3.1. Thus, if b(z) =∑j fj (z) gj (z)

with fj , gj entire holomorphic functions, then the sesqui-holomorphic extension of b
is Eb(z,w) = ∑j fj (z) gj (w), and Eb = ∑j Tfj T ∗

gj
. In particular, if we use the

Taylor series of b, we see that

βE (b)(z) = Eb(z, 0) =
∑
α∈Nd

∂α

α! b(0) z
α.

In the special case of the symbol ea,b(z) = e〈z|b〉+〈a|z〉 we obtain Eea,b (1)(z) =
Eea,b (z, 0) = e〈z|b〉, and similarly Ee−b,−a (1)(z) = e−〈z|a〉. Hence, if 〈a, b〉 = λ
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then ∫
Cd

Eea,b (1)(z) Ee−b,−a (1)(z) dμν(z) =
∫

Cd

e〈z|b〉 e−〈a|z〉 dμν(z) = e−
λ
ν .

Thus the eigenvalues of the link transform associated with the Wick calculus are

Ẽ ′ E(λ) = e−
λ
ν .

4.2. The calculi associated with the k-homogeneous projections

Let Pk denote the subspace of Fν consisting of all homogeneous polynomials of
degree k. It has a reproducing kernel K(

kz,w) = K
(ν)
k (z, w), where

Kk(z,w) = K
(ν)
k (z, w) = νk 〈z|w〉k

k! .

The orthogonal projection Pk : Fν → Pk is given by Pk(f )(z) = 〈f, Kk(·, z)〉ν , and
the covariant field of operators generated by Pk is Pk,ξ = U(gξ ) Pk U(gξ )

−1.

Lemma 4.3. For all k ∈ N, ξ ∈ C
d ,

Pk,ξ (Kw)(z) = U(gξ )⊗ U(gξ )
∗(Kk)(z, w)

= j (gξ , z) Kk(z− ξ,w − ξ)j (gξ , w)

= eν 〈z|ξ〉 Kk(z− ξ,w − ξ)eν 〈ξ |w〉 e−ν |ξ |2 . (4.4)

Proof. Pk,ξ (Kw)(z) = Pk (U(g−ξ )Kw)(z− ξ) j (g−ξ , z)
= 〈U(g−ξ )Kw, Kk(·, z− ξ)〉ν j (g−ξ , z)
= 〈Kw, U(gξ ) Kk(·, z− ξ)〉ν j (g−ξ , z)
= Kk(z− ξ, w − ξ) j (g−ξ , z)j (g−ξ , w).

Lemma 4.4. For any �, j, n ∈ N and a, b ∈ C
d∫

Cd

|z|2� 〈z|b〉j 〈a|z〉n dμν(z) = δj,n
〈a|b〉j
ν�+j

(d + �+ j − 1)! j !
(d + j − 1)! .

Proof. Integrating in polar coordinates (where S = {ξ ∈ C
d; |ξ | = 1} and σ is the

U(d)-invariant probability measure on S) we find∫
Cd

|z|2� 〈z|b〉j 〈a|z〉n dμν(z) =

= 2νd

(d − 1)!
∫ ∞

0
r2d−1 r2� rj+n e−νr2

dr

∫
S

〈ξ |b〉j 〈a|ξ〉n dσ(ξ)

= δj,n
νd

(d − 1)!
∫ ∞

0
td+�+j−1 e−ν t dt j ! 〈a, b〉j

(d)j
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= δj,n
(d + �+ j − 1)! j !

(d − 1)!(d)j
〈a|b〉j
ν�+j

.

Theorem 4.5. Let k, � ∈ N and write Bk,� := (AP�)′ APk . Then the eigenvalues of
Bk,� are given by

B̃k,�(λ) = e
λ
ν qk(

λ

ν
) q�(

λ

ν
), ∀λ ∈ C,

where

qk(x) =
k∑

j=0

(
d + k − 1

d + j − 1

)
xj

j ! . (4.5)

Proof. Let λ ∈ C and let a, b ∈ C
d be so that 〈a|b〉 = λ. Then, using Lemma 4.3, we

have

B̃k,�(λ) = ((AP�)′APk ea,b
)
(0) = 〈APk

ea,b
, P�〉S2

=
∫

Cd

ea,b(ξ) 〈Pk,ξ , P�〉S2 dμ0(ξ)

=
∫

Cd

ea,b(ξ)

(∫
Cd×Cd

∫
Pk,ξ (Kw)(z) P�(Kw)(z) dμν(z) dμν(w)

)
dμ0(ξ)

=
∫

Cd

e〈a|ξ〉 e〈ξ |b〉
( ∫

Cd×Cd

∫
eν 〈z|ξ〉 Kk(z− ξ, w − ξ) eν 〈ξ |w〉

K�(w, z) dμν(z) dμν(w)

)
dμν(ξ)

=
∫

Cd

e〈a|ξ〉 e〈ξ |b〉
( ∫

Cd×Cd

∫
Kk(z,w − ξ)K�(w, z+ ξ)e−ν 〈ξ |z〉 dμν(z)

eν 〈ξ |w〉 dμν(w)

)
dμν(ξ).

Interchanging the order of integration, the last integral becomes∫∫
Cd×Cd

[ ∫
Cd

{
Kk(z,w − ξ) K�(w, z+ ξ) e〈a|ξ〉

}
eν 〈ξ |w−z+

b
ν
〉 dμν(ξ)

]
dμν(z) dμν(w)

=
∫∫

Cd×Cd

Kk

(
z, z− b

ν

)
K�

(
w,w + b

ν

)
e〈a|w−z+

b
ν
〉 dμν(z) dμν(w)

= e
λ
ν Ik(a, b) I�(a, b),

where

Ik(a, b) :=
∫

Cd

Kk

(
z, z+ b

ν

)
e〈a|z〉 dμν(z)
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and we used the fact that Ik(a, b) = Ik(−a,−b). To calculate Ik(a, b) we expand
Kk(z, z+ b

ν
) and use Lemma 4.4,

Ik(a, b) = νk

k!
k∑

j=0

(
k

j

)∫
Cd

|z|2(k−j) 〈z|b〉
j

νj
e〈a|z〉 dμν(z)

= νk
k∑

j=0

ν−j

j !(k − j)!
∞∑
n=0

1

n!
∫

Cd

|z|2(k−j)〈z|b〉j 〈a|z〉n dμν(z)

= νk
k∑

j=0

ν−j

(j !)2(k − j)!
λj

νk

(d + k − 1)!
(d + j − 1)! j !

=
k∑

j=0

(
d + k − 1

d + j − 1

)
( λ
ν
)j

j ! = qk

(
λ

ν

)
.

Remark 4.1. Notice that the polynomial qk can be written also as

qk(x) =
k∑

j=0

(d + j)k−j
(k − j)!

xj

j !
and that

qk(x) =
(
k + d − 1

d − 1

) k∑
j=0

(−k)j
(d)j

(−x)j
j ! =

(
k + d − 1

d − 1

)
1F1(−k; d;−x).

Applying Theorem 4.5 we obtain the following result.

Theorem 4.6. Let T = ∑∞
k=0 tkPk , S = ∑∞

�=0 s�P� be K-invariant operators on
holomorphic functions and let AT , AS be the associated calculi. Let BT ,S =
(AS)′AT be the corresponding link transform. Then

B̃T ,S(λ) = e
λ
ν

∞∑
k=0

tk qk

(
λ

ν

) ∞∑
�=0

s� q�

(
λ

ν

)
.

Proof. We have

B̃T ,S(λ) =
∑
k,�≥0

tk s� B̃k,�(λ)

=
∑
k,�≥0

tk s� e
λ
ν qk

(
λ

ν

)
q�

(
λ

ν

)
= e

λ
ν

∑
k≥0

tk qk

(
λ

ν

) ∑
�≥0

s� q�

(
λ

ν

)
.

The following example of a one-parameter family of calculi will play an important
role in the sequel.
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Example 4.4: Let α ∈ C, α �= 1 and set

tk(α) = (1− α)d αk and T (α) =
∞∑
k=0

tk(α) Pk,

i.e. (T (α) f )(z) = (1 − α)d f (α z). Let Aα = AT (α) be the associated calculus.
Then Theorem 4.5 shows that the eigenvalues of Bα,β = BT (α),T (β) are given by

B̃α,β(λ) = e
λ
ν

∑
k≥0

αk qk

(
λ

ν

) ∑
�≥0

β� q�

(
λ

ν

)
(1− α)d(1− β)d .

Claim: If |α| < 1 then

∞∑
k=0

αk qk(x) = 1

(1− α)d
exp

(
α

1− α
x

)
. (4.6)

Indeed, by absolute convergence we can interchange the order of summation and
obtain

∞∑
k=0

αk qk(x) =
∞∑
j=0

xj

j !
∞∑
k=j

(d + j)k−j
(k − j)! αk =

∞∑
j=0

(αx)j

j !
∞∑
�=0

(d + j)�
α�

�!

=
∞∑
j=0

(αx)j

j ! (1− α)−(d+j) = 1

(1− α)d

∞∑
j=0

(
αx

1−α
)j

j !

= 1

(1− α)d
exp

(
αx

1− α

)
.

It follows that
∞∑
k=0

tk(α) qk (
λ

ν
) = exp

(
α

1− α

λ

ν

)
.

If also |β| < 1, then

B̃α,β(λ) = exp

{
1− α β

(1− α)(1− β)

λ

ν

}
, (4.7)

and in particular,

B̃α,α(λ) = exp

{
1− |α|2
|1− α|2

λ

ν

}
. (4.8)

By analytic continuation in α, β we obtain:

Proposition 4.7. Let α, β ∈ C\ {1}. Then the eigenvalues of Bα,β are given by (4.7).
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Corollary 4.8. Let α, β ∈ C \ {1} be so that 1 − α β = (1 − α)(1 − β) (i.e. α +
β = 2 α β). Then Bα,β coincides with the Berezin transform (namely, with the link
transform of the Toeplitz calculus).

Proof. We have B̃α,β(λ) = e
λ
ν for all λ ∈ C. Since this is true for the Berezin

transform B we conclude that Bα,β = B.

Corollary 4.9. Let α, β ∈ C \ {1} be so that α β = 1. Then Bα,β = I .

Proof. We have B̃α,β(λ) = 1 for all λ ∈ C.

Corollary 4.10. Let α ∈ C \ {1} be so that |α| = 1. Then Bα,α = I . Consequently
Aα is an isometry.

Proposition 4.11. Let α ∈ C \ {1} and let τ = 1−|α|2
|1−α|2 > 0. Then Bα,αf = f ∗ μν

τ
,

i.e.

(Bα,αf )(z) =
∫

Cd

f (g(w)) dμν
τ
(w).

Proof. The operator of convolution with μν
τ

is the Berezin transform for the Toeplitz

calculus associated with L2
a(C

d , μ ν
τ
). Hence its eigenvalues are eλ/(

ν
τ
) = eτ

λ
ν =

B̃α,α(λ).

The following general fact follows by elementary properties of intertwining oper-
ators.

Lemma 4.12. Let A be an invariant symbolic calculus, considered formally as a map
between Hilbert spaces A : L2(D,μ0)→ S2(H). Let

A = U B
1
2 (B = A′A), and A = Q

1
2 V (Q = A A′) (4.9)

be the polar decompositions ofA, withU, V minimal partial isometries (i.e. ker(U) =
ker(A) and ker(V) = ker(A′)). Then

B
1
2 (f $ g) = (B

1
2 f ) $ g, ∀ g ∈ G, ∀ f ∈ Dom(B

1
2 ). (4.10)

Q
1
2 (π(g)(X)) = π(g)(Q

1
2 (X)), ∀ g ∈ G, ∀ X ∈ Dom(Q

1
2 ), (4.11)

where

π(g)(X) := U(g) X U(g)−1, ∀ g ∈ G.

U and V are intertwining operators, i.e.

π(g)(Ub) = Ub$g−1 , π(g)(Vb) = Vb$g−1
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for all g ∈ G and b in the appropriate domains. Thus, U and V are invariant symbolic
calculi.

Proof. (4.10) and (4.11) follow immediately from Proposition 2.13. Notice also that

A′(π(g)X) = A′(X) $ g−1, ∀g ∈ G, ∀X ∈ Dom(A′), (4.12)

The fact that

π(g)(Ab) = Ab$g−1 , ∀ g ∈ G, ∀ X ∈ Dom(A),

clearly implies

π(g)(Uf ) = Uf $g−1 , ∀ g ∈ G, ∀ f ∈ Ran(B
1
2 ).

Hence, U is an invariant symbolic calculus with Dom(U) = Ran(B
1
2 ). Similarly,

using the fact that Q
1
2 is one-to-one on the range of V, we see that π(g)(Vb) = Vb$g−1

for all g ∈ G and all b ∈ Dom(V).

Theorem 4.13. Let k ∈ N and let APk = U(k) |APk |, where |APk | = (APk ′APk )
1
2

= B(k) 1
2 be the polar decomposition (4.9) of the invariant symbolic calculus APk

associated with the projection Pk . Then

˜
(B(k))

1
2 (λ) = e

λ
2ν

∣∣∣∣qk (λν
)∣∣∣∣ , ∀ λ ∈ (−∞, 0], and (B(k))

1
2 = e

�
2ν |qk|

(
�

ν

)
.

(4.13)
as an operator on L2(Cd , μ0) ≡ L2(R2d ,m). Moreover

U(k) = W Vk, where Vk := sgn(qk)

(
�

ν

)
(4.14)

and W is the Weyl calculus.

Proof. Let a, b ∈ C
d and denote λ = 〈a|b〉. We claim that for all z,w ∈ C

d

A(k)
ea,b

(z, w) = A(Pk)
ea,b

(Kw)(z)/Kw(z)

=
(
d − 1+ k

d − 1

)
1F1

(
d + k; d; λ

ν

)
e〈z|b〉 e〈a|w〉.

Here we use the standard notation 1F1 (α; β; x) =∑n≥0
(α)n
(β)n

xn

n! . Since A(k)
ea,b (z, w)

is holomorphic in a and z and anti-holomorphic in b and w, it suffices to consider
a = b and z = w. In this case, we obtain from Lemma 4.3

APk
ea,b

(Kz)(z) =
∫

Cd

e〈a|ξ〉 e〈ξ |a〉 eν 〈z|ξ〉 Kk (z− ξ, z− ξ) eν 〈ξ |z〉 dμν(ξ)

= νk

k!
∫

Cd

eν 〈η+z|z+
a
ν
〉 eν 〈z+

a
ν
|η+z〉 |η|2k dμν (η + z) =
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= νk

k! e
ν |z|2 e〈z|a〉+〈a|z〉

∫
Cd

e〈η|a〉 e〈a|η〉 |η|2k dμν (η)

= νk

k! e
ν |z|2 e〈z|a〉+〈a|z〉

∞∑
m,n=0

∫
Cd

〈η|a〉m
m!

〈a|η〉n
n! |η|2k dμν (η).

The last integral is evaluated by Lemma 4.4∫
Cd

〈η|a〉m
m!

〈a|η〉n
n! |η|2k dμν(η) = δm,n

(d + k + n− 1)!
(d − 1)! (d)n νk+n

|a|2n
n! . (4.15)

Hence

APk
ea,b

(Kz)(z) =
(
d + k − 1

d − 1

) ∞∑
n=0

(d + k)n

(d)n

|a|2n
n! νn e

〈z|a〉 e〈a|z〉 eν |z|2

=
(
d + k − 1

d − 1

)
1F1

(
d + k; d; |a|

2

ν

)
e〈z|a〉 e〈a|z〉 eν |z|2 .

Since a sesqui-holomorphic function is determined by its value on the “diagonal”, we
see that

APk
ea,b

(Kw)(z) =
(
d + k − 1

d − 1

)
1F1

(
d + k; d; 〈a|b〉

ν

)
e〈z|b〉 e〈a|w〉 eν 〈z|w〉,

and (4.15) is established.

Lemma 4.14. For all x ∈ C and k ∈ N

ex qk(x) =
(
d + k − 1

d − 1

)
1F1 (d + k; d; x).

Proof. Interchanging the order of summation, we get

ex qk(x) =
∞∑
n=0

xn

n!
k∑

j=0

(
d + k − 1

d + j − 1

)
xj

j ! =
∞∑
m=0

k∧m∑
j=0

(
m

j

) (
d + k − 1

k − j

)
xm

m! .

An easy combinatorial argument yields

k∧m∑
j=0

(
m

j

) (
d + k − 1

k − j

)
=
(
d + k +m− 1

k

)
,

and thus

ex qk(x) =
∞∑
m=0

(
d + k +m− 1

k

)
xm

m!

=
k∑

j=0

(
d + k − 1

d − 1

) ∞∑
m=0

(d + k)m

(d)m

xm

m!
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=
(
d + k − 1

d − 1

)
1F1 (d + k; d; x).

It follows from (4.15) and Lemma 4.14 that

APk
ea,b

(z, w) = e
λ
ν qk

(
λ

ν

)
e〈z|b〉 e〈a|w〉. (4.16)

Next, we know that

B̃(k)(λ) = ˜
(APk )

′APk (λ) = e
λ
ν qk

(
λ

ν

)2

, ∀ λ ∈ C.

Considering B(k)
1
2 as an operator on L2(Cd , μ0), and knowing that the Plancherel

measure is supported on (−∞, 0] (i.e. on the ea,b with b = −a), we conclude from

B̃(k)
1
2
(λ) = e

λ
2ν

∣∣∣∣qk (λν
)∣∣∣∣ , ∀ λ ∈ (−∞, 0]

that

B̃(k)
1
2 = e

�
2ν |qk|

(
�

ν

)
.

This establishes (4.13). Computing APk
ea,b via the factorization APk = U(k)B(k) 1

2 , we
obtain

APk
ea,b

(z, w) = e
λ
2ν

∣∣∣∣qk (λν
)∣∣∣∣ U(k)

ea,b (Kw)(z)

Kw(z)
.

Comparing this with (4.16) we conclude that

U(k)
ea,b (Kw)(z)

Kw(z)
= e

λ
2ν sgn

(
qk

(
λ

ν

))
e〈z|b〉 e〈a|w〉. (4.17)

However, the Weyl transform W satisfies

Wea,b (Kw)(z) = 2d
∫

Cd

e〈ξ |b〉 e〈a|ξ〉 U(sξ )(Kw)(z) dμ0(ξ)

=
∫

Cd

e〈ξ |b〉 e〈a|ξ〉 eν〈−z+2ξ |w〉 e2ν〈z|ξ〉 dμ2ν(ξ)

=
∫

Cd

e〈ξ |b+2νw〉 e2ν〈z+ a
2ν |ξ〉 dμ2ν(ξ) e

−ν〈z|w〉

= e
λ
2ν e〈z|b〉 e〈a|w〉 eν〈z|w〉,

i.e.

Wea,b (z, w) =
Wea,b (Kw)(z)

Kw(z)
= e

λ
2ν e〈z|b〉 e〈a|w〉. (4.18)
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Comparing (4.17) and (4.18) we conclude that

U(k)
ea,b
= WVk(ea,b), where Vk := sgn(qk)

(
�

ν

)
.

Standard approximation arguments yield that U(k)
f = WVk(f ) for all admissible sym-

bols f . Hence (4.14) is established, and the proof of Theorem 4.13 is complete.

Theorem 4.15. Letα ∈ C\{1} and let Aα = U(α)|Aα| be the polar decomposition of

Aα , where |Aα| = (Bα,α)
1
2 . Let α = z−1

z+1 where z = x+iy. Then |Aα| = B
x
2 , where

B is the Berezin transform associated with the Toeplitz calculus, and U(α) = Aβ ,
where β = iy−1

iy+1 .

Proof. We know by (4.8) that

˜|Aα|(λ) = exp

{
1

2

1− |α|2
|1− α|2

λ

ν

}
= exp

{
λ

2ν
x

}
.

Also, B̃(λ) = e
λ
ν . Hence ˜|Aα|(λ) = B̃

x
2 (λ), and therefore |Aα| = B

x
2 . Next, using

(4.6) and (4.16) we see that for any a, b ∈ C
d with 〈a|b〉 = λ and any z,w ∈ C

d we
have for |α| < 1

Aα
ea,b

(Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= (1− α)d

∑
k≥0

αk qk(
λ

ν
)e

λ
ν = exp

{
1

1− α

λ

ν

}
.

By analytic continuation we conclude that

Aα
ea,b

(Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= exp

{
1

1− α

λ

ν

}
, ∀ α ∈ C \ {1}. (4.19)

Since

|Aα|(ea,b) =
{

1

2

1− |α|2
|1− α|2

λ

ν

}
ea,b,

we obtain also

Aα
ea,b

(Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= exp

{
1

2

1− |α|2
|1− α|2

λ

ν

}
U(α)

ea,b (Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
.

Therefore, by (4.19), we obtain

U(α)
ea,b (Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= exp

{(
1

1− α
− 1

2

1− |α|2
|1− α|2

)
λ

ν

}
= exp

{
1

1− β

λ

ν

}
(4.20)

with

β = −1− 2α + |α|2
1− 2ᾱ + |α|2 =

iy − 1

iy + 1
.
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Comparing (4.20) and (4.19) we conclude that U(α) = Aβ .

Remark 4.2. In general, U(α) = Aβ is different from the Weyl calculus W , and

U(α) = W ⇐⇒ β = −1 ⇐⇒ α ∈ R \ {1} ⇐⇒ z ∈ R.

Remark 4.3. Theorem 4.15 suggests another possible definition of the Wick calculus
(4.3), namely

E = W B− 1
2 (4.21)

where B is the Berezin transform and W is the Weyl calculus.

Indeed, using (4.18) we see that for all a, b ∈ C
d with λ = 〈a|b〉 and all z,w ∈ C

d

we have (
W B− 1

2
)
ea,b

(Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= e−

λ
2ν

Wea,b (Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= 1.

On the other hand, using the definition (4.3) we see that Eea,b = Te0,b T ∗
e0,a

, and
therefore

Eea,b (Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= e〈z|b〉 T ∗

e0,a
(Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= 1,

since for holomorphic symbols ϕ we have T ∗
ϕ (Kw) = ϕ(w) Kw. Therefore (4.21)

holds.

Remark 4.4. Theorem 4.15 suggests also to consider E as the limiting case of Aα

where α→∞.

More precisely, using the parameter z instead of α = z−1
z+1 and writing (z)A = Aα ,

we see that

(x+iy)A = (iy)A (B
1
2 )x .

Comparing this with (4.21), we conclude that

E = (−1)A = A∞.

Summing up, the Toeplitz, Weyl and Wick calculi correspond to the points 0, −1,
and ∞ respectively in the α-plane, and the points 0, 1, and −1 respectively in the
z-planes.

The polynomials qk (4.5) have an interesting orthogonality property.

Proposition 4.16. The polynomials {qk}∞k=1 are orthogonal with respect to the prob-
ability measure

dρ(x) := 1

(d − 1)!χ(−∞,0)(x) |x|d−1e−|x| dx,
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where χ(−∞,0)(x) is the indicator function of (−∞, 0). Moreover,

‖qk‖2
L2(R,ρ)

= (d)k

k! .

Thus, the sequence of normalized polynomials {(k!/(d)k) 1
2 qk(x)}∞k=0 is an orthonor-

mal basis of L2((−∞, 0), ρ).

Proof. Let 0 ≤ � < k. Using the change of variables t = −x, we obtain∫
R

x�qk(x) dρ(x) = (−1)�(d)k
k!(d − 1)!

∫ ∞

0
t�
( k∑

j=0

(−1)j
(
k

j

)
tj

(d)j

)
td−1e−t dt

= (−1)�(d)k
k!

�∑
j=0

(−1)j
(
k

j

)
(d)�+j
(d)j

= (−1)�+d−1(d)k

k!
(
∂

∂t

)� ( k∑
j=0

(
k

j

)
td+j+�−1

)
|t=−1

= (−1)�+d−1(d)k

k!
(
∂

∂t

)� (
td+�−1(1+ t)k

)
|t=−1

= 0,

since k > �. Thus, 〈f, qk〉L2(ρ) = 0 for every polynomial f of degree at most k − 1.
In particular, {qk}∞k=0 are orthogonal in L2(ρ). The same calculations yield∫

R

xkqk(x) dρ(x) = (−1)k+d−1(d)k

k!
(
∂

∂t

)k (
td+k−1(1+ t)k

)
|t=−1

= (d)k.

Thus, ∫
R

qk(x)
2 dρ(x) =

k∑
�=0

(
d + k − 1

d + �− 1

)
1

�!
∫

R

x�qk(x) dρ(x)

= 1

k!
∫

R

xkqk(x) dρ(x) = (d)k

k! .

We close this section with an example of invariant symbolic calculus which gen-
eralizes Example 4.4. It is more complicated but, nevertheless, explicitly solvable.

Example 4.5. Fix 2 ≤ n ∈ N and α ∈ C \ {1}, and define

tk =
{
αk k ≡ 0 (mod n)

0 k �≡ 0 (mod n)
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and T = ∑k≥0 tk Pk . Let ω = e
2πi
n and α� = ω� α. Then 1

n

∑n−1
�=0(α�)

k = tk for

all k. Let T (�) = (1 − α�)
d
∑

k≥0(α�)
kPk . Then 1

n

∑n−1
�=0

T (�)

(1−α�)d = T , and hence

1
n

∑n−1
�=0

AT (�)

(1−α�)d = AT . It follows that if a, b ∈ C
d and 〈a|b〉 = λ then for all

z,w ∈ C
d

aT (λ) =
AT

ea,b
(Kw)(z)

Kw(z) e〈a|w〉 e〈z|b〉
= 1

n

n−1∑
�=0

1

(1− α�)d
exp

{
1

1− α�

λ

ν

}
.

5. Application to Toeplitz calculus and the eigenvalues of the
Berezin transform on symmetric tube domains

LetT (�) be a symmetric tube domain of rank r and genusp in C
d (see Subsection 1.3).

Let ν > p − 1 and for each b ∈ L∞(T (�)) let

Tb = P (ν)Mb|
L2
a(T (�),μν )

(5.1)

be the Toeplitz operator with symbol b on the weighted Bergman space L2
a(T (�),

μν). Here P (ν) : L2(T (�), μν) → L2
a(T (�), μν) is the orthogonal projection and

Mb f = b f is the operator of multiplication by b. In this case the link transform
is the Berezin transform B(ν) = T ′T . Our goal here is to give a new proof, via
Theorem 2.23 of the following known result [UU94] (see also [Be78]). Here, for any
λ = (λ1, . . . , λr ) ∈ C

r we denote

λ∗ = (λr , λr−1, . . . , λ1). (5.2)

Also, ρ = (ρ1, ρ2, . . . , ρr ), the half sum of the positive roots, is given by

ρj = (j − 1)
a

2
+ 1

2
, j = 1, 2, . . . , r, (5.3)

and for simplicity we put also

tν = ν − p − 1

2
.

Theorem 5.1. Let ν > p − 1. Then

Dom(B̃(ν)) = {λ ∈ C
r ; |Re λj | < tν}

and for λ ∈ Dom(B̃(ν)),

B̃(ν)(λ) = ��(λ+ ρ + ν − d
r
) ��(−λ∗ − ρ∗ + ν)

��(ν − d
r
) ��(ν)

=
r∏

j=1

�(tν + λj ) �(tν − λj )

�(tν + ρj ) �(tν − ρj )
.

(5.4)
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In the derivation of (5.4) we shall use the following result, which is of independent
interest. For α, β, γ ∈ R

r and z,w ∈ T (�) consider the integral

Iα,β,γ (z, w) =
∫
T (�)

Nα(τ (z, ξ)) Nβ(τ (ξ, ξ)) Nγ (τ (ξ, w)) dμ0(ξ). (5.5)

Definition 5.1. D is the set of all (α, β, γ ) in R
r × R

r × R
r such that the integral

(5.5) is absolutely convergent for all (z, w) ∈ T (�)× T (�), and the convergence is
uniform on compact subsets of T (�)× T (�).

Theorem 5.2. We have the inclusion

D ⊇
{
(α, β, γ ) ∈ R

r × R
r × R

r ; αj + γj < (j − 1)
a

2
− p + 1,

αj + βj + γj < (r − j)
a

2
, βj >

d

r
+ (j − 1)

a

2
for 1 ≤ j ≤ r

}
,

and for (α, β, γ ) ∈ D ,

Iα,β,γ (z, w) = Iα,β,γ Nα+β+γ (τ (z, w))

with

Iα,β,γ :=
(4π)d ��(β − d

r
) ��(−α∗ − β∗ − γ ∗)

��(−α∗) ��(−γ ∗) .

Recall that X ≡ R
d is the Euclidean Jordan algebra whose positive cone is �.

Lemma 5.3. Let (α, β, γ ) ∈ D and let g ∈ NA. Then

Iα,β,γ (g(z), g(w)) = Nα+β+γ (τ (g(ie))) Iα,β,γ (z, w)

for all z,w ∈ T (�).

Proof. Observe first that for all s ∈ C
r and g ∈ NA

Ns(τ (g(z), g(w))) = Ns(τ (z, w)) Ns(τ (g(ie))), z, w ∈ T (�). (5.6)

Indeed, both sides of (5.6) are holomorphic in z, anti-holomorphic in w, and coincide
for z = w (see (1.27)). Therefore they coincide everywhere. Using the invariance of
μ0, we obtain

Iα,β,γ (g(z), g(w)) =
∫
T (�)

Nα(τ (g(z), ξ)) Nβ(τ (ξ, ξ)) Nγ (τ (ξ, g(w))) dμ0(ξ)

=
∫
T (�)

Nα(τ (g(z), g(η))) Nβ(τ (g(η), g(η))) Nγ (τ (g(η), g(w))) dμ0(η)

= Nα+β+γ (τ (g(ie))) Iα,β,γ (z, w).
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Corollary 5.4. For (α, β, γ ) ∈ D and all z,w ∈ T (�),

Iα,β,γ (z, w) = Iα,β,γ (ie, ie) Nα+β+γ (τ (z, w)). (5.7)

Proof. Lemma 5.3 implies (5.7) for z = w (by using g = gz). Since both sides of (5.7)
are holomorphic in z and anti-holomorphic in w, they coincide for all z,w ∈ T (�).

Lemma 5.5. Fix v ∈ � and α ∈ R
r . Then the function

fα,v(x) := Nα

(
x + iv

2i

)
(5.8)

belongs to L2(X) if and only if

αj < (j − 1)
a

4
− p − 1

2
for j = 1, 2, . . . , r. (5.9)

Thus, if α, γ ∈ R
r satisfy

αj + γj < (j − 1)
a

2
− p + 1 for j = 1, 2, . . . , r (5.10)

then
∫
X
|fα,v(x) fγ ,v(x) | dx <∞, and∫
X

fα,v(x) fγ ,v(x) dx = (4π)d
��(−α∗ − γ ∗ − d

r
)

��(−α∗) ��(−γ ∗) N
α+γ+ d

r
(v).

Proof. Notice that if −αr+1−j > (j − 1) a
2 for 1 ≤ j ≤ r then (1.29) implies that

fα,v(x) = 1

��(−α∗)
∫
�

e−〈
x+iv

2i |t〉 N∗−α∗− d
r

(t) dt

and the integral converges absolutely. Thus the Fourier transform satisfies

f̂α,v(t) = 2
−

r∑
j=1

αj

��(−α∗) χ�(t) e
−〈v|t〉 N∗−α∗− d

r

(t) .

Thus by Parseval’s formula

‖fα,v‖2
L2(X)

= (2π)d 2
−2

r∑
j=1

αj

��(−α∗)2
∫
�

e−〈v|2t〉 N∗−2α∗−2 d
r

(t) dt

= (4π)d

��(−α∗)2
∫
�

e−〈v|s〉 N∗−2α∗− d
r

(s) dμ�(s)

= (4π)d
��(−2α∗ − d

r
)

��(−α∗)2 N2α+ d
r
(v)
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provided

−2αr+1−j >
d

r
+ (j − 1)

a

2
for j = 1, 2, . . . , r,

which is equivalent to (5.9). Suppose now that (5.10) holds. Then∫
X

fα,v(x) fγ,v(x) dx =
∫
X

|fα+γ
2 ,v

(x)|2 dx <∞,

and Parseval’s theorem yields

∫
X

fα,v(x) fγ ,v(x) dx = 2
−

r∑
j=1

(αj+γj )
(2π)d

��(−α∗) ��(−γ ∗)
∫
�

e−〈v|2t〉 N∗−α∗−γ ∗−2 d
r

(t) dt

= (4π)d
��(−α∗ − γ ∗ − d

r
)

��(−α∗) ��(−γ ∗) N
α+γ+ d

r
(v).

Proof of Theorem 5.2. In view of (5.7) we have only to find conditions for the finiteness
of Iα,β,γ (ie, ie), and to compute it. Notice first that, with the notation (5.8), we have

Iα,β,γ (ie, ie) =
∫
�

(∫
X

fα,e+y(x) fγ ,e+y(x) dx
)

Nβ−p(y) dy.

Therefore, if (5.10) holds, we obtain

Iα,β,γ (ie, ie) =
(4π)d ��(−α∗ − γ ∗ − d

r
)

��(−α∗) ��(−γ ∗)
∫
�

N
α+γ+ d

r
(e + y) Nβ−p(y) dy

= (4π)d

��(−α∗) ��(−γ ∗)
∫
�

(∫
�

e−〈y|t〉 Nβ−p(y) dy
)
e− tr(t) N∗−α∗−γ ∗−2 d

r

(t) dt

= (4π)d��(β − d
r
)

��(−α∗) ��(−γ ∗)
∫
�

e− tr(t) N∗−α∗−β∗−γ ∗− d
r

(t) dt

= (4π)d��(β − d
r
) ��(−α∗ − β∗ − γ ∗)

��(−α∗) ��(−γ ∗) ,

provided we have also

βj >
d

r
+ (j − 1)

a

2
, j = 1, 2, . . . , r

and

αj + βj + γj < (r − j)
a

2
, j = 1, 2, . . . , r.

This completes the proof of Theorem 5.2.

For the proof of Theorem 5.1 we shall need also the following identity.
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Lemma 5.6. Let α ∈ C
r satisfy Re(αj ) > (j − 1) a

2 for j = 1, 2, . . . , r . Then

��(α) = ��

(
α∗ + 2ρ − d

r

)
where ρ is defined by (5.3).

Proof. Notice first that for all 1 ≤ j ≤ r(
α∗ + 2ρ − d

r

)
j

− (j − 1)
a

2
= αr+1−j − (r − j)

a

2
,

and so the real parts of both sides are positive simultaneously. Next, when Re αj >

(j − 1) a
2 for all j ,

��(α) = (2π)
d−r

2

r∏
j=1

�
(
αj − (j − 1)

a

2

)

= (2π)
d−r

2

r∏
j=1

�
(
αr+1−j − (r − j)

a

2

)

= (2π)
d−r

2

r∏
j=1

�

((
α∗ + 2ρ − d

r

)
j

− (j − 1)
a

2

)

= ��

(
α∗ + 2ρ − d

r

)
.

Proof of Theorem 5.1. In the case of the Toeplitz calculus in the context of the spaces
L2
a(T (�), μν) the function F(z,w) is given by

F(z,w) = K(z,w)K(w, ie)

K(z, ie)K(w,w)
.

We claim that

z̃F (λ) = c(ν, λ)Eλ(z),

where

c(ν, λ) = ��(λ+ ρ + ν − d
r
) ��(−λ∗ − ρ∗ + ν)

��(ν) ��(ν − d
r
)

and

Eλ(z) = Eeλ(z, ie) = Nλ+ρ(τ (z, ie)).
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Indeed, using Theorem 5.2 and the definition (1.28)we find

z̃F (λ) = a(ν)

∫
T (�)

N(τ (z, w))−ν N(τ (w, ie))−ν

N(τ (z, ie))−ν N(τ (w,w))−ν
Nλ+ρ(τ (w,w)) dμ0(w)

= a(ν) N(τ (z, ie))ν I−ν,λ+ρ+ν,−ν(z, ie)

= ��(λ+ ρ + ν − d
r
) ��(−λ∗ − ρ∗ + ν)

��(ν) ��(ν − d
r
)

Nλ+ρ(τ (z, ie)).

Using Theorem 5.2, we obtain

B̃(ν)(λ) =
∫
T (�)

z̃F (λ) z̃F (−λ̄) |K(ν)(z, ie)|2 dμν(z)

= c(ν, λ) c(ν,−λ̄)
∫
T (�)

Nλ+ρ(τ (z, ie)) N−λ+ρ(τ (z, ie)) |K(ν)(z, ie)|2 dμν(z)

= a(ν) c(ν, λ) c(ν,−λ) I−λ+ρ−ν,ν,λ+ρ−ν(ie, ie)

= a(ν) c(ν, λ) c(ν,−λ)(4π)d ��(ν − d
r
) ��(−2ρ∗ + ν)

��(λ
∗ − ρ∗ + ν) ��(−λ∗ − ρ∗ + ν)

= ��(λ+ ρ + ν − d
r
) ��(−λ+ ρ + ν − d

r
)

��(ν) ��(ν − d
r
)

,

where we used the definitions of c(ν, λ), c(ν,−λ), a(ν) and Lemma 5.6 to obtain

��(−2ρ∗ + ν) = ��

(
−2ρ + ν + 2ρ − d

r

)
= ��

(
ν − d

r

)
.

Notice also that by Lemma 5.6

��

(
−λ+ ρ + ν − d

r

)
= ��

(
−λ∗ + ρ∗ + ν − d

r
+ 2ρ − d

r

)
= ��

(
−λ∗ − ρ∗ + ν

)
,

since

(2ρ∗ + 2ρ)j = 2d

r
for j = 1, 2, . . . , r.

Therefore the eigenvalue of the Berezin transform B(ν) can be written in the form

B̃(ν)(λ) = ��(λ+ ρ + ν − d
r
) ��(−λ∗ − ρ∗ + ν)

��(ν) ��(ν − d
r
)

.
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Finally, using (1.26) and (5.2) we obtain

B̃(ν)(λ) =
r∏

j=1

�(λj + ρj + ν − d
r
− (j − 1) a

2 ) �(−λj + ρj + ν − d
r
− (j − 1) a

2 )

�(ν − (j − 1) a
2 ) �(ν − d

r
− (j − 1) a

2 )

=
r∏

j=1

�(λj + tν) �(−λj + tν)

�(ρj + tν) �(−ρj + tν)

since ρj − d
r
− (j − 1) a

2 = −p−1
2 , tν = ν − p−1

2 and

r∏
j=1

�
(
ν − (j − 1)

a

2

)
=

r∏
j=1

�
(
ν − (r − j)

a

2

)
=

r∏
j=1

(ρj + tν).

This completes the proof of Theorem 5.1.

Remark 5.1. Quite generally, it is easy to see that the fundamental function aT (λ) of
the Toeplitz calculus T is equal to the eigenvalue of the Berezin transform B = T ′ T :

aT (λ) = B̃(λ).

Therefore Theorem 5.1 yields (3.11).

Remark 5.2. The right hand side of (5.4) is an entire meromorphic function of λwhich
is analytic in the tube

Qν := {λ ∈ C
r ; |Re(λj )| < tν}. (5.11)

Therefore the above proofs show that (5.4) holds for all λ ∈ Qν , ν > p− 1. We con-
jecture that it is possible to consider the Toeplitz quantization T (ν) and the associated
link transform B(ν) in a canonical and explicit way for all ν >

p−1
2 , and that (5.4) is

valid for all λ ∈ Qν in the extended range of ν. This may require the techniques of
[AU97] and [AU99].
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Abstract. We survey known and new results concerning the geometric structure of the convex
hulls of finite irreducible Coxeter groups. In particular we consider a conjecture concerning the
normals to the faces of maximal dimension of these convex hulls. This conjecture is related to
a theorem of Birkhoff and also to interpolation of operators. We describe various approaches
to its proof as well as various computer calculations involved.
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1. Introduction

Let G be a finite irreducible Coxeter group naturally acting on a finite dimensional
real Euclidean space V . So, G is a subset of the linear space End V of linear operators
in V. Let I denote the identity operator.

We study the geometry of the convex hull of G, which we denote by convG.
This is a convex polytope in the linear space End V. What is its facial structure? In
particular, what are its faces of maximal dimension? All these problems naturally arise
in various disguises – we were mostly motivated by a duality approach to interpolation
of operators discussed below.

Recently there has been substantial progress in this direction, see [10]. During
the summer of 2000 we were able to move further, relying heavily on computer
calculations. The goal of this article is to give a full account of the present state
of the problem.
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1.1. Birkhoff’s Theorem

To describe the results, we start with a formulation of a well known theorem due to
G. Birkhoff [2].

Definition 1.1. Let T = (tij ) be an n× n matrix. It is called bistochastic (or doubly
stochastic) if its entries are non-negative and

for every j, 1 ≤ j ≤ n,

n∑
i=1

tij = 1,
n∑

i=1

tj i = 1.

The set of all bistochastic n× n matrices is denoted by �n.

Obviously, the set �n is a convex polytope in the space of n× n matrices. Since
there are 2n− 1 independent linear equations involved in the definition, this polytope
is actually in a subspace of dimension n2 − (2n− 1) = (n− 1)2.

Definition 1.2. Let Permn denote the group of n× n permutation matrices.

Theorem 1.3 (G. Birkhoff, [2]). The set of vertices of the polytope �n coincides with
the set of permutation matrices Permn.

So, the polytope of bistochastic matrices turns out to be nothing else but the convex
hull of the group Permn .Let us reformulate this result. The group Permn acts reducibly
on R

n: it fixes the vector e = (1, 1, . . . , 1) and acts irreducibly on its orthogonal
complement e⊥ = {(xi) ∈ R

n : ∑ xi = 0}. Consider the group An−1 = Permn |e⊥ .
This group is maybe the most important example of a finite irreducible Coxeter group.
It spans an (n−1)2-dimensional subspace in the space of n×n matrices. Note that all
bistochastic matrices also fix the vector e and leave e⊥ invariant – this is actually a part
of the definition. So, Theorem 1.3 says that the polytope of bistochastic matrices is
located in an (n−1)2-dimensional subspace and its vertices are operators from An−1.

Thus the definition of bistochastic matrices describes the convex hull of the Coxeter
group An−1 in terms of linear inequalities. One can rather easily see that this set of
inequalities is the smallest possible: each inequality describes a half-space bounded
by a face of the polytope. But what is the invariant meaning of these inequalities?

There exists a whole industry dealing with generalizations of results known for
groups An to other Coxeter groups. Very often these generalizations turn out to be
non-trivial and useful, providing deeper insights into the results. Sometimes they are
simply exercises in the theory of Coxeter groups. It is usually very interesting if a
result valid for An proves not to be valid for all Coxeter groups – such results are
usually most challenging. This is exactly the case with generalizations of the Birkhoff
Theorem: a natural generalization – see Conjecture 1.4 below – is not true for Coxeter
groups whose graphs are branching, but it seems to be true for Coxeter groups whose
graphs are non-branching (as of January 2001, Conjecture 1.4 has been verified for all
finite irreducible Coxeter groups except H4).

Actually, our main impetus came not from a simple (though natural) desire to gen-
eralize but from a rather unexpected source – the theory of Interpolation of Operators.
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The problem becomes very natural in that setting and the main Conjecture arises from
some deep results related to interpolation of operators in spaces with Coxeter-invariant
norms. We describe this circle of ideas in Subsection 1.3 below.

1.2. Conjecture

Returning to the general setting of an irreducible Coxeter groupGwe may say that we
are interested in calculation of the faces of convG of maximal dimension (dim V )2−1.
Each such face is a polytope of full dimension in an affine hyperplane {A ∈ End V :
f (A) = c}wheref is a linear functional on End V.These (properly scaled) functionals
are naturally identified with elements of Extr(convG)◦ – the set of extreme elements
of the polar polytope (convG)◦ = {h ∈ (End V )∗ : ∀A ∈ convG h(A) ≤ 1}. We
prefer to introduce a Euclidean structure into End V which allows to identify the spaces
End V and (End V )∗ and to treat the mentioned functionals as normals to the face.
The needed scalar product on End V is given by the formula (A,B) = trace (AB∗),
where B∗ is the operator adjoint to B (to define B∗ we need the Euclidean structure
in V ). Moreover, the Euclidean structure in V allows to identify V ∗ with V and
therefore to identify V ⊗V with V ⊗V ∗. In turn, V ⊗V ∗ is naturally identified with
the space (End V )∗, which is already identified with End V, so we may identify the
spaces V ⊗ V and End V. In particular, for any x, y ∈ V we identify x ⊗ y with the
rank one operator z �→ x〈y, z〉.

Let us describe the Conjecture.
Consider the set W(G) of all weights of the group G. Throughout this paper we

consider “non-normalized weights”, i.e., nonzero vectors directed along extreme rays
ofWeyl chambers – the term “weight” is often used to denote only specially normalized
vectors of this type. Each weight ω is associated with a vertex π(ω) of the Coxeter
graph �(G).

Let EG denote the set of extremal weights of the group G, i.e., those associated
with the end vertices of the Coxeter graph �(G).

Put mG(x, y) = max{〈gx, y〉 : g ∈ G}. One can show that in the case of an
irreducible Coxeter group G the quantity mG(x, y) is strictly positive for any nonzero
vectors x, y ∈ V.

Let

BG = {ω ⊗ τ/mG(ω, τ) : ω, τ ∈ EG, π(ω) �= π(τ)}.
We call the elements of BG the Birkhoff tensors. Note that Birkhoff tensors all

have rank one.
The importance of Birkhoff tensors for our problem is apparent because of the

following result (see Theorem 4.4 below):

BG = (Extr(convG)◦)
⋂

( rank 1 tensors ).
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The following conjecture was first proposed in 1979 by Veronica Zobin [19] and
later elaborated by the last author:

Conjecture 1.4. (a) If the Coxeter graph �(G) is non-branching then

BG = Extr(convG)◦.

(b) If the Coxeter graph �(G) is branching then

BG � Extr(convG)◦.

Part (b) of the Conjecture was proved in [10]; we reproduce this proof in Section 8
below. As for Part (a), it was proved in [10] for all infinite families of Coxeter groups
with non-branching graphs, and we have verified it for the groups F4 and H3 by rather
nontrivial computer calculations. The only remaining group is H4. The computer
calculations that were successful for other groups could not be completed for H4 on
the available computers, mainly because of insufficient random access memory.

It should be noted that the success in proving Part (b) was achieved with a very
strong computer component: a computer calculation found an essentially unique tensor
of rank 3 belonging to the set Extr(convD4)

◦, and then the general case of a Coxeter
group with a branching graph was reduced to this one. We still do not quite understand
the invariant meaning of this rank 3 tensor. However, after this tensor is found one can
verify by hand that it really belongs to Extr(convD4)

◦, so the proof does not formally
depend upon the computer calculations.

Certainly, it would be very interesting to find a unified approach avoiding the case
study of irreducible Coxeter groups and heavy use of computers. We believe that there
must be a general simple reason for the validity of the Conjecture.

1.3. Interpolation of operators

The above conjecture naturally appeared in the theory of interpolation of operators in
spaces with given symmetries – see [15, 16]. The main object studied in these papers
was the convex set envG defined as the semigroup of all linear operators in V which
transform every G-invariant convex closed set into itself:

envG = {T ∈ End V : T (U) ⊂ U for every convex closed G-invariant U ⊂ V }.
Obviously,

convG ⊂ envG.

If these two sets coincide then the only operators simultaneously contracting all G-
invariant closed convex sets are those which have this property almost by definition.
So this case is not interesting from the point of view of interpolation of operators.
The opposite case is much more interesting – there are nontrivial operators that can be
interpolated. In the case of an irreducible finite Coxeter groupGwe have a convenient
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dual description of the set envG – this description is one of the central results of [16]:

Extr(envG)◦ = BG.

So the question is if convG = envG, i.e., if Extr(G◦) = BG.

Currently we know that the latter equality is not true for Coxeter groups with
branching graphs. This leads to two difficult problems. First, what is Extr(G◦) for
such groups? Second, what are the extreme common contractions, i.e., the extreme
elements of the semigroup envG? As of now, we have no viable conjectures.

1.4. Geometry of orbihedra

The problem of describing the facial structure of convG is a particular case of a
more general problem, which naturally arises in several areas of Operator Theory and
Representation Theory. Consider a finite group G of linear operators acting on V.

For every nonzero x ∈ V consider the related G-orbihedron CoG x – the convex hull
of the G-orbit of x. The convex geometry of G-orbihedra is important in numerous
problems. In the case when G is a Coxeter group, one can obtain very detailed
information regarding the facial structure of CoG x in convenient geometric terms –
see [11] for the most comprehensive account. But as soon as we depart from Coxeter
groups in their natural representations the situation becomes much more complicated.
For example, the natural action of G×G on End V by pre- and post-multiplications
is not generated by reflections across hyperplanes, and all of the powerful machinery
developed in [11] is not applicable. Moreover, preliminary computer experiments
(C. K. Li, I. Spitkovsky, N. Zobin) show that the geometry of the related orbihedra
may be very complicated. Nevertheless, there are several cases when it is possible
to understand this geometry pretty well. It is more natural to consider a larger group
S⊗2 (G) generated by G × G and the operator T �→ T ∗, where T ∗ is the operator
adjoint to T . First, convG can be viewed as a S⊗2 (G)-orbihedron generated by the
identity operator, and its facial structure does not seem too bad, at least in the case
of a Coxeter group with a non-branching graph. The second example is the S⊗2 (G)-
orbihedron generated by a Birkhoff tensor. One can easily see that the group S⊗2 acts
transitively on the set of Birkhoff tensors of a Coxeter group with a non-branching
graph, so the set BG is the set of extreme vectors of a S⊗2 (G)-orbihedron. Since
(BG)

◦ = convG in this case (not yet verified for G = H4) then for b ∈ BG we have
Extr(CoS⊗2 (G) b)

◦ = G. For what other elements b ∈ End V does the related S⊗2 (G)-
orbihedron have a simple facial structure? This is a very interesting (but seemingly
difficult) problem.

Let us remark that an analogous problem for infinite groups O(V ) and U(V ) of,
respectively, orthogonal operators on a real Euclidean space V and unitary operators
on a complex Hermitian space V , is closely related to the theory of Schatten–von
Neumann ideals, which has been studied in great depth (though in different terms).
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One can answer some of these questions by rethinking classical results in the geometric
theory of Schatten–von Neumann ideals (see, e.g., [6]).

Another way to study the geometric structure of convG is to explore the group
of linear operators on End V preserving convG. This is a sort of a linear preserver
problem, rather popular in Linear Algebra, see [13]. There was considerable progress
in this direction recently, see [8]. A general type of answer is as follows: the only
operators preserving convG are the so-called rigid embeddings, i.e., operators of the
type φ(A) = gAh or φ(A) = gA∗h, where g, h belong to the normalizer of G in
O(V ), and gh ∈ G. Such results were known for groups O(V ) ([14]) and An ([9]).
Rather unexpectedly, rigid embeddings are not the only operators preserving convBn,

see [8].

Acknowledgments. We are greatly indebted to Chi-Kwong Li and Veronica Zobin
for numerous valuable discussions of various aspects of the problem. We are also
thankful to Val Spitkovsky whose computer expertise was so helpful to us.

2. A brief review of Coxeter groups

Let us now address several facts concerning the theory of Coxeter groups. For greater
detail, consult [1], [3], or [7]. Let G ⊂ End V be a group. Then G is a Coxeter group
if it is finite, generated by orthogonal reflections across hyperplanes (containing the
origin), and acts effectively (i.e., gx = x for all g ∈ G implies x = 0).

2.1. Roots and weights

Let M(G) denote the set of all mirrors – the hyperplanes in V such that the orthog-
onal reflections across them belong to the group G. Mirrors split the space V into
connected components, whose closures are polyhedral cones. These cones are called
Weyl chambers. It is known that Weyl chambers are actually simplicial cones, i.e.,
they have exactly dim V faces of codimension 1. These faces are called the walls of
the chamber. The simpliciality of Weyl chambers implies that each Weyl chamber has
exactly dim V extreme rays, and each extreme ray does not belong to exactly one wall
of the chamber. Unit normals to the mirrors are called roots, the set of all roots is
denoted by RG.

Fix a Weyl chamber C. Consider the roots ni(C), 1 ≤ i ≤ dim V, perpendicular
to its walls, directed inwards with respect to the chamber. We call these fundamental or
simple roots. It is known that the group G is generated by reflections across the walls
(i.e., across the mirrors containing the walls) of a Weyl chamber, i.e., by the operators
Ri = I − 2ni ⊗ ni, 1 ≤ i ≤ dim V. Consider the vectors ωj (C), 1 ≤ j ≤ dim V,

such that 〈ni, ωj 〉 = cj δ(i − j), cj > 0. These vectors are called the fundamental
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weights associated with the chamber C. The exact values of cj are not important for
our purposes (for a standard normalization of fundamental weights see [3]). One can
easily see that the fundamental weights are directed along the extreme rays of C. The
set of all weights (i.e., those associated with any Weyl chamber) is denoted by WG.The
sets RG and WG are fibered into G-orbits. It is known that the group G acts simply
transitively on the set of Weyl chambers (i.e., for every two chambers there exists
exactly one element of G transforming one of them onto the other). This immediately
implies that the G-orbit of any vector x (we denote it by OrbG x) intersects a Weyl
chamber at exactly one point, let x∗(C) denote the only point ofC∩OrbG x.Consider
mG(x, y) = maxg∈G〈gx, y〉. It is known (see [16]) that for any Weyl chamber C

mG(x, y) = 〈x∗(C), y∗(C)〉 ≥ 0.

In fact, one can easily show thatmG(x, y) > 0 for irreducible Coxeter groups, provided
x, y are both nonzero.

2.2. Coxeter graphs

Since a Coxeter group G is generated by reflections across the walls of any Weyl
chamber, all information about the group is encrypted in the geometry of a Weyl
chamber. In its turn the whole geometry of a Weyl chamber is described by the angles
between its walls. Since the group is finite, these angles must be π/k, k ∈ Z+, k ≥ 2.
There is a wonderful way to encode the information about the angles in a graph. Let
�(G)denote the Coxeter graph ofG, constructed as follows: the set vert(G)of vertices
of the graph is in a one-to-one correspondence with the set of walls of a fixed Weyl
chamber C, and two vertices are joined by an edge if and only if the angle between the
related walls is π/k, k ≥ 3, and k−2 is the multiplicity of the edge. Since the group
acts transitively on the set of Weyl chambers, the Coxeter graph does not depend upon
the choice of a Weyl chamber. Every fundamental root ni(C) is naturally associated
with a wall of the Weyl chamber C, so it is associated with a vertex of �(G). Every
fundamental weight ωj (C) is naturally associated with a unique wall of C (namely,
with the one it does not belong to), so it is naturally associated with a vertex π of the
graph �(G). One can easily see that all weights from the same G-orbit are associated
with the same vertex, so there is a one-to-one correspondence between the G-orbits
of weights and the vertices of �(G). Let π(ω) denote the vertex of �(G) associated
with the G-orbit of ω ∈ WG.

An end vertex of the Coxeter graph �(G) is any vertex connected to only one other
vertex. A weight associated with an end vertex of �(G) is called an extremal weight,
the set of extremal weights is denoted by EG.

A Coxeter graph is branching if it contains a vertex (called a branching vertex)
connected to at least three other vertices. Otherwise, the graph is non-branching.

It is known that a Coxeter group G is irreducible if and only if its Coxeter graph
�(G) is connected. All connected Coxeter graphs are classified, so all irreducible
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Coxeter groups are classified (see [3], [1], [7]). In particular, the classification shows
that a connected Coxeter graph contains at most one branching vertex, the branching
vertex is connected to exactly three other vertices, and all edges of a branching graph
have multiplicity 1.

2.3. Supports and stabilizers

Fix a Weyl chamber C, let ωi, 1 ≤ i ≤ dim V, denote the related fundamental
weights, and for each i, 1 ≤ i ≤ dim V, letWi denote the wall ofC not containingωi.

Since C is a simplicial cone then for every a ∈ V there exists a unique decomposition

a∗(C) =
∑
i

λi(a
∗(C))ωi, λi(a

∗(C)) ≥ 0.

Obviously,

λi(a
∗(C)) = 〈a∗(C), ni〉

ci
.

Introduce the support of a as follows:

suppG a = {πi ∈ vert(G) : λi(a∗(C)) > 0} = {πi ∈ vert(G) : a∗(C) /∈ Wi}.
One can easily show that suppG a does not depend upon the choice of the chamber C,
and it actually depends only upon the G-orbit of a.

For a ∈ C let

StabG a = {g ∈ G : ga = a}
It is well known (see, e.g., [3]) that this subgroup is generated by reflections across the
wallsWi ofC, containing a.This subgroup is not a Coxeter group since the intersection
of all mirrors containing a (we denote this intersection by V a) is a nontrivial subspace
of fixed vectors. Let us restrict the action of this subgroup to its invariant subspace
Va = (V a)⊥.Thus, the nontrivial fixed vectors are cut off, and we get a Coxeter group

Ga = StabG a|Va
acting on this subspace Va . Its Coxeter graph can be computed as follows (see [16]):

�(Ga) = �(G) \ suppG a.

The latter means that all the vertices from suppG a are erased, as well as all adjacent
edges. So, if ω is a fundamental weight then Vω = ω⊥ and �(Gω) = �(G) \ {π(ω)}.
If ω is an extremal fundamental weight then the group Gω acts irreducibly on ω⊥,
since the graph �(G) \ {π(ω)} is connected.

We recall the definitions of several Coxeter groups together with their extremal
weights.
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2.4. Classification of irreducible Coxeter groups.

The following are descriptions of all finite irreducible Coxeter groups. First let us
examine the four infinite families An, Bn, Dn, and I2(n).

Define Permn+1 to be the group of linear operators acting on R
n+1 by permutations

of the canonical basis {e1, e2, e3, ..., en+1}.We see that e =∑n+1
i=1 ei is a fixed vector;

now restrict the action to the invariant subspace e⊥.

Definition 2.1. An = {T |e⊥ : T ∈ Permn+1}.
The related Coxeter graphs are:

,...

Vectors ω1 = e1 − e/(n+ 1), ωn = e/(n+ 1)− en+1 are extremal fundamental
weights.

Note for future reference that ω1 is the orthogonal projection of the vector e1 onto
the subspace e⊥.Also, An does not contain −I (where I is the identity operator), and
ωn ∈ OrbAn(−ω1).

Definition 2.2. Bn is the group of linear operators acting on R
n by taking ei to

p(i)eσ(i), where σ is a permutation of {1, ..., n} and p(i) = ±1 for 1 ≤ i ≤ n.

The related Coxeter graphs are:

,...

4

The vectors ω1 = e1, ωn = e = e1+· · ·+ en are extremal fundamental weights.

Definition 2.3. Dn = {T ∈ Bn : T performs an even number of sign changes}.
The related Coxeter graphs are:

,...

Definition 2.4. For n ≥ 3, I2(n) is the dihedral group of order n, i.e., the group of
symmetries of a regular n-gon. This is the group of operators acting on R

2 generated
by reflections across the lines y = 0 and y = tan(π/n)x.

The related Coxeter graphs are:
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n

Now, let us list the exceptional groups F4, H3, H4, E6, E7, E8. For these groups
we give their Coxeter graphs only (in the order they are listed):

4

5

5

So, there exist four infinite families of irreducible Coxeter groups (An, Bn,Dn,
I2(n)) plus six exceptional groups (E6, E7, E8, F4, H3, H4). Each subscript indicates
the dimension of the space V where the group naturally acts. Coxeter graphs of
An,Bn, I2(n), F4, H3, H4 are non-branching, Coxeter graphs of Dn,E6, E7, E8 are
branching.

3. The Main Theorem

Theorem 3.1. (a) Let G = An,Bn, I2(n), F4 or H3. Then

Extr(G◦) = BG.

(b) Let G = Dn,E6, E7 or E8. Then

Extr(G◦) � BG.
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We prove the first assertion of this theorem case by case. If G = An or Bn, then
the assertion is essentially the classical Birkhoff Theorem [2] – see details below. The
case G = I2(n) was first proved in [10], but here we offer a much easier proof. The
cases G = F4 and G = H3 are proved by computer calculations which we describe
below. The second assertion – the case of the branching Coxeter graph – was proved
in [10]; we reproduce the proof below.

4. Convex geometry and irreducible Coxeter groups

As it has been already mentioned in the Introduction, we equip the space End V with
the scalar product (T , S) = trace (T S∗), and we identify x⊗y with the rank 1 operator
z → x〈z, y〉. One can easily check that (x ⊗ y)∗ = y ⊗ x, trace (x ⊗ y) = 〈x, y〉,
(x ⊗ y)(w ⊗ t) = (x ⊗ t)〈y,w〉.

4.1. Polar sets

As usual, if we have a real Euclidean space W with a scalar product (., .) then for a
subset U ⊂ W we consider its polar set U◦ = {z ∈ W : ∀ x ∈ U, (x, z) ≤ 1}.
The set U◦ is a closed convex subset of W , containing 0. One can easily verify
that U◦ = (convU)◦. By the Bipolar Theorem, (U◦)◦ = conv (U ∪ {0}). So if
0 ∈ convG then convG = ((convG)◦)◦ (we may omit the closure since convG is
a closed polyhedron). We show that 0 is an interior point of convG, see Lemma
4.2. This implies that the set (convG)◦ is compact and therefore, by the Krein–
Milman Theorem, this set is the closed convex hull of its extreme points. So the set
Extr(convG)◦ provides a nice description of the set convG:

convG = (Extr(convG)◦)◦ = {T ∈ End V : (T , b) ≤ 1 ∀ b ∈ Extr(convG)◦}.
This formula and the definition of extreme points show that the elements of the set
Extr(conv(G)◦) are properly scaled normals to the faces of the polyhedron convG.

4.2. Convex bodies associated with Coxeter groups

The following lemma can be deduced from the Burnside Theorem, but we prefer to
give a simple direct proof, especially because the idea is also used in the proof of
Theorem 4.4.

Lemma 4.1. Let G be an irreducible Coxeter group. Then the set G spans the whole
space End V.

Proof. Fix a Weyl chamber C. As before let ni, i = 1, 2, ..., dim V, denote the
related fundamental roots (i.e., the unit normals to the walls of C), associated with the
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vertices πi of the Coxeter graph �(G). These roots form a basis of V. The group G

is generated by the reflections Ri = I − 2ni ⊗ ni, i = 1, 2, ..., dim V. Since I ∈ G,

all operators ni ⊗ ni are in spanG. Considering the products RiRj = I− 2ni ⊗ ni −
2nj ⊗ nj + 4〈ni, nj 〉ni ⊗ nj such that the vertices πi, πj are connected by an edge
(and therefore 〈ni, nj 〉 �= 0), shows that all such operators ni⊗nj are in spanG. Now
choose three vertices πi, πj , πk such that the second one is connected by edges to the
first and the third ones. Considering the product RiRjRk ∈ G and using the previous
remarks, we show that ni ⊗ nk ∈ spanG. Repeating the same trick, we show that all
operators ni ⊗ nj are in spanG, provided the vertices πi, πj can be connected by a
simple path in �(G). Since the Coxeter graph of an irreducible group is connected,
the lemma is proven.

Lemma 4.2. Let G be an irreducible Coxeter group. Then 0 is an interior point of
the set convG.

Proof. Consider the arithmetic mean avG of the elements ofG.The groupG obviously
fixes every element in the range of avG, but this irreducible group cannot have nonzero
fixed vectors, therefore avG = 0. So, 0 = avG ∈ conv G. Assuming that 0 is not an
interior point of conv G, we find a nonzero operator b ∈ End V such that (g, b) ≤ 0
for all g ∈ G. Therefore either G ⊂ {a ∈ End V : (a, b) = 0}, or (avG, b) < 0.
The first is impossible because G spans the space End V , and the second is impossible
because avG = 0.

This result implies that the set G◦ = (convG)◦ is compact and therefore G◦ =
conv ExtrG◦.

Noticing that the set BG consists of rank 1 operators and is invariant under pre-
and post-multiplications by operators from G we arrive to the following result, which
will be needed for Corollary 4.5:

Corollary 4.3. Let G be an irreducible Coxeter group. Then 0 ∈ conv(BG).

Theorem 4.4. BG = (ExtrG◦) ∩ ( rank 1 tensors )

Proof. One of the main results of [16] asserts that

BG = Extr conv(G◦ ∩ ( rank 1 tensors )).

This is a rather deep result closely connected with the approach to interpolation of
operators outlined in the Introduction.

Let us prove that BG ⊂ ExtrG◦. This will obviously imply the assertion of the
theorem.

Choose two extremal fundamental weights ω, τ belonging to a Weyl chamber
C, such that π(ω) �= π(τ). It suffices to show that (ω ⊗ τ)/mG(ω, τ) ∈ ExtrG◦.
Consider the set M = {g ∈ G : (g, ω ⊗ τ) = 〈gτ, ω〉 = mG(τ, ω) = mG(ω, τ)}.
Since for any g ∈ G we have (g, ω⊗ τ) = 〈gτ, ω〉 ≤ mG(ω, τ), conv M is a face of
convG and all we need to show is that its dimension is maximal, i.e., to prove that M
spans End V .
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Define P = {hg : h ∈ StabG(ω), g ∈ StabG(τ)}. Obviously, P ⊂M.

Let ni, 1 ≤ i ≤ N = dim V, denote the fundamental roots associated with the
chamberC;we assume that all roots are of unit length. Letωi, 1 ≤ i ≤ N, denote the
related fundamental weights, we assume that τ = ω1, ω = ωN.LetRj = I−2nj⊗nj
be the corresponding reflections. Recall that StabG(ωi) is generated by {Rj : j �= i}.

Obviously, I ∈ StabG(ω1)
⋂

StabG(ωN). Also, note Rj ∈ StabG(ω1) for all
1 < j ≤ N , andRj ∈ StabG(ωN) for all 1 ≤ j < N . Thus, for all 1 < j ≤ N, nj ⊗
nj ∈ span StabG(ω1). Similarly, for all 1 ≤ j < N, nj ⊗ nj ∈ span StabG(ωN).

Choose any i, j such that 1 < i, j ≤ N . Let πi = πk1 , πk2 , . . . , πkr = πj be a
simple path in �(G), connecting πi to πj . Such a path exists since �(G) is connected.
For all 1 ≤ l ≤ r , we see that kl �= 1, so nkl ⊗ nkl ∈ span StabG(ω1). Then the
product (nk1 ⊗ nk1)(nk2 ⊗ nk2) . . . (nkr ⊗ nkr ) is also in span StabG(ω1). Since

(nk1 ⊗ nk1)(nk2 ⊗ nk2) . . . (nkr ⊗ nkr )

= 〈nk1 , nk2〉〈nk2 , nk3〉 . . . 〈nkr−1 , nkr 〉(nk1 ⊗ nkr )

and for any 1 ≤ l < r , 〈nkl , nkl+1〉 �= 0 (the vertices πkl and πkl+1 are joined in �(G)),
nk1 ⊗ nkr = ni ⊗ nj ∈ span StabG(ω1) for all 1 < i, j ≤ N . Repeating the same
argument for StabG(ωN) yields ni ⊗ nj ∈ span StabG(ωN) for all 1 ≤ i, j < N .

Chooseπm adjacent toπ1. Now (n1⊗n1)(nm⊗nN) ∈ span(P ). Since 〈n1, nm〉 �=
0, n1 ⊗ nN ∈ span(P ).

To show that nN ⊗n1 ∈ span(P ) requires a slightly more refined argument. Since
the system {ni : 1 ≤ i ≤ N} is a basis in the spaceV , and the system {ωi : 1 ≤ i ≤ N}
is biorthogonal to this basis, then one can easily show that

I =
N∑

i,j=1

〈ωi, ωj 〉nj ⊗ ni

Notice that 〈ωi, ωj 〉 �= 0 (in fact, > 0) for any 1 ≤ i, j ≤ N, because ωi and
ωj are in the same Weyl chamber, and G is irreducible. For all (i, j) �= (N, 1),
ni ⊗ nj ∈ span(P ), and I ∈ span(P ), so

I−
∑

1≤i,j≤N
(i,j) �=(N,1)

〈ωi, ωj 〉ni ⊗ nj = 〈ωn, ω1〉nN ⊗ n1

is in span(P ). Therefore, nN ⊗ n1 ∈ span(P ).
Thus, for all 1 ≤ i, j ≤ N, ni ⊗ nj ∈ span P . Since {ni ⊗ nj : 1 ≤ i, j ≤ N}

form a basis for End V and P ⊂M, we see that M spans End V as required.

The next result easily follows from the previous ones and the Bipolar Theorem:

Corollary 4.5. The following are equivalent:

1. BG
◦ ⊂ convG.

2. BG
◦ = convG.
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3. Extr(G◦) = BG.

4. Extr(G◦) ⊂ BG.

5. The proof of Theorem 3.1 for the groups An and Bn

Birkhoff’s theorem can be reformulated as follows:

Theorem 5.1. ExtrA◦n = BAn .

Proof. Recall that e = ∑n+1
i=1 ei . Definition 1.1 means that T ∈ �n+1 if and only if

T e = e, T ∗e = e and T transforms the positive orthant of R
n+1 into itself. So, e⊥

is invariant under T ∈ �n+1. Therefore T transforms the intersection of the positive
orthant with the affine hyperplane

1

n+ 1
e + e⊥

into itself. It is easy to see that this intersection is precisely conv OrbPermn+1 e1.

Therefore T also transforms the set S – the orthogonal projection of this intersection
onto the subspace e⊥ – into itself. Since ω1 = projd⊥ e1 (see the description of An in
Section 2) then

S = proje⊥ conv OrbPermn+1 e1 = conv OrbAn proje⊥ e1 = conv OrbAn ω1.

It is known (see [16]) that

Extr(OrbAn ω1)
◦ = 1

mG(ω1, ωn)
OrbAn ωn.

So we conclude that T S ⊂ S if and only if (T , hωn ⊗ gω1) = 〈T gω1, hωn〉 ≤
mG(ω1, ωn) for all g, h ∈ An. Since ω1 ∈ OrbAn(−ωn) and ωn ∈ OrbAn(−ω1), the
sets {hωn ⊗ gω1 : g, h ∈ An} and {gω1 ⊗ hωn : g, h ∈ An} coincide. Therefore
T ∈ �n+1 if and only if T e = e, T e⊥ ⊂ e⊥ and T |e⊥ ∈ (BAn)

◦. This means
that Extr(�n+1|e⊥)◦ ⊂ BAn. By the Birkhoff Theorem, Extr�n+1 = Permn+1, so
(�n+1)

◦ = (Permn+1)
◦ and, since both �n+1 and Permn+1 leave e⊥ invariant, we get

ExtrA◦n = Extr(Permn+1 |e⊥)◦ = Extr(�n+1|e⊥)◦ ⊂ BAn.

According to Lemma 4.5, this proves the result.

Definition 5.2. An n× n matrix (aij ) is called absolutely bistochastic if

for every j, 1 ≤ j ≤ n,

n∑
i=1

|aij | ≤ 1,
n∑

i=1

|aji | ≤ 1.

Let �n be the set of all absolutely bistochastic n× n matrices.
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The next lemma follows from the Birkhoff Theorem – see, for example, [12].

Lemma 5.3. Bn = Extr(�n).

The desired description is now (almost) immediate.

Theorem 5.4. ExtrB◦n = BBn.

Proof. By Lemma 4.5, it suffices to prove (BBn)
◦ ⊂ conv(Bn). However, by Lemma

5.3, this statement is equivalent to (BBn)
◦ ⊂ �n. Let A = (aij ) ∈ (BBn)

◦. Let
q =∑n

j=1 εj ej , εj = ±1.All suchq form theBn-orbit of the extremal fundamental
weight ωn. Then (A, q ⊗ ei) = 〈Aei, q〉 ≤ 1 for all q ∈ Q, 1 ≤ i ≤ n. This is
equivalent to

∑n
j=1 εj aij ≤ 1 for all εj = ±1, 1 ≤ i ≤ n, or

∑n
j=1 |aij | ≤ 1.

Similarly, using (A, ei ⊗ q), deduce
∑n

i=1 |aij | ≤ 1. So A ∈ �n.

6. A proof of Theorem 3.1 for I2(n)

Recall that the group I2(n) is a dihedral group acting on R
2, i.e., the group of sym-

metries of a regular n-gon, with one vertex on the positive x-axis.
Let Rot(θ) be the linear operator performing counter-clockwise rotation by the

angle θ . Let

Refl(θ) = Rot(θ)

(
1 0
0 −1

)
Rot(−θ) =

(
cos 2θ sin 2θ
sin 2θ − cos 2θ

)
be the linear operator performing reflection across the line at an angle θ from the
x-axis in the counter-clockwise direction.

One can easily see that every orthogonal operator in R
2 is either a rotation, or a

reflection, depending upon whether its determinant is+1 or−1. (Indeed, its eigenval-
ues are either a pair of mutually conjugate complex numbers on the unit circle, or they
are ±1; in the first case the determinant is 1 and this operator is obviously a rotation,
in the second case the determinant is −1 and the operator is obviously a reflection.)

Let

Rotn = {Rot(2πk/n) : 0 ≤ k < n}, Refln = {Refl(πk/n) : 0 ≤ k < n}.
Obviously, I2(n) ⊃ Rotn ∪Refln .Actually, these two sets coincide – a regular n-gon
is not invariant under other rotations and reflections.

Lemma 6.1.

I2(n) = Rotn ∪Refln .

Each of the sets Rotn, Refln spans a two-dimensional subspace in End(R2). There
are exactly n elements in each of these two sets, and they are equidistributed on the
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unit circles in the related subspaces. So, conv Refln and conv Rotn are regular n-gons
in the related two-dimensional subspaces of the four-dimensional space End R

2.

The following lemma is easily verified.

Lemma 6.2. The two-dimensional subspaces spanned by Rotn and Refln are mutually
orthogonal.

Corollary 6.3. Every face 	 of conv I2(n) of maximal dimension is uniquely repre-
sentable as

	 = conv(φ ∪ ψ)

where φ is a side of the regular n-gon conv Rotn, and ψ is a side of the regular n-gon
conv Refln .

Conversely, for any two sides φ ⊂ conv Rotn, ψ ⊂ conv Refln the set conv(φ∪ψ)
is a face of conv I2(n) of maximal dimension.

Proof. Let 	 be a face of conv I2(n) of maximal dimension. Then all operators from
I2(n) are in a half-space defined by the hyperplane containing 	. This hyperplane
does not contain the origin, therefore it does not contain span Rotn or span Refln .
Therefore its intersections with these subspaces are hyperplanes in these subspaces.
	 must contain four linearly independent elements of I2(n). Since a hyperplane in a
two-dimensional subspace can contain no more that two linearly independent elements,
	 must contain exactly two linearly independent rotations and exactly two linearly
independent reflections. Since conv Rotn and conv Refln are in a half-space defined
by the hyperplane, 	 contains sides φ and ψ of the regular n-gons conv Rotn and
conv Refln, respectively. Thus 	 = conv(φ ∪ ψ).

Now let φ and ψ be sides of the convex n-gons conv Rotn and conv Refln, respec-
tively. Since these convex sets are in mutually orthogonal subspaces, conv(φ ∪ ψ)

contains four linearly independent elements of I2(n), so it defines a face of conv I2(n)

of maximal dimension.

Corollary 6.4. conv I2(n) has exactly n2 faces of maximal dimension.

Lemma 6.5. card(BI2(n)) = n2.

Proof. Obviously, the cone bounded by the lines y = 0 and y = tan(π/n)x is a Weyl
chamber for I2(n).Therefore the vectors ω1 = (1, 0) and ω2 = (cos(π/n), sin(π/n))
are the (extremal) fundamental weights. Therefore

BI2(n) = {gω1 ⊗ hω2, hω2 ⊗ gω1 : g, h ∈ I2(n)}.
Note that card(OrbI2(n) ωi) = n for i = 1, 2. If n is even then −I ∈ I2(n) and since
(−ω) ⊗ (−τ) = ω ⊗ τ we get card(BI2(n)) = (2)(n)(n)/2 = n2. If n is odd then
−I /∈ I2(n), and −ω1 ∈ OrbI2(n) ω2. So again card(BI2(n)) = (2)(n)(n)/2 = n2.
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So, the number of Birkhoff tensors card(BI2(n)) equals the overall number of faces
of conv I2(n). Using Theorem 4.4, we arrive at the following result, which proves
Theorem 3.1 for G = I2(n).

Corollary 6.6. Extr(I2(n))
◦ = BI2(n).

7. Extreme elements of (D4)
◦

Theorem 7.1.

Extr(D4)
◦ = BD4

⋃
{gAh : g, h ∈ D4},

where

A = 1

4

⎛⎜⎜⎝
−2 2 0 −1
2 −2 0 −1
−1 −1 −1 0
0 0 0 1

⎞⎟⎟⎠ .

This result was obtained by a computer calculation (in exact arithmetic). We used
the cdd program, written by Komei Fukuda [4]. We discuss this program below in
Section 10.

Obviously, the matrixA is of rank 3, so BD4 � Extr(D4)
◦.Actually what we need

is the existence of a matrix of rank greater than 1 in Extr(D4)
◦. It is not hard to check

by hand that the matrix A belongs to Extr(D4)
◦, i.e., to verify that the scalar product

of A with every element of D4 does not exceed 1 and to explicitly find 16 linearly
independent elements of D4 whose scalar products with this matrix are exactly 1. So,
the proof of the Conjecture for the group D4 does not formally depend upon the use
of computer calculations.

8. Coxeter groups with branching graphs

In this section we prove Part (b) of the Conjecture.

Theorem 8.1. Let G be a finite irreducible Coxeter group with a branching
Coxeter graph �(G). Then not all elements of Extr(convG)◦ are of rank 1, i.e.,
BG � Extr(convG)◦.

Proof. It is known from the classification of connected Coxeter graphs (see, e.g., [3])
that every branching Coxeter graph contains a (branching connected) graph �(D4) as
a subgraph. The statement of the theorem is valid for this group – see the previous
Section. So we may assume that �(G) �= �(D4). Therefore there exists an end vertex
π such that the graph �(G) \ {π} is a branching connected Coxeter graph.
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Claim. If all elements of Extr(convG)◦ are of rank 1, then the same is true for
Extr(convH)◦ where H is a Coxeter group such that �(H) = �(G) \ {π}.

This claim, together with the above considerations, easily leads to a proof of the
theorem.

Let all elements of Extr(convG)◦ be of rank 1. Let ω be an extremal fundamental
weight associated with the vertex π. We may assume that its length is 1.

Consider the Coxeter group Gω = StabG ω|ω⊥ and denote it by H. Then

�(H) = �(G) \ {π}.
Since π is an end vertex, this graph is connected and therefore H is an irreducible
group. Consider the hyperplane " = {T ∈ End V : (T , ω ⊗ ω) = 0}. Note that

StabG ω = G ∩ ("+ I).

This immediately follows from the fact that the elements of G are all orthogonal
operators. Also, the affine hyperplane ("+I) is a support hyperplane of the polyhedron
convG, i.e.,

G ⊂ {T ∈ End V : (T , ω ⊗ ω) ≤ 〈ω,ω〉}.
Therefore the faces of maximal dimension of the polyhedron conv(StabG ω) are in-
tersections of faces of convG with the hyperplane " + I. We have assumed that the
normals to all faces of convG are of rank 1. We obtain the group H from the group
StabG ω by restricting the action of the latter to its invariant subspace ω⊥. We can
view this as follows:

Let P denote the orthogonal projection of V onto the subspace ω⊥. Then the
operator T �→ PT P is an orthogonal projection in End V. Then H = P(StabG ω)P.

Therefore the faces of maximal dimension of convH are projections of the faces of
maximal dimension of conv(StabG ω). Thus the normals to faces of conv(H) are of
the form PbP , where b ∈ Extr(convG)◦. But all these tensors are of rank 1. So the
Claim is proven, which completes the proof of the theorem.

9. Computer tools

The results of the previous sections leave the following exceptional groups for which
Conjecture 1.4 still needs verification: namely the groups F4, H3 and H4. In this
Section we discuss computer tools which have enabled us to verify the Conjecture
for G = F4, H3, and we also discuss some approaches which hopefully will in the
future allow us to verify the Conjecture for the remaining case G = H4.All programs
we have written are available at http://www.math.wm.edu/ zobin/. Our main tool is a
cdd program which calculates the extreme elements of a polytope given by a system
of linear inequalities, which is exactly what G◦ is. We must be able to write down
the system of inequalities as an input file, so we need to obtain a list of matrices
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corresponding to the operators which are the elements of our group G. This is the first
computational problem we address.

9.1. Matrix representation of Coxeter groups

All information about a Coxeter group is encoded in its graph, but going from the
graph to a presentation of elements is not easy, and the computer can help here.

We wrote a program in C++ which, given a Coxeter graph, lists the matrices of
all elements of the associated group in a natural orthonormal basis, together with
Birkhoff tensors, fundamental roots and weights, generators, etc. To explain this
program, we’ll follow its logic and note its output for H3. We assume that the input
graph has n vertices, labeled with the associated fundamental weightsω1, ω2, . . . , ωn.

Although the program takes a graph as its input, the computer is happier working
with a matrix. Thus, the computer represents the given graph as a Cartan matrix:

Definition 9.1. Consider the Coxeter graph �(G) on n vertices. Choose an ordering
� of the vertices (for a non-branching graph there are two natural orderings of the
vertices, going along the path). So, label the vertices π1, π2, . . . , πn and assume that
as i goes from 1 to n the vertices are arranged according to the chosen ordering. Then
we have an ordering W1,W2, . . . ,Wn of the walls in a Weyl chamber, as well as an
ordering r1, r2, . . . , rn of the fundamental roots. The modified Cartan matrix C(G,�)

associated with this ordering of the fundamental roots is the n× n matrix (aij ) with

aij = − cos(π/(k(i, j)+ 2)) = 〈ri, rj 〉
for i �= j, and aii = 1 = 〈ri, ri〉. Here k(i, j) is the multiplicity of the edge joining
the vertices πi and πj of the graph, and ri are the fundamental roots. So,

C(G,�) = (〈ri, rj 〉)1≤i,j≤n.
For instance, choosing the ordering from the left to the right for the vertices of

�(H3) (see 2.4) we get

C(H3,�) =
⎛⎝ 1 − cos(π/5) 0
− cos(π/5) 1 − cos(π/3)

0 − cos(π/3) 1

⎞⎠

=
⎛⎝ 1 −(1+√5)/4 0
−(1+√5)/4 1 −1/2

0 −1/2 1

⎞⎠ .

The natural orthonormal basis e1, e2, . . . , en which we are going to use is obtained
from the basis of fundamental roots r1, r2, . . . , rn by the Gram–Schmidt orthogonal-
ization procedure.
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Clearly then

r1 = λ11e1,

r2 = λ21e1 + λ22e2,

...

rn = λn,1e1 + · · · + λn,nen,

for some λij . It is, in fact, these scalars λij that we are after. These scalars form a
lower-triangular matrix �. Obviously, λ11 = 1.

One can immediately see that

��t = (〈ri, rj 〉)1≤i,j≤n = C(G,�).

So, the matrix � is nothing else but the Cholesky factor of C(G,�). There are numer-
ous programs for efficient Cholesky factorization.

For H3, this gives us approximately

�(H3) ≈
⎛⎝ 1 0 0

0.809 . . . 0.588 . . . 0
0 0.851 . . . 0.526 . . .

⎞⎠ .

Next, the program computes the fundamental weights. The fundamental weights
form a basis dual to the basis of the fundamental roots. So if W(G,�) is the “matrix
of fundamental weights” of G in which each column gives the coordinates of a fun-
damental weight in the basis e1, e2, . . . , en, then W(G,�) = �−1. This is an easy
calculation for the program to perform. The program gives

(W(H3,�))t ≈
⎛⎝1 −1.376 . . . 2.227 . . .

0 1.701 . . . −2.753 . . .
0 0 1.902 . . .

⎞⎠ .

Now we want the matrices for the elements ofG. Getting a representation requires
generators; consider the generators Ri = I− 2ri ⊗ ri . Their matrices in our basis are
gi = I− 2�t

i�i where �i is the i-th row of the matrix �.

Generating all the elements requires iterating. We initialize a list with the n gen-
erators. At each iteration, multiply each element in the list with every other element
in the list; if the product is not in the list, add the new matrix to the list. If at any
iteration, no new matrices are created, then stop.

This naïve algorithm generates the elements of H3 quite quickly, but it takes too
long to enumerate the elements of the much larger group H4. A more intelligent
approach is required; we can keep the previous method, but we have to reduce the
number of spurious matrix multiplications. With each element in the list, store the
length of the element, i.e., the minimal number of generators whose product is the
element. Clearly, for the generators themselves, this number is 1.On the k-th iteration,
then, we simply take all elements of length k, and pre- and post-multiply them by the
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generators to get all elements of length k + 1. This is a pretty simple optimization,
but it pays off quite well.

We intend to use this program to compile the input file for the cdd program, which
actually computes the extreme elements of G◦.

With a list of elements in hand, writing down the Birkhoff tensors is easy. Since
we’ve generated the fundamental weights, we can find a particular Birkhoff tensor
ω⊗ τ . To find the others, we iterate through all g, h ∈ G and add gω⊗ hτ to the list
of tensors. Each time we add a tensor to the list, however, the program must check
that the new tensor is in fact different from all the previously generated tensors.

Now that we can explore H3 with the computer, we are ready to tackle the conjec-
ture.

10. Computer proofs of the Conjecture for F4 and H3

We want to show that Extr G◦ = BG for G = F4, H3. We’ll verify this by finding
ExtrG◦with the aid of a computer. The algorithm we employ is the Double Description
Method, otherwise known as Chernikova’s algorithm. A (non-computer) calculation
based on this algorithm was used in [18] for a solution of a problem regarding the
geometry of some orbihedra, see also [11] for another approach to this problem.

Our exposition of this algorithm follows the one given in [5].

10.1. The double description method

Given a finite set S in R
n, we want to find Extr S◦. First we homogenize the problem

by switching from S to the cone S′ = {λ({1} × S) ⊂ R
n+1 : λ ≥ 0}, and from the

polar set S◦ to the dual cone

D(S′) = {v ∈ R
n+1 : ∀s ∈ S′, 〈s, v〉 ≥ 0}.

Then the projections of extreme rays of the cone P(S′) to R
n are directed along the

vectors from Extr S◦, so the problem of finding the convex hull is merely a disguise
for the problem of enumerating the extreme rays of a polyhedral cone with vertex at
the origin.

The algorithm we use takes a polyhedral cone given by a system of homogeneous
linear inequalities and finds its extreme rays. As input, we have a matrix A, whose
rows are the coefficients of the linear inequalities defining the cone, in other words,
the normals to the faces of the cone. The matrix A describes a cone

P(A) = {v ∈ R
n+1 : Av ≥ 0}.

As output, we want an (n + 1) × m matrix R whose columns are vectors whose
linear combinations with non-negative coefficients give the whole cone P(A). So, R
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provides an alternative description of this cone

P(A) = {v ∈ R
n+1 : ∃λ ∈ R

m, λ > 0, v = Rλ}.
The ordered pair (A,R) is called a double description pair; such a pair provides two
descriptions of the same cone.

Here of course there is a slight abuse of terminology, since we are identifying
matrices with the (non ordered) sets of their column or row vectors.

The columns of R include vectors directed along all of the extreme rays. But R
may also have other redundant columns. Clearly there exist many different matrices
R which form a double description pair with A.

The redundancy may be eliminated rather simply – we must omit all vectors be-
longing to less than n independent boundary hyperplanes, i.e., turning less than n

independent inequalities (given by the rows of A) into equalities. The obtained matrix
is already unique – up to permutations of columns and scaling of each column.

Simply put, the algorithm takes A and finds a double description pair (A,R). The
method is iterative. Let Ak be the matrix of the first k rows of A. Since An+1 is
a simplicial cone, finding a matrix Rn+1 is easy: just solve An+1Rn+1 = I to get
a double description pair (An+1, Rn+1). Now iterate: suppose that for some Ak we
have a double description pair (Ak, Rk); we’d like to find an Rk+1 for Ak+1. Let ak+1
be the (k + 1)-st row vector of A; this vector determines a hyperplane cutting R

n+1

into three pieces (two half-spaces and a hyperplane) as follows:

H+
k+1 = {v ∈ R

n+1 : 〈v, ak+1〉 > 0},
H 0
k+1 = {v ∈ R

n+1 : 〈v, ak+1〉 = 0}, and

H−
k+1 = {v ∈ R

n+1 : 〈v, ak+1〉 < 0}.
Let r1, . . . , rj be the columns of Rk . The vector ak+1 will also partition these rays
into three sets

J+k+1 = {ri : ri ∈ H+
k+1},

J 0
k+1 = {ri : ri ∈ H 0

k+1}, and

J−k+1 = {ri : ri ∈ H−
k+1}.

What is the relationship between Rk+1 and Rk? Clearly, J+k+1 ⊂ Rk+1 and J 0
k+1 ⊂

Rk+1, but there might be something we are missing. Indeed it is not hard to prove the
following lemma (see [5]):

Lemma 10.1. Let (Ak, Rk) be a double description pair. Then so is (Ak+1, Rk+1)

where

Rk+1 = J+k+1 ∪ J 0
k+1 ∪M,

and

M = {span{u, v} ∩H 0
k+1 : u ∈ J−k+1, v ∈ J+k+1}.
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By applying this lemma iteratively, we eventually find a matrix R forming a dou-
ble description pair (A,R). As it was mentioned earlier, this R might include some
extraneous rays; to ensure minimality of Rk+1 at each step with this naïve approach,
we assume thatRk is not redundant, and then we remove rays inRk+1 that lie on fewer
than n hyperplanes of Ak+1.

It is always better if such a program works incrementally, outputting the extreme
rays it has already calculated. This can be done by verifying feasibility of the vectors
from the non-redundant version of Rk, i.e., checking if they satisfy all inequalities
defining the cone. Then the feasible vectors should be listed and outputted as a partial
result. Note that non-feasible vectors from Rk should not be included in this partial
list, but they are needed to perform the next iteration.

To actually perform this iterative process by computer, we use the cdd program,
an implementation in C++ of the double description algorithm [4]. Although cdd
is essentially the algorithm presented above, it is packed with many optimizations.
These optimizations are not enough to make cdd the best ray enumeration algorithm
for all problems – there are more efficient algorithms for simplicial polyhedra – but
cdd is excellent for the degenerate (i.e., non-simplicial) case. Since the convex hulls
of Coxeter groups are degenerate polyhedra in operator space, cdd is particularly well
suited for finding ExtrG◦ for G a Coxeter group.

10.2. Computing the convex hulls of F4 and H3

To compute ExtrG◦ with the help of cdd we first need to prepare an input file, where
we write down the system of linear inequalities describing G◦:∑

1≤i,j≤n
sij gji ≤ 1, g ∈ G.

Preparing such an input file is not too hard for relatively small groups like F4 and H3,

but it is not at all easy for H4, consisting of 14, 400 elements. So, we have compiled
the input files for F4 and H3 by hand, and for the case of H4 we have used the input
file compiled by Val Spitkovsky, who has applied quite sophisticated programming
tools to do this.

In the future we plan to generate these files with the help of our program listing
the matrices (gij ) of all operators from the group G. This could be important for
verification of the Conjecture for the group H4, since we hope to introduce some
additional optimization into the cdd program (exploiting symmetries, a clever choice
of the ordering, etc) and we shall need a significant flexibility in preparing the input
file.

The double description method can be performed exactly in arithmetic over Q.
Since the matrices representing operators from the Coxeter group F4 in our basis
e1, e2, e3, e4 have rational entries, cdd can find Extr(F4)

◦ exactly.

Theorem 10.2. Extr(F4)
◦ = BF4 .
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The situation is more complicated for H3: there is no basis in which the matrices
for the elements ofH3 have rational entries (this is equivalent to the fact thatH3 andH4
are not crystallographic groups, see [3]). Nonetheless, the matrices of the elements
of H3 in our basis e1, e2, e3 are over the field Q(

√
5), the algebraic extension of Q by√

5.
To capitalize on this fact, we extended cdd to perform exact arithmetic over Q(

√
5).

Such arithmetic is easy to work with: an element of Q(
√

5) is identified with an ordered
pair (p, q) where p, q ∈ Q, i.e., (p, q) ∼= p + q

√
5. Elementary algebra quickly

verifies the following:

(p, q)+ (p′, q ′) = (p + p′, q + q ′),
(p, q)(p′, q ′) = (pp′ + 5qq ′, pq ′ + p′q),

(p′, q ′)−1 =
(

p

p2 − 5q2 ,
−q

p2 − 5q2

)
.

Our modified version of cdd computes Extr(H3)
◦ exactly over Q(

√
5). We did this in

under a half hour on a Pentium III. By Theorem 4.4,

BG = (ExtrG◦) ∩ (rank 1 tensors).

So it suffices to verify that for all v ∈ Extr(H3)
◦, rank(v) = 1. The cdd output verified

this, thereby proving

Theorem 10.3. Extr(H3)
◦ = BH3 .

11. Computer attacks on H4

The matrices of operators from H4 also belong to the field Q(
√

5).Although in theory
cdd can compute Extr(H4)

◦, we can’t even come close in practice. The group H3 has
only 120 elements; H4 has 14, 400. The initial problem is memory: as cdd iterates,
it generates a plethora of extraneous rays. After a couple of hundred iterations, the
number of extraneous rays easily fills up all of memory.

However, our problem has a lot of symmetries and it is natural to try to use these
symmetries to reduce the volume of computations. Here we discuss some steps which
we have already taken in this direction and others which we hope to carry out in the
future.

Since the group acts by multiplications on itself and this action is transitive, we
need only consider the faces of convH4 containing I. This means that we are in fact
interested in whether the extreme rays of the cone

{S ∈ End V : ∀g ∈ H4 (S, g) ≤ (S, I)}
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are of rank 1. So we stay in dimension 16 (instead of going to dimension 17 while
homogenizing). The memory requirements are reduced substantially in this way.
Nevertheless, the computation still takes too long.

A very important tool in reducing the amount of calculations in cdd is the choice of
ordering of the inequalities describing G◦, i.e., the choice of ordering in the Coxeter
group G. It seems that a clever choice of ordering could produce a sharp drop in the
amount of extraneous rays.

The cdd program calculates elements of Extr(H4)
◦. But we already know a lot of

these elements, since BH4 is a subset of Extr(H4)
◦. So what we actually need is not

the calculation of all extreme vectors but rather a verification that the convex hull of
known extreme vectors is already the set we are studying.

11.1. Birkhoff faces

Here we outline another approach to our problem. Let us say that a face of convG
is a Birkhoff face if some Birkhoff tensor is orthogonal to this face. Because H4 is
non-branching, the group generated by the operator T �→ T ∗ and pre- and post-
multiplications by elements of H4 acts transitively on the set of Birkhoff tensors, so
each Birkhoff face can be transformed to any other Birkhoff face by this group. So
we may consider only Birkhoff faces containing I. It is easy to list all operators from
G belonging to a Birkhoff face containing I orthogonal to ω ⊗ τ ∈ BG:

〈gω, τ 〉 = (g, ω ⊗ τ) = (I, ω ⊗ τ) = 〈ω, τ 〉 = 1 if and only if

g = hk, h ∈ StabG τ, k ∈ StabG ω.

To confirm the Conjecture we need to show that every Birkhoff face is adjacent to only
Birkhoff faces, i.e., every subface of a Birkhoff face comes from the intersection with
another Birkhoff face. So we need to study the adjacencies of Birkhoff faces. We have
written a computer program computing the graph of adjacencies of Birkhoff faces. It
still takes too long to run it forH4.Description of Birkhoff subfaces (i.e., intersections
of Birkhoff faces) is a challenging problem closely related to many interesting topics,
including a Word Problem for Coxeter groups, Bruhat orderings, etc.

11.2. An application of Poincaré’s Theorem

Let us describe another possible approach. Consider the following differential 15-form
on the 16-dimensional space End R

4:

�(x) =
16∑
i=1

xi

‖x‖2 dx1 ∧ · · · ∧i · · · ∧ dx16.
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As usual, ∧i means that dxi is omitted. This form is orthogonally invariant, closed
outside of the origin and its integral over any 15-dimensional surface, which is starlike
with respect to the origin, is non-negative. By the Poincaré Theorem the integrals of
this form over the boundaries of all 16-dimensional bodies containing the origin are
the same. In particular they are equal to the easily computable integral over a sphere
centered at the origin. Let’s suppose that we could calculate

∫
	
� where 	 is a

Birkhoff face. Since the form is orthogonally invariant the integral over the union
of all the Birkhoff faces of convH4 equals this integral multiplied by the number of
Birkhoff tensors. Since the integral over any face of convH4 is non-negative, we
conclude that all faces are Birkhoff faces if and only if the integral over the union of
Birkhoff faces equals the integral over a sphere.

This approach, while certainly interesting, is still not efficient enough. To perform
the needed numerical calculations would require integrating over a Birkhoff face of
convH4. But to numerically integrate, we have to be able to test whether a point is in
a face of convH4. Knowing the vertices of a face isn’t enough to perform this test;
we need to know the faces of a face, and this is again a problem for cdd. But there are
480 points in the 15-dimensional Birkhoff face of convH4. And sadly, 480 vertices is
still too many points for cdd to handle.

12. Open problems

Problem 12.1. Does Conjecture 1.4 hold for H4?

Of course this problem could be solved by brute force, by simply using more
powerful computers. But it would be much more interesting and useful to optimize
the cdd program, to find clever orderings, etc.

It would be very interesting to develop a version of the cdd program taking sym-
metries into account.

Problem 12.2. Find a “classification-free” proof of Conjecture 1.4.

This is definitely the heart of the matter. We believe that a promising approach is
further study of Birkhoff faces and their subfaces. We have a reason to believe that
the structure of Birkhoff subfaces of lower dimensions is simpler.

Problem 12.3. Calculate ExtrG◦ for irreducible branching Coxeter groups.

We believe that real progress in this problem will depend upon progress in the
previous problem.

Problem 12.4. Calculate Extr envG for irreducible branching Coxeter groups.
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On embedding properties of some extrapolation
spaces ∗

María J. Carro and Joaquim Martín

Dedicated to Jaak Peetre

Abstract. Given a sublinear operator T satisfying that ‖Tf ‖Lp(ν) ≤ C
p−1‖f ‖Lp(μ), for every

1 < p ≤ p0, with C independent of f and p, it has been recently proved that T : L logL→
M(ϕ), where M(ϕ) is the maximal Lorentz space with ϕ(t) = t (1 + log+ t)−1. Also, if T
satisfies that ‖Tf ‖Lp(ν) ≤ Cp‖f ‖Lp(μ), for every p ≥ p0, then T : �1(min(t−1, 1)

) ∩
L∞ → M(φ), where φ(t) = (1+ log+(1/t)

)−1.
The purpose of this note, is to study embedding properties of the extrapolation spaces

L logL andM(ϕ)with respect toL1, and also embedding properties of�1(min(t−1, 1)
)∩L∞

and M(φ) with respect to L∞. We shall also extend these type of results to more general
extrapolation theorems.

2000 Mathematics Subject Classification: 46M35.

1. Introduction

In 1951, Yano (see [9]) proved that for every sublinear operator satisfying that

T : Lp(μ) −→ Lp(ν)

is bounded, for every 1 < p ≤ p0, with constant less than or equal to C
p−1 , where

μ and ν are two finite measure, it holds that T : L logL(μ) −→ L1(ν) is bounded.
If the measures involved are not finite, then an easy modification in the proof of this
result shows that T : L logL(μ) −→ L1(ν)+ L∞(ν) is bounded.

This theorem has recently been improved in [3] and [4], showing that, if μ and ν

are σ -finite measures and T satisfies that

T : Lp,1(μ) −→ Lp,∞(ν),
∗This work has been partially supported by CICYT BFM2001-3395 and by CURE 2001SGR 00069.

Key words and phrases: Real interpolation, extrapolation, maximal and minimal Lorentz spaces
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is bounded with constant less than or equal to C
p−1 , where Lp,∞(ν) is endowed with

the norm ‖f ‖Lp,∞ = supt
(
t1/pf ∗∗ν (t)

)
, then

T : L logL(μ) −→ M(ϕ; ν)
where ϕ(t) = t (1 + log+ t)−1 and, the maximal Lorentz space M(ϕ) = M(ϕ; ν) is
defined (see [1], p. 69]) as the set of measurable functions such that

‖f ‖M(ϕ) = sup
t>0

(
ϕ(t)f ∗∗ν (t)

)
<∞,

where f ∗∗ν (t) = 1
t

∫ t
0 f

∗
ν (s) ds and f ∗ν is the decreasing rearrangement of f with

respect to the measure ν, (in what follows, we shall omit the subindices ν orμwhenever
it is clear the measure we are working with). In particular, if ϕ(t) = t1/p, M(ϕ) =
Lp,∞.

Also, in the setting of Lorentz spaces, it holds that L logL is the minimal Lorentz
space �(ϕ), where ϕ(t) = t

(
1+ log+(1/t)

)
and

‖f ‖�(ϕ) =
∫ ∞

0
f ∗(t) dϕ(t).

If ϕ(t) = t1/p, �(ϕ) is the Lorentz space Lp,1, where

‖f ‖Lp,1 = 1

p

∫ ∞

0
f ∗(t)t1/p−1 dt. (1)

Therefore, in this context of minimal-maximal Lorentz spaces, the new version of
Yano’s theorem can be stated as follows:

Theorem 1.1 (Yano). Let ϕθ (t) = t1−θ and let T be a sublinear operator such that

T : �(ϕθ ;μ)→ M(ϕθ ; ν)
is bounded with ‖T ‖ ≤ C/θ , (0 < θ < θ0 ≤ 1) . Then

T : �(ϕD+;μ)→ M(ϕR+; ν),
where ϕD+(t) = t (1+ log+ 1

t
) and ϕR+(t) = t(1+ log+ t)−1.

We also have a dual version. That is, if

‖Tf ‖Lp(ν) ≤ Cp‖f ‖Lp(μ),

for every p ≥ p0, then it was proved in [4] that

T : �1(min(t−1, 1);μ) ∩ L∞(μ)→ M(φ; ν),
where φ(t) = 1/

(
1 + log+(1/t)

)
, improving a previous result due to Zygmund (see

[10], p. 119). The formulation of this result in the above terminology is the following:
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Theorem 1.2 (Zygmund). Let ϕθ (t) = t1−θ and let T be a sublinear operator such
that

T : �(ϕθ ;μ)→ M(ϕθ ; ν)
is bounded with ‖T ‖ ≤ C/(1− θ), (θ0 < θ < 1) . Then

T : �(ϕD−;μ)→ M(ϕR−; ν),
where ϕD−(t) = (1+ log+ t) and ϕR−(t) = (1+ log+(1/t))−1.

Now, let us consider compatible pairs of Banach spaces Ā = (A0, A1
)
. That is,

we assume that there is a large topological vector space V such thatAi ⊂ V, i = 0, 1,
continuously. Usually we drop the terms “compatible” and “Banach” and refer to a
compatible Banach pair simply as a “pair”.

Let us recall that given a pair Ā = (A0, A1), the Peetre K-functional is defined,
for a ∈ A0 + A1 and t > 0, by

K(a, t) = K(a, t; Ā) = inf{‖a0‖A0 + t ‖a1‖A1 : a = a0 + a1, ai ∈ Ai}.
It is easy to see that K(t, a) is a nonnegative and concave function of t > 0, (and thus
also continuous). Therefore

K(a, t; Ā) = K(a, 0+; Ā)+
∫ t

0
k(a, s; Ā) ds,

where the k−functional, k(a, s; Ā) = k(a, s), is a uniquely defined, nonnegative,
decreasing and right-continuous function of s > 0.

In particular, if Ā = (L1(ν), L∞(ν)
)
, we have that k(a, s; Ā) = f ∗(s) and

K(f, t) =
∫ t

0
f ∗(s) ds.

The new point of view of Yano’s and Zygmund’s theorems presented above gives
us the idea of defining, for a pair Ā, the corresponding minimal and maximal spaces
as follows:

Definition 1.3. The minimal Lorentz space, �(ϕ; Ā), is the set of elements a ∈
A0 + A1 such that K(a, 0+; Ā) = 0 and

‖a‖�(ϕ;Ā) =
∫ ∞

0
k(a, s; Ā) dϕ(s) <∞,

and the maximal Lorentz space, M(ϕ; Ā), is the set of elements a ∈ A0 + A1 such
that

‖a‖M(ϕ;Ā) = sup
t>0

(
K(a, t; Ā)

t
ϕ(t)

)
<∞.

Then, the two following extrapolation results have been obtained in [5] (see also
[6]).
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Theorem 1.4. Let Ā = (A0, A1) and B̄ = (B0, B1) be two pairs and let T be a linear
operator such that

T : �(ϕθ ; Ā)→ M(ϕθ ; B̄)
is bounded with ‖T ‖ ≤ C

θ
, (0 < θ < θ0) . Then

T : �(ϕD+; Ā)→ M(ϕR+; B̄).
Theorem 1.5. Let Ā = (A0, A1) and B̄ = (B0, B1) be two pairs and let T be a linear
operator such that

T : �(ϕθ ; Ā)→ M(ϕθ ; B̄)
is bounded with ‖T ‖ ≤ C

1−θ , (θ0 < θ < 1) . Then

T : �(ϕD−; Ā)→ M(ϕR−; B̄).
The purpose of this note is to study embedding properties of the extrapolation

spaces �(ϕD+; Ā), M(ϕR+; B̄), �(ϕD−; Ā) and M(ϕR−; B̄) with respect to the cor-
responding end-point spaces A0, A1, B0 and B1 respectively. For example: it is clear
that the domain space �(ϕD+; Ā) ⊂ A0, while the opposite embedding does not
clearly hold. However, if we consider the Lions–Peetre real interpolation spaces Āθ,p

defined by (see [1])

‖a‖Āθ,p
=
(
θ(1− θ)

∫ ∞

0

(
K(t, a; Ā)

tθ

)p
dt

t

)1/p

,

then, for every 0 < θ < 1 and p ≥ 1,

Āθ,1 ⊂ · · · ⊂ Āθ,p ⊂ · · · ⊂ Āθ,∞,

and, we obtain (see Theorem 2.3 below) that if we intersect A0 with the biggest space
of the above chain then

A0 ∩ Āθ,∞ ⊂ �(ϕD+; Ā).
Similar results will be proved for the other three extrapolation spaces.

Constants such asC will denote universal constants (independent of the parameters
involved) and may change from one occurrence to the next. As usual, the symbolf ≈ g

will indicate the existence of a universal positive constant C so that f/C ≤ g ≤ Cf ,
while the symbol f 0 g means that f ≤ Cg.

Remark 1.6. It is important to mention, and we want to thank the referee for this
comment, that the space �(ϕ; Ā) can be expressed in term of the K-functional which
is usually more convenient since it is subadditive. For particular ϕ′s, this is a simple
consequence of an integration by parts and, for example, it can be trivially proved that

‖a‖�(ϕD+;Ā) = sup
t>0

K(t, a; Ā)+
∫ 1

0

K(t, a; Ā)
t

dt,
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and

‖a‖�(ϕD−;Ā) = sup
t>0

K(t, a; Ā)
t

+
∫ ∞

1

K(t, a; Ā)
t2

dt.

For general ϕ′s, we have to use Theorem 3.1 in [7].

Acknowledgement. The authors want to express their deepest gratitude to Eugene
Pustylnik for his numerous and useful comments on the subject. In particular, he has
informed us that our embeddings of Theorems 2.1 and 2.2 can also be obtained (after
some easy lemmas) using Theorem 3 in [8].

2. Relationship between the extrapolation
and the end-point spaces

Let us start by analyzing the case L̄ = (L1, L∞).
Proposition 2.1. For every p > 1,

L1 ∩ Lp,∞ ⊂ L logL ⊂ L1,

and

L1 ⊂ M(ϕR+) ⊂ L1 + Lp,1,

where the constant of the first and last embeddings are less than or equal toCp/(p−1).

Proof. To show the first embedding, we observe that

‖f ‖L logL ≈ ‖f ‖1 +
∫ 1

0
f ∗∗(t) dt,

and therefore

‖f ‖L logL 0 ‖f ‖L1 +
∫ 1

0

t1/pf ∗∗(t)
t1/p

dt ≤ ‖f ‖L1 + ‖f ‖Lp,∞
∫ 1

0
t−1/p dt

= ‖f ‖L1 + p

p − 1
‖f ‖Lp,∞ .

The second and third embeddings are trivial. To prove the last embedding, let
f ∈ M(ϕR+). Then, for every t > 0,∫ t

0
f ∗ ≤ ‖f ‖M(ϕR+ )

(
1+ log+ t

)
.

Hence, if we define f = f χ{|f |>f ∗(1)}, we have that

‖f ‖L1 =
∫ 1

0
f ∗(t) dt ≤ ‖f ‖M(ϕR+ ).
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Now, set f = f − f and recall that the norm in Lp,1 is given by (1). Then, if
p > 1, an integration by parts shows that

‖f ‖Lp,1 = 1

p

∫ ∞

0
f ∗(t)t1/p−1 dt ≤ f ∗(1)+ 1

p

∫ ∞

1
f ∗(t)t1/p−1 dt

0 ‖f ‖M(ϕR+ ) +
p − 1

p
‖f ‖M(ϕR+ ) +

p − 1

p

∫ ∞

1

( ∫ t

0
f ∗
)
t1/p−2 dt

≤ p − 1

p
‖f ‖M(ϕR+ ) + ‖f ‖M(ϕR+ )

p − 1

p

∫ ∞

1
(1+ log+ t)t1/p−2 dt

≈ p

p − 1
‖f ‖M(ϕR+ )

from which the result follows.

Proposition 2.2. For every p > 1, it holds that

L∞ ∩ Lp,∞ ⊂ �(ϕD−) ⊂ L∞,

and

L∞ ⊂ M(ϕR−) ⊂ L∞ + Lp,1,

where the constants of the first and last embedding are less than or equal to Cp.

Proof. The proof follows the same pattern than Proposition 2.1. Also, it can be
deduced using duality in Proposition 2.1, since the associated space of Lp,1 is equal
to Lp′,∞ and it was proved in [4] that �(ϕD−) is the associated space of M(ϕR+) and
M(ϕR−) is the associated space of L logL.

Let us consider now, the general case Ā = (A0, A1).

Theorem 2.3. Let Ā = (A0, A1) be a pair. Then, for every 0 < θ < 1,

A0 ∩ Āθ,∞ ⊂ �(ϕD+; Ā) ⊂ A0,

and

A0 ⊂ M(ϕR+; Ā) ⊂ A0 + Āθ,1,

where the constants of the first and last embedding are less than or equal to C/θ .

Proof. The second and the third embeddings are trivial. The first embedding fol-
lows from the fact that if a ∈ A0 ∩ Āθ,∞, then k(.; a) ∈ L1 ∩ L1/(1−θ),∞, and, by
Proposition 2.1, we have that k(.; a) ∈ L logL, which is equivalent to

‖a‖�(ϕD+; Ā) ≈
∫ ∞

0
k(t; a)

(
1+ log+ 1

t

)
dt <∞.
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To prove the last embedding, we have to proceed as in Proposition 2.1. Let a ∈
M(ϕR+; Ā). Then, ∫ t

0
k(s, a) ds ≤ ‖a‖M(ϕR+;Ā)

(
1+ log+ t

)
.

Hence, if we define k(s, a) = k(s, a)χ(0,1) and k(s, a) = k(s, a)χ(1,∞) we have that

K(t, a) ≤
∫ t

0
k(s, a) ds +

∫ t

0
k(s, a) ds

≤
∫ t

0
k(s, a)ds +

∫ t

0

(
k(s, a)+ k(1, a)χ(0,1)

)
ds,

and since the last two functions are concave, we can use the K-divisibility theorem
(see [2], Theorem 3.2.7) to have that there exist a0 and a1 such that a = a0 + a1,

K(t, a0) ≤
∫ t

0
k(s, a) ds,

and

K(t, a1) ≤
∫ t

0

(
k(s, a)+ k(1, a)χ(0,1)

)
ds.

Now, if we define Ã0 as the set of elements in A0 + A1 such that supt K(t, a0) <

∞ then, using Holmstedt’s formula and Theorem 1.5 of [1] (p. 297), we have that
A0 + Aθ,1 = Ã0 + Aθ,1 with equivalent norms and, hence,

‖a‖A0+Aθ,1 ≈ ‖a‖
Ã0+Aθ,1

≤ ‖a0‖Ã0
+ ‖a1‖Aθ,1

= sup
t
K(t, a0)+ θ(1− θ)

∫ ∞

0

K(t, a1)

t1+θ
dt

≤
∫ ∞

0
k(s, a) ds + θ(1− θ)K(1, a)

∫ 1

0
t−θ dt

+ θ(1− θ)

∫ ∞

1

K(t, a)

t1+θ
dt

0
∫ 1

0
k(s, a) ds +K(1, a)

+ ‖a‖M(ϕR+;Ā)θ(1− θ)

∫ ∞

1

(
1+ log+ t

)
t1+θ

dt

0 1

θ
‖a‖M(ϕR+;Ā),

from which the result follows.
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And, similarly:

Theorem 2.4. Let Ā be a pair. Then, for every 0 < θ < 1,

A1 ∩ Āθ,∞ ⊂ �(ϕD−; Ā) ⊂ A1,

and

A1 ⊂ M(ϕR−; Ā) ⊂ A1 + Āθ,1,

where the constants of the first and last embeddings are less than or equal toC/(1− θ).
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Abstract. In this paper we consider almost orthogonal series and expansions in generalized
eigenvectors to give norm estimate for self-adjoint operators.
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1. Introduction

Let H be a Hilbert space and L(H) the algebra of all bounded linear operators acting
in H . If (en) is an orthonormal (o.n.) basis of H , and A a symmetric linear operator
whose domain contains (en), then (en) is called an A-eigenbasis if Aen = anen,∀n,
where a (an) is a scalar sequence. An operator sequence (An) is called orthogonal if
A∗nAm = AnA

∗
m = 0 for n �= m. The following elementary properties show that the

notions of orthogonality of vector sequences and of operator sequences are related to
those of A-eigenvectors and A-eigenforms, providing estimates for ‖A‖.

1. If Anf = 〈f, en〉anen, supn |an| = c <∞, for (en) an o.n. basis, then (An) is
an orthogonal sequence, and

∑
n Anf converges to Af , where A ∈ L(H), and

‖A‖ ≤ c. Moreover, (en) is an o.n. A-eigenbasis.

2. If the linear operator A has an o.n. A-eigenbasis (en), with supn |an| = c <∞,
for the corresponding (an), then ‖A‖ ≤ c, and Af =∑n Anf , where Anf =
〈f, en〉anen.

3. If A = A∗ ∈ L(H) and has an o.n. A-eigenbasis (en), then the sesquilinear
form B(f, g) = 〈f, g〉 is A-symmetric, and B = ∑n Bn, where Bn(f, g) =
〈f, en〉〈en, g〉 are A-eigenforms (see Section 2 for notation), for all n.

∗First author partially supported by a grant from CONICYT, Venezuela; second author partially sup-
ported by a grant from the U.S. Department of Energy.
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Unfortunately, the class of operators A with an o.n. A-eigenbasis is very small.
Yet, the assertion on the series

∑
n An in (1) holds for the class of all orthogonal

sequences satisfying sup ‖An‖ = c < ∞, as well as for the much larger class of
almost orthogonal (a.o.) series (as defined in Section 2). However the sum of an a.o.
series need not have eigenvectors, and it may be difficult to verify if a given series is
a.o.. Thus it is not clear how “large” is the class of a.o. series which can be explicitly
described (so that an explicit estimate can be given for the sum of the series).

Therefore, it is natural to ask whether there is a generalized notion ofA-eigenbasis
for which analogues of the properties (1), (2) and (3) still hold, producing a “large”
class of explicitly given a.o. series, and a “large” class of operators A with such
generalized A-eigenbases. Furthermore this consideration should include also the
bases with generalized orthogonality properties, such as the frames and the systems
of coherent states.

Here we seek to recover the connection with eigenvectors and sesquilinear eigen-
forms for a significantly large class of operators and a.o. series by introducing two dif-
ferent yet related notions of generalizedA-eigenbases. The definition ofA-eigenvector
involves both the operatorA and the vector, and to relax it, we can, for instance, replace
A by its compression to a subspace varying with the vector, or replace the vector by a
sum of vectors obtained through a partition of the unit operator. The approach through
compressions ofA leads to a notion that we call here compressionA-eigenbases, while
the other approach leads to what we call here expanded A-eigenbases.

The paper is organized as follows.
In Section 2 we emphasize the relation between almost orthogonal (a.o.) and

weakly orthogonal (WO) sequences and functions, state some of the basic results on
generalized orthogonality, and describe some of their possibilities for norm estimation.

In Section 3 we introduce the notion of compression A-eigenbases such that the
class of operators for which properties (1) and (2) hold for them is the largest possible,
i.e., the whole of {A ∈ L(H) : A = A∗}, and the corresponding operators An are of a
very simple type, given through WO (weak orthogonal) systems, or their continuous
analogues in the case of coherent states. Here the sequence (An) is not necessarily
orthogonal, but it is almost orthogonal. There is also an algorithm, given by infinite
recursion, assigning to each A = A∗ ∈ L(H) a compression A-eigenbasis, and a
representation of the form A = A1 + A2 + A3 where A1, A2, A3 are simple a.o.
operators given by a tensor product of two WO systems with explicitly estimated
norms. This result gives a large subclass of operators for which the norm estimates
are explicitly controlled.

In Section 4 we give the second notion of A-eigenbases, where the condition
Aen = anen is replaced byAen =∑k≤Nn

ankenk , i.e.,Aen belongs to a predetermined
Nn-dimensional subspace, with a predetermined o.n. basis (en1, . . . , enNn) instead to a
1-dimensional space, as in the ordinary eigenvector condition. The advantage of these
expandedA-eigenbases is that the underlying o.n. basis (en) can be chosen arbitrarily,
and that there is a simple (theoretical) algorithm which assigns to each self-adjoint
A ∈ L(H) a well-determined expanded A-eigensystem, which simplifies its use,
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and provides functional properties for the application A → A-eigensystem. The
development of a corresponding functional calculus, and its applications to singular
integrals and to the Krein trace formula will be given elsewhere.

A related way to a functional calculus is given in Section 5, for the special case
when the summands An in an a.o. series A belong to a commutative C∗-algebra. In
such case, norm estimates for a large class of operator sequences (f (An)) are derived
from that of A.

2. Almost orthogonality

Here we recall a few facts concerning the notion of almost orthogonal operator series,
first studied in [1, 2, 3, 4, 5, 6, 7] (see also the books by E. M. Stein [8], Folland
[9] and Coifman–Meyer [10]), and emphasize its relation to weakly orthogonal (WO)
sequences, developed by Rochberg and Semmes into a nearly weakly orthogonal
(NWO) theory that provides good estimates for operator norms and singular values
[11].

Each vector sequence (en) of H produces an associated scalar kernel or matrix
k(m, n) =: |〈em, en〉| and the sequence is orthogonal in the usual sense if k(m, n) = 0
whenever m �= n. Relaxing this condition on k leads to generalizations of the notion
of orthogonal vector sequences, in particular to the refinements of the notion of Riesz
bases defined below.

Similarly, each operator-valued sequence (An), An ∈ L(H), produces a pair of
kernels

k1(m, n) := ‖A∗mAn‖1/2 and k2(m, n) = ‖AmA
∗
n‖1/2, (2.1)

and (An) is called orthogonal if, for i = 1, 2, ki(m, n) = 0 whenever m �= n.
Again relaxing this condition on ki leads to generalizations of the notion of orthogonal
operator sequences, in particular to the notion of almost orthogonal operator sequences.

Orthogonality appears in the properties (1) and (2) of the Introduction in two ways:
both the vector sequence (en) and the operator sequence (An) are orthogonal. The
vector orthogonality of (en) implies that the associated kernel k(m, n) = |〈em, en〉|
defines a bounded operator in �2 , i.e.∣∣∣∑

m,n

k(m, n)ambn

∣∣∣ ≤ c
(∑

|am|2
)1/2(∑ |bn|2

)1/2
(2.2)

whenever a = (an) ∈ �2, b = (bn) ∈ �2. Similarly the operator orthogonality of
(An) implies that each of the two associates kernels k1(m, n) and k2(m, n) defined in
(2.1) produces a bounded operator in �2. An operator sequence (An) is called almost
orthogonal (a.o.) with constants c1, c2 if (2.2) holds for k = ki and c = ci , when
i = 1, 2.
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More generally, if (E, dy) is a measure space whose measure dy is positive and
σ−finite, and if y → Ay : E→ L(H) is a weakly measurable L(H)-valued function
in E, then the function Ay is called almost orthogonal with constants c1 and c2 if the
associated kernels

k1(y, z) = ‖A∗yAz‖1/2 and k2(y, z) = ‖AyA
∗
z‖1/2

satisfy, for i = 1, 2,

∣∣∣∣∫ ∫
E×E

ki(y, z)f (y)g(z)dydz

∣∣∣∣ ≤ ci(

∫
E

|f (y)|2dy)1/2(

∫
E

|g(y)|2dy)1/2 (2.3)

whenever f (y) and g(y) are measurable functions in E.
The following proposition is the basic property of almost orthogonal functions (see

[9]).

Proposition 2.1 (The Almost Orthogonal Lemma for operator-valued functions). If
y → Ay : E → L(H) is an a.o. function with constants c1, c2, then the integral∫
Aydy converges in the weak sense to an operator A ∈ L(H), i.e. ∀f, g ∈ H

〈Af, g〉 =
∫
〈Ayf, g〉dy and ‖A‖ ≤ (c1c2)

1/2.

Following Rochberg and Semmes we say that a vector sequence (en) ⊂ H is
weakly orthogonal, WO, if its associated kernel k(m, n) satisfies (2.2), and for such
sequence the following discrete analogue of Proposition 2.1 holds.

Proposition 2.2 (Operators defined by a tensor product of two WO sequences). If
(φn) and (ψn) are two WO sequences with associated constants c1, c2, then the oper-
ator series

∑
n φn⊗ψn,which assigns to each f ∈ H the vector series

∑
n〈f, φn〉ψn

converges in the weak sense to an operator A, i.e. ∀, f, g ∈ H ,

〈Af, g〉 =
∑
n

〈f, φn〉〈ψn, g〉 =
∑
n

〈(φn ⊗ ψn)f, g〉, (2.4)

and ‖A‖ ≤ (c1c2)
1/2.

More generally, if y → Ay : E → H is a weakly measurable vector-valued
function in E, then φy will be called weakly orthogonal, WO, with constant c, if its
associated kernel k(y, z) := |〈φy, φz〉| satisfies

∫ ∫
k(y, z)|f (y)‖g(z)|dydz ≤ c‖f ‖2‖g‖2 (2.5)

for all f, g ∈ L2(E, dy).
The following proposition is due to A. Unterberger [7].
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Proposition 2.3 (Operators defined by a tensor product of two WO functions). If φy
and ψy are two WO functions in (E, dy), with constants c1, c2, then the integral∫ 〈f, φy〉ψydy converges for each f to a limitAf, and defines an operatorA ∈ L(H),
in the sense that 〈Af, g〉 = ∫ 〈f, φy〉〈ψy, g〉dy, ∀f, g, and ‖A‖ ≤ (c1c2)

1/2.

Moreover, Unterberger showed that both Proposition 2.1 and Proposition 2.3, are
corollaries of the following general result [12].

Proposition 2.4 (Lemma on μ-almost orthogonal operator functions). Let y → Ay

be a weakly measurable H -valued function in (E, dy), let μ : E → R be a strictly
positive scalar function, and set

kμ,1(y, z) := (μ(y)μ(z))1/2‖ |Ay |1/2|Az|1/2‖,
kμ,2(y, z) := (μ(y)μ(z))−1/2‖ |A∗y |1/2|A∗z |1/2‖.

If, for each i = 1, 2, kμ,i defines a bounded operator in L2(E, y) with norm
≤ ci , then there exists A ∈ L(H) such that A = ∫ Aydy in the weak sense, and
‖A‖ ≤ (c1c2)

1/2.

The notion of WO sequences has been shown as closely related to orthogonality of
operators, and it is interesting to observe that it is also closely related to orthogonality
of vectors, since it is a refinement of the classical notion of Riesz bases. In fact,
a sequence of vectors (en) ∈ H is called a Riesz sequence if there exist constants
0 < c1 ≤ c2 <∞ such that

c1

(∑
|an|2

)
≤
∥∥∥∑ anen

∥∥∥2 ≤ c2

(∑
|an|2

)
, (2.6)

or, equivalently, if (en) is the image of an o.n. sequence under an isometric operator,
while (en) is WO if one of the following equivalent conditions is satisfied∥∥∥∑ anen

∥∥∥2 ≤ c
(∑

|an|2
)
, ∀ scalar sequences (an), (2.7)

∑
|〈f, en〉|2 ≤ c‖f ‖2, ∀f ∈ H, (2.8)

or, equivalently, if (en) is the image of an o.n. sequence under a bounded linear
operator. Moreover, if a Riesz sequence (en) is also a basis, then it satisfies

∀f ∈ H, c1‖f ‖2 ≤
∑

|〈f, en〉|2 ≤ c2‖f ‖2 (2.9)

A sequence (en) satisfying (2.9) is called a frame, and when c1 = c2 it is called a
tight frame. A similar notion for a function is that of a system of coherent states: If
(E, dy) is a measure space as above, and y �→ ey : E → H is a weakly measurable
function, then, following Unterberger, we say that this function is a system of coherent
states in H if, ∫

E

|〈f, ey〉|2dy = ‖f ‖2, ∀f ∈ H. (2.10)
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In further developments of the theory, Unterberger combined Proposition 2.3 and
Proposition 2.4, with the theory of coherent states to obtain a very deep approach to
pseudodifferential operators [12], while Rochberg and Semmes combined Proposi-
tion 2.2 with Carleson techniques in a theory of nearly weakly orthogonal (NWO)
sequences [11].

Rather than going into similar developments of Propositions 2.1 – 2.4 we will be
concerned here with the fact that the operators in those Propositions need not have
associated eigenbases, so that the property (3) in the Introduction has no sense for
them.

Let us remark that there are generalizations of property (3) for a large class
of self-adjoint operators, Every o.n. basis (en) produces an expansion B(f, g) =∑

n Bn(f, g) of the positive form B(f, g) = 〈f, g〉 into elementary positive forms
Bn(f, g) = 〈f, en〉〈en, g〉. If A ∈ L(H) is self-adjoint, as in (3), then B is A-
symmetric, i.e. 〈Af, g〉 = 〈f,Ag〉, but the same does not hold for the elementary
components Bn. But if (en) is an A-eigenbasis, Aen = anen, then each Bn is not
only A-symmetric but also an A-eigenform: Bn(Af, g) = anBn(f, g). Thus the o.n.
A-eigenbases produce expansions of the metricB(f, g) = 〈f, g〉 ofH into elementary
A-eigenforms Bn. M.G. Krein developed a general theory of Fourier expansions of
A-invariant forms into elementary A-eigenforms, systematized by Iu. Berezansky in
[13], and later the authors extended this theory for the so-called generalized Toeplitz
(GT) forms (see [14]).

While in [1] the boundedness of symmetric operators is studied through expansions
into almost orthogonal operators, in [14] GT forms are considered through expansions
into A-eigenforms, and this second investigation developed away from almost orthog-
onality. To solve the limitations in dealing with a.o. expansions mentioned in the
Introduction, in the next two sections we combine both types of expansions through
two different notions of generalized A-eigenbases.

3. Compression A-eigenbases

Let A = A∗ ∈ L(H) be a self-adjoint operator. We want to generalize the notion of
o.n. A-eigenbasis without losing contact with a.o. series and the explicit control on
the operator norms, and to produce, in addition, the largest possible class of operators
A having such generalized A-eigenbases.

A natural generalization ofAen = anen isAen = anen+vn where ‖vn‖ = o(1/n).
Another variant is to require the matrix 〈vn, ek〉 to be almost diagonal, i.e. 〈vn, ek〉
decays rapidly when |n−k| → ∞; a similar condition is used in wavelet theory, where
the (non-orthogonal) basis is written as a double sequence (enk). The first variant is
simpler, and provides easily an estimate for ‖A‖, but it still leads to a rather restricted
class of operators. To obtain a larger class, observe that if Qn is an orthogonal
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projection satisfying Qnen = en then the condition

Aen = an en + vn (3.1)

implies the weaker condition

QnAen = anen + wn, whith ‖wn‖ ≤ ‖vn‖. (3.2)

Furthermore, by subdividing the sequence (en) into disjoint intervals (e1, . . . , eN1),
(eN1+1, . . . , eN1+N2), . . . , we may assume that (en) is a truncated double sequence
defined as follows.

Fix an increasing integer sequence N = (Nk) such that
∑

n N
−1
k = ‖N−1‖ <∞,

set

D(N) = {(n, k) : k < Nn, n ∈ N}, (3.3)

and consider an o.n. truncated double sequence (enk), (n, k) ∈ D(N), that is
(e11, . . . , e1N1 , e21, . . . , e2N2 , . . . ). For each such double sequence, and for all n > 1,
we call Hn the subspace spanned by {esk : (s, k) ∈ D(N), s < n}, and Pn the or-
thoprojector onto Hn. Now set Qn = I − Pn, so that Pnesk = esk for s < n, and
Qnenk = enk whenever n > 1.

Then the condition Aenk = ankenk + vnk implies the weaker condition QnAenk
= ank enk +Qn vnk = ank enk + wnk, ‖wnk‖ ≤ ‖vnk‖, where QnA can be replaced
by the compression of A to the subspace Qn(H), and we introduce the following

Definition 3.1. LetA ∈ L(H), let D(N) be as in (3.3), and let (enk : (n, k) ∈ D(N))

be an o.n. basis. This basis is called a compression A-eigenbasis, if the following two
conditions are satisfied:

1. ∀j < N1, Ae1j = a1j e1j + w1j with |a1j | ≤ c, ‖w1j‖ ≤ cN−1
1 ,

2. ∀n > 1, (n, k) ∈ D(N), QnAenk = ankenk + wnk,

with |ank| ≤ c, ‖wnk‖ ≤ cN−1
k .

Since our basis is orthogonal, it follows from the definition ofPn that n ≤ i implies
〈PnA enk, eij 〉 = 0, and similarly, i ≤ n implies 〈APn enk, eij 〉 = 0, for all k, so that
for every constant β the following conditions hold∑

i≥n, j
|〈PnAenk, eij 〉|2 ≤ 1

4
βN−1

n ‖N−1‖
∑
i,j

|〈Aenk, eij 〉|2, (3.4)

∑
i<n, j

|〈APn enk, eij 〉|2 ≤ 1

4
βN−1

n ‖N−1‖
∑
i,j

|〈Aenk, eij 〉|2, (3.5)

∑
i<n, j

|〈enk, aij eij + wij 〉|2 ≤ (1+ sup
n,k

|ank|)
∑
ij

|〈enk, wij 〉|2. (3.6)
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Definition 3.1 imposes conditions 1, and 2, which together with the orthogonality
of the basis imply conditions (3.4)–(3.6). Therefore an equivalent definition of a
compression A-eigenbasis, would be that it satisfies 1, and 2 as well as (3.4)–(3.6)
for all n > 1. This equivalent definition has the advantage that it can be used for
non-orthogonal bases as well.

Remark 3.2. A similar further relaxation can be combined with the second variant
where 〈vn, ek〉 decays as |n − k| → ∞, but we shall not consider this wavelet type
variant here.

Since we want to have the largest possible set of compression A-eigensystems
we replace orthonormal bases (en) by systems of coherent states (ey) as defined in
Section 2.

Recall that a weakly measurable function y �→ ey : E → H is a system of
coherent states over (E, dy) if (2.10) is satisfied. If E = Z

+, dy is the discrete
Lebesgue measure in Z

+ and L2(E, dy) = �2+, then every ordinary o.n. basis (en)
is a system of coherent states over the measure space (Z+, dy). By the polarization
identity for the scalar product, condition (2.10) is equivalent to∫

E

〈f, ey〉〈ey, g〉 dy = 〈f, g〉. (3.7)

Here, and in what follows, we assume ‖ey‖ ≤ 1, ∀y.
Setting f̂ (y) = 〈f, ey〉 then the operator F which assigns to each f ∈ H the

function f̂ ∈ L2(E, dy) is an isometry of H onto a subspace of L2(E, dy). A
weakly measurable function y �→ φ(y) : E → H is said to be integrable in the
weak sense if, for all g ∈ H , the scalar function 〈φ(y), g〉 is (absolutely) inte-
grable, so that

∫
E
|〈φ(y), g〉| dy < ∞, and

∫
E
φ(y) dy = 	 ∈ H is defined by

〈	, g〉 = ∫
E
〈φ(y), g〉 dy.Therefore from (2.10) and (3.7) it follows that for all u ∈ H

the integral
∫
E
〈f, ey〉 ey dy exists in the weak sense, and f = ∫

E
〈f, ey〉 ey dy =∫

E
f̂ (y)ey dy.

Similarly, if T ∈ L(H), then

Tf =
∫
E

〈f, ey〉 T ey dy =
∫
E

〈f, ey〉φy dy, φy = T ey, (3.8)

in the weak sense, since 〈Tf, g〉 = 〈f, T ∗g〉 = ∫
E
〈f, ey〉〈ey, T ∗g〉 dy

= ∫
E
〈f, ey〉〈T ey, g〉 dy. Moreover we have the following result.

Proposition 3.3. Let y �→ s(y) be a bounded weakly measurable function from E to
H . Then there exists an S ∈ L(H), ‖S‖ ≤ M satisfying, Sey = s(y) for all y, if and
only if for each g ∈ H there is a g′ ∈ H such that, for all y,

〈s(y), g〉 = 〈ey, g′〉 and ‖g′‖ ≤ M‖g‖. (3.9)

Proof. If for each g there is g′ satisfying (3.9) then, ∀f ∈ H , the integral
B(f, g) := ∫

E
〈f, ey〉〈s(y), g〉dy exists and defines a bounded sesquilinear form
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B(f, g) = 〈f, g′〉, |B(f, g)| ≤ M‖g‖ ‖f ‖, so that the operator S associated to B

satisfies 〈Sf, g〉 = ∫ 〈f, ey〉〈s(y), g〉dy, and by (3.9),∫
E

〈f, ey〉〈s(y), g〉dy =
∫
〈f, ey〉〈Sey, g〉dy. (3.10)

Since 〈Sey, g〉 = 〈S∗g, ey〉 = Ŝ∗g(y) belongs to F (H), and the same is true for
〈S(y), g〉, (3.10) implies that 〈S(y), g〉 = 〈Sey, g〉 for almost all y. Choosing an o.n.
basis (gn) in H , for almost all y, 〈S(y), gn〉 = 〈Sey, gn〉 holds for all gn, and thus
S(y) = Sey . The converse is immediate.

A bounded weakly measurable function λ : E→ C is called a multiplier function
for the given system (ey) of coherent states, if for all g ∈ H , there is a g′ ∈ H such
that for all y 〈λ(y)ey, g〉 = 〈ey, g′〉. In this case |〈ey, g′〉| = |λ(y)||〈ey, g〉| implies,
by (3.7), that ‖g′‖ ≤ M‖g‖ with M = sup |λ(y)| < ∞. Hence by Proposition 3.3,
if the bounded function λ = λ(y) = (λy) is a multiplier, then there exists an operator
S ∈ L(H) such that λ(y)ey = Sey holds for all y. Thus every bounded multiplier
λ = (λy) defines a bounded operator S, in the weak sense, by

Sf =
∫
E

〈f, ey〉λyey dy, (3.11)

which satisfies λy = Sey , for almost all y. Such an operator S, defined through a
bounded multiplier function, is called a multiplier operator with respect to the system
of coherent states (ey).

Observe that when E = Z+, L2(E, dy) = �2+, and (en) is an o.n. basis, then
every bounded sequence (λy) = (λn) is a multiplier. Proposition 3.3 says that (Sy)
is a WO of special type if for each g there is a g′ satisfying 〈Sy, g〉 = 〈ey, g′〉 with
‖g′‖ ≤ M‖g‖. However, if (ey) is a general coherent system, then a bounded function
(λy) need not be a multiplier, since in general F (H) �= L2(E, dy).

If the system of coherent states (ey) is WO (in the case L2(E, dy) = �2+ and (ey)

an o.n. basis this is always the case), then every multiplier operator, given by (3.11),
can be written as Sf = ∫

E
〈f, ey〉Seydy =

∫
E
〈f, ey〉φydy where φy = Sey = λyey

is also WO, so that S is a tensor product of two WO functions, i.e. the integral of a
special μ-almost orthogonal operator-valued function (Sy = ey ⊗ϕy), in the sense of
Unterburger (see the lines preceding Proposition 2.4).

Still more generally, we replace the system of coherent states over (E, dy) by a
weakly measurable vector function y �→ ey : E → H , called a frame over E (see
(2.9)), if there exist two constants, β1, β2 > 0, such that the following two conditions
are satisfied ∫

E

‖〈f, ey〉‖2dy ≤ β1‖f ‖2, ∀f ∈ H, (3.12)

|〈f, g〉| ≤ β2

∫
E

|〈f, ey〉| |〈ey, g〉| dy, ∀f, g ∈ H. (3.13)
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A system of coherent states is the same as a frame with β1 = β2 = 1.
Let dμ(x) and dν(y) be two positive σ -finite measures in [1,∞), whereμ([1, N ])

≤ N, ν([1, N ]) ≤ N for every N ∈ [1,∞), and consider the measure space (E, dz)
where E = {z = (x, y) ∈ [1,∞) × [1,∞] : y < Nx} and dz = d(x, y) is the
restriction of dμ(x) × dν(y) to E, where x �→ Nx is a given function in [1,∞),
such that N−1

x is a positive μ-integrable function in the variable x,
∫∞

1 N−1
x dμ(x) =:

‖N−1‖ <∞, and let z = (x, y) �→ ez = exy be a frame over (E, dz) with constants
β1, β2 > 0. With Definition 3.1 and inequalities (3.4)–(3.6) as reference, and the
notation above, we give the following

Definition 3.4. If A = A∗ ∈ L(H) is a self-adjoint operator, and (ez) := (exy) is a
frame over the measure space (E, dz), we call this frame an A-eigenframe if for all
z = (x, y) ∈ E the following conditions are satisfied

QxAexy = axyexy + wxy (3.14)

whereQx = I−Px, Px is the orthoprojector over the subspace spanned by the vectors
{est : s < x}, axy, wxy are bounded weakly measurable scalar functions, such that

sup
(x,y)

|axy | = ‖a‖ <∞, and ‖wxy‖ ≤ cN−1
x ,

and, for

cxy = 1

4β1β2
N−1
x ‖N−1‖

∫
E

|〈Aexy, est 〉|2 d(s, t), (3.15)

∫
s≥x
|〈PxAexy, est 〉|2 d(s, t) ≤ cxy, (3.16)

∫
s<x

|〈APsexy, est 〉|2d(s, t) ≤ cxy, (3.17)

and ∫
s<x

|〈exy, ast est + wst 〉|2 ≤ (1+ ‖a‖)
∫
|〈exy, wst 〉|2 d(s, t), (3.18)

where the function given by (z, τ ) �→ 〈ez, wτ 〉, z = (x, y), τ = (s, t), is a measur-
able function in the two variables (z, τ ).

Remark 3.5. Basic examples of systems of coherent states or frames over (E, dz)
are obtained when H is a reproducing kernel Hilbert space of analytic functions in a
space L2(E, dz), and z �→ ez is its reproducing kernel. In this case it is not difficult
to define functions z→ ez satisfying the last measurability condition.

Theorem 3.6. (a) If A = A∗ ∈ L(H) is a self-adjoint operator and (exy) is a com-
pression A-eigensystem of coherent states over (E, dz), then there exist five operators
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A1, . . . , A5 of a simple WO type, such that

A = A1 + · · · + A5,

‖Aj‖ < c for j = 1, 2, 5, ‖Aj‖ < 1

4
‖A‖ for j = 3, 4, and ‖A‖ ≤ 6c.

If (exy) = (enk) is a discrete o.n. basis, then A3 = A4 = 0 and ‖A‖ ≤ 3c.
(b) Conversely, for every A = A∗ ∈ L(H), and for every fixed Nx with ‖N−1‖ <

∞, there exits a discrete compression o.n. A-eigenbasis with constant c ≤ 2‖A‖.
Moreover, there is a theoretical algorithm which assigns to each A = A∗ such an
A-eigenbasis.

Proof of (a). Let (exy) be a compression A-eigensystem of coherent states over
(E, dz), and for every pair f, g ∈ H set

I1 = I1(f, g) =
∫
E

axy〈f, exy〉〈exy, g〉 d(x, y)

I2 =
∫
E

〈f, exy〉〈wxy, g〉 d(x, y)

I3 =
∫
E

〈f, exy〉
[∫

s≥x
〈PxAexy, est 〉〈est , g〉 d(s, t)

]
d(x, y)

I4 =
∫
E

〈f, exy〉
[∫

s<x

〈APsest 〉〈est , g〉 d(s, t)
]
d(x, y),

I5 =
∫
E

〈f, exy〉
[∫

s<x

〈exyast est + wst 〉〈est , g〉 d(s, t)
]
d(x, y)

Then

|I1| ≤
[∫

E

|〈f, exy〉|2 d(x, y)
]1/2 [∫

E

|axy〈g, exy〉|2 d(x, y)
]1/2

. (3.19)

Similarly, since
∫
E
|〈wxy, g〉|2 ≤

(∫ |N−1
x |2) ‖g‖2,

|I2| ≤
∫
|〈f, exy〉| |〈wxy, g〉| d(x, y) ≤ ‖N−1‖ ‖f ‖ ‖g‖. (3.20)

Since now β1 = β2 = 1 and
∫
E
|〈f, exy〉|N−1

x dxdy ≤ ‖f ‖ ‖N−1‖, we have

|I3| ≤
∫
E

|〈f, exy〉|
[∫

s≥x
|〈PxAexy, est 〉| |〈est , g〉| d(s, t)

]
dxy

≤ 1

4
‖A‖ ‖f ‖ ‖g‖.

(3.21)

Similarly

|I4| ≤ 1

4
‖A‖ ‖f ‖ ‖g‖ (3.22)
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Since by (3.18),∫
E

|〈est , g〉|
[∫

x>s

|〈f, exy〉| |〈exy, ast est + wst 〉| d(x, y)
]
d(s, t)

≤ (1+ sup |ast |)
∫
E

|〈est , g〉| ‖f ‖ ‖wst‖ d(s, t),

|I5| ≤
∫
E

|〈f, exy〉|
[∫

s<x

|〈exy, ast est + wst 〉| |〈est , g〉| d(s, t)
]
d(x, y)

≤ (1+ sup |ast |)‖f ‖
[∫

|〈g, est 〉|2d(s, t)
]1/2 (∫

w2
st d(s, t)

)1/2

.

(3.23)

From (3.20) and (3.21) it follows that I1(f, g) = 〈A1f, g〉, I2(f, g) = 〈A2f, g〉
where

A1, A2 ∈ L(H) with norms ≤ c ‖N−1‖. (3.24)

From (3.22) it follows that for fixed (x, y),
∫
s≥x〈PxAexy, est 〉〈est , g〉d(s, t) is an

antilinear functional in g, of norm ≤ 1
4‖A‖N−1

x ‖N−1‖, so that there exists uxy ∈ H

such that ‖uxy‖ ≤ 1
4‖A‖N−1

x ‖N−1‖ and such that

I3(f, g) =
∫
E

〈f, exy〉 〈uxy, g〉 d(x, y) =
〈∫

E

〈f, exy〉uxy d(x, y)g
〉
,

so that I3(f, g = 〈A3f, g〉 where A3f =
∫
E
〈f, exy〉uxy d(x, y), with

‖A3f ‖ ≤
(∫

|〈f, exy〉|2d(x, y)
)1/2 (∫

u2
xy

)1/2

≤ 1/4‖A‖,

and thus A3 is a simple WO type operator with norm ≤ 1/4‖A‖, and the same is
true for A4. A similar argument applies to I5, so that I5(f, g) = 〈A5f, g〉 with
‖A5‖ ≤ c‖N−1‖, and of WO type, and the same holds for I1, I2, from (3.20), (3.21).

It remains to see that A = A1 + · · · + A5. We have that

Af =
∫
E

〈f, exy〉Aexy =
∫
〈f, exy〉QxAexy +

∫
〈f, exy〉PxAexy

=
∫
E

〈f, exy〉(axyexy + wxy) d(x, y)+
∫
E

〈f, exy〉PxAexy d(x, y).
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Thus

〈Af, g〉 =
∫
〈f, exy〉axy〈exy, g〉 +

∫
〈f, exy〉〈wxy, g〉

+
∫
〈f, exy〉〈PxAexy, g〉

= I1(f, g)+ I2(f, g)+
∫
〈f, exy〉〈PxAexy, g〉.

(3.25)

Now

〈PxAexy, g〉 =
∫
〈PxAexy, est 〉〈est , g〉d(s, t)

=
(∫

s≥x
+
∫
s<x

)
〈PxAexy, est 〉〈est , g〉d(s, t),

so that

〈Af, f 〉 = I1 + I2 + I3 + II, (3.26)

where

II =
∫
〈f, exy〉

[∫
s<x

〈PxAexy, est 〉 · 〈est , g〉d(s, t)
]
d(x, y)

=
∫
〈f, exy〉

[∫
s<x

〈exy, Aest 〉 〈est , g〉d(s, t)
]
d(x, y),

since Pxest = est for s < x by definition of Px . Writing 〈exy, Aest 〉 = 〈exy, PsAest 〉
+ 〈exy,QsAest 〉 and using QsAest = ast est + wst it follows that II = I4 + I5.

Thus 〈Af, g〉 = I1(f, g)+ · · · + I5(f, g), and hence A = A1 + · · · + A5.

Remark 3.7. As mentioned in Section 2, condition (2.7) is equivalent to condition
(2.8) and each of these two conditions can be taken as definition of a WO sequence. But
in the case of functions, (x, y) �→ exy , the analogues of these conditions give rise to
two different versions of WO: the one in Proposition 2.3, and the one in Theorem 3.6,
and for both Proposition 2.4 holds.

Proof of (b). This part of the proof follows from a well-known argument. Let us
first see that given an integer N > 0, an element e0 ∈ H , and an operator A =
A∗ ∈ L(H), we can construct and o.n. system (e1, . . . , en) ⊂ H , and two systems
(a1, . . . , an) ⊂ C, {g1, . . . , gn} ⊂ H , such that n ≤ N , for every k = 1, . . . , n the
relationAek = akek+vk holds with |ak| ≤ ‖A‖, ‖vk‖ ≤ ‖A‖N−1, and e0 ∈ L, where
L is the span of (e1, . . . , en). Let � �→ E(�) be the spectral measure of A, acting in
the interval I = [−‖A‖, ‖A‖], let I = �1 ∪ · · · ∪�N be a partition of I into N equal
intervals of length 2‖A‖N−1, let ak be the center of �k , and Hk = E(�k)H , so that
H = H1 ⊕ · · · ⊕HN . Let e′k be the normalized projection of e0 onto Hk and ek = e′k
if e′k �= 0, ek = 0 otherwise. Then, since ek ∈ Hk,Aek =

∫
a daEek = akek + vk
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where

‖vk‖ =
∥∥∥∥∫

�k

(a − ak)daEek

∥∥∥∥ ≤ sup{|a − ak| : a ∈ �k} ≤ ‖A‖N−1},

where |ak| ≤ ‖A‖, and where e0 is clearly in the span of (e1, . . . , eN).
Now fix a dense sequence (e0

j ) in H and use the preceding property to construct

the desired o.n. basis (en) by induction, as follows. Given (Nj ),
∑

N−1
j < ∞, we

construct as above an o.n. system (e11, . . . , e1n1) and two sequences (a1k : k =
1, . . . , n1) ⊂ C, (v1k : k = 1, . . . , n1) ⊂ H such that n1 ≤ N1, Ae1k = a1ke1k + v1k
with |a1k| ≤ ‖A‖, ‖v1k‖ ≤ ‖A‖N−1

1 and e0
1 ∈ L1 = span{e11, . . . , e1n1}.

Let P1 be the orthoprojector on L1, Q1 = I − P1 be the orthoprojector on L⊥1 ,
and apply the preceding construction to the operator Ai = PL⊥1

A|L⊥1 = Q1A|L⊥1 to
obtain an o.n. system (e21, . . . , e2n2) and two sequences (a2k : k = 1, . . . , n2), (v2k :
k = 1, . . . , n2) such that n2 ≤ N2, e

0
2 ∈ L2 = span({e11, . . . , e1n1}∪{e21, . . . , e2n2})

and Q1Ae2k = a2ke2k + v2k, |a2k| ≤ ‖A‖, ‖v2k‖ ≤ ‖A‖N−1
2 for k = 1, . . . , n2.

Continuing by induction this construction we obtain the desired o.n. compression
A-eigenbasis.

Remark 3.8. Taking Nj = (2c/ε)2j , one obtains from part (b) of Theorem 3.6
an o.n. compression A-eigenbasis for any given operator A = A∗. Then, by part
(a), one has A = A1 + A2 + A5 where A1 is a diagonal operator and A2, A5 are
operators defined as A2f = ∑〈f, enk 〉vnk and A5f = ∑〈f, vnk 〉enk , respectively,
where ‖vnk‖ < cN−1

n . It is easy to see from the estimates in the proof that A2 and
A5 are not only bounded but also Hilbert–Schmidt operators of norm < ε. Thus as
a corollary of Theorem 3.6 follows the Weyl–von Neumann Theorem asserting that
each operator A = A∗ ∈ L(H) can be given as the sum of one diagonal operator and
one Hilbert–Schmidt operator of norm less a prescribed ε > 0.

The proof of part (a) of Theorem 3.6 also gives the following

Corollary 3.9. If A = A∗ ∈ L(H) and (exy) is a compression A-eigenframe over
(E, dz), then there exist five a. o. operators A1, . . . , A5 of simple type as in 3.6, such
that for all f, g ∈ H,

|〈Af, g〉| ≤
5∑

i=1

|〈Aif, g〉|, ‖A3‖ ≤ 1

4
‖A‖,

‖A4‖ ≤ ‖A‖, and ‖A‖ ≤ 6c‖N−1‖.
Remark 3.10. The algorithm in part (b) of 3.6 assigns to eachA = A∗ an compression
o.n. A-eigenbasis, but it does not assign to eachA = A∗ an compressionA-eigenframe
or system of coherent states in a predetermined measures space (E, dz). This question
will be considered elsewhere.
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4. An A-eigenbasis given by an explicit simple algorithm

In Theorem 3.6 a theoretical algorithm was given, assigning to each operator A = A∗
a compression A-eigenbasis providing essential information on A. However there are
few explicitly known o.n. bases, and the algorithm to obtain the A-eigenbasis from A

and the given o.n. basis requires an infinite number of steps. Thus we seek a different
type of generalized A-eigenbases, still providing information on A, but given by a
simple algorithm assigning to each operator A = A∗ a generalized A-eigensystem.

For a fixed sequence (Nj ), of strictly increasing positive integers, let D(Nj ) =
{(j, k) ∈ Z

+ × Z
+ : k ≤ Nj } and consider double sequences (ejk) of trian-

gular type-(Nj ), where the pair (j, k) varies in the set D(Nj ), so that (ejk) =
(e11, . . . , e1N1 , e21, . . . , e2N2 , . . . , ej1, . . . , ejNj

, . . . ).
An expanded basis-(Nj ) is an o. n. basis (ej ) of H with an associated sequence

(ejk)of triangular type-(Nj ), such that for each j = 1, 2, . . . , ej = ej1+· · ·+ejNj
and

(ej1, . . . , ejNj
) is an orthogonal(not necessarily normalized) sequence, 〈ejk, ej�〉 = 0

for k �= �.
A natural way to produce an expanded basis is to take an ordinary o.n. basis (ej )

and, for every j = 1, 2, . . . , fix a partition of unity I = Pj1 + · · · + PjNj
where the

Pjk ∈ L(H) are the orthoprojectors satisfying PjkPj� = 0 for k �= �, and then set
ejk = Pjkej .

Here we shall concentrate on dyadic expanded bases that we now describe. Take
N1 = 2, . . . , Nj = 2j , . . . , and identify each (j, k) ∈ D(2j ) =: D with a dyadic
interval 1jk ⊂ [0, 1],such that, for each j, [0, 1] = 1j1 + · · · + 1j2j is a dyadic
partition, and chose the Pjk so that PjkP�m = P�m whenever 1�m ⊂ 1jk , that is,
whenever the projectionPj+1,� of generation j+1 is obtained by partitioning eachPj�
into a sum of two projectionsPj� = Pj+1,�+Pj+1,�+1. We write alsoPjk = P(1jk),
so that 1jk ⊃ 1m� implies P(1jk) ≥ P(1m�). These expanded bases are called
of dyadic type (2j ), and they are given by fixing an ordinary o.n. basis (ej ) and a
dyadic family of partitions of unity P(1jk), and setting ejk = P(1jk)ej , for all
(j, k) ∈ D, (j, k) ∼ dyadic 1jk . The dyadic expanded bases are locally orthogonal,
in the sense that, for each j = 1, 2, . . . , 〈ejk, ej�〉 = 0 for k �= �, and they are
globally almost orthogonal, in the sense that for each ejk and each m < j there is
only one em� not orthogonal to ejk , namely the only ascendant1m� of generation m
such that 1m� ⊃ 1jk . An expanded basis (ejk) is called an expanded A-eigenbasis
if Aejk = ajkejk + wjk, where ‖wjk‖ ≤ cN−j 1 and there is a fixed δ > 0 such that
δajk ∈ �jk,∀(j, k) ∈ D .

To each self-adjoint operator A ∈ L(H), ‖A‖ ≤ 1, is associated a well-deter-
mined dyadic expanded basis (e(1jk)) as follows. By the spectral theorem, for
each A = A∗ there exists a measure space (X,μ) with a finite measure μ ≥ 0,
a unitary isomorphism U of H onto L2(X,μ), and a bounded measurable function
f = f (A), such that UAU−1 = Af , where Af is the operator in L2(X,μ) defined
by (Af g)(x) = f (x)g(x), for each g ∈ L2(X,μ). For each interval 1 ⊂ [0, 1], let
1̃ = f−1(1) = {x ∈ X : f (x) ∈ 1}, and let P̃ (1) be the orthoprojector inL2(X,μ)
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defined by P̃ (1)g = 11̃g, 11̃ the characteristic function of 1̃, 11̃ = 0 if 1̃ = ∅.
If (1jk) is the family of dyadic intervals in [0, 1] then, for each j = 1, 2, . . . , the
(P̃ (1jk)) form a dyadic family of projector partitions of unity, which throughU−1 give
a corresponding dyadic family of orthoprojectors (P (1jk)) of H . Choosing a fixed
o.n. basis (ej ) of H and setting ejk = P(1jk)ej (if 1̃jk = ∅ then ejk = 0), a well-
determined dyadic expanded basis inH is obtained, and it is called the expanded basis
associated to A. If A has a simple spectrum, then X can be taken as X = [0, 1] and
f (x) = x, and then P̃ (1jk)will be given by P̃ (1jk)g = 11jk

g, for all g ∈ L2(X,μ).

Let A ∈ L(H) be a self-adjoint operator, and let (ejk) = (e(1jk)) be the dyadic
expanded basis associated with A. Since ej1 + · · · + ej2j = ej where (ej ) is an
ordinary o.n. basis, each f ∈ H is written as f = �j 〈f, ej 〉ej , and if an operator
D ∈ L(H) is diagonal with respect to (ejk), in the sense that

Dejk = ajk(D)ejk for each 1jk ∼ (j, k) ∈ D, (4.1)

then, for every (j, k) ∈ D , the inequality

|ajk| ‖ejk‖ = ‖ajkejk‖ = ‖Dejk‖ ≤ ‖D‖ ‖ejk‖ (4.2)

implies

|ajk| ≤ ‖D‖, ajk = ajk(D),∀(j, k) ∈ D, (4.3)

and D is given by

Df =
∑
j

〈f, ej 〉Dej =
∑
j

2j∑
k=1

〈f, ej 〉ajk(D)ejk. (4.4)

Observe that in the last sum the factor 〈f, ej 〉 appears instead of 〈f, ejk〉. The expres-
sion of D in (4.4) is not equivalent to (4.1) but to

Dej =
2j∑
k=1

Dejk =
2j∑
k=1

ajkejk, ∀j, (4.5)

and an operator D ∈ L(H) will be called an expanded diagonal operator with respect
to A, if D satisfies (4.5) for each j = 1, 2, . . . .

Though here we consider mainly expanded bases where ejk = Pjkej , with Pjk
orthoprojectors, the basic property of expanded diagonal operators will be stated for
the more general expanded bases where, for each j , the system of orthoprojectors
Pj1, . . . , Pj2j is replaced by a general orthogonal sequence of commuting self-adjoint
operators (Pjk), with ‖Pjk‖ ≤ cP for all j, k, for fixed cP . Still more generally, we
replace the sequence (Pjk) of projections by an almost orthogonal sequence (Pjk).
Thus we formulate the following general definition: Let (ej ) be an ordinary o.n. basis,
and for each j = 1, 2, . . . , let Pj1, . . . , Pj2j be a finite almost orthogonal sequence
of self-adjoint commuting operators, satisfying (2.9) with constants c1 and c2, such
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that (c1c2)
1/2 = cP . ‖Pjk‖ ≤ cP , fixed, for all j, k. Assume that (Pjk) satisfies the

dyadic partition condition

Pjk = Pj+1,2k−1 + Pj+1,2k for k = 1, 2, . . . , 2j and all j. (4.6)

As above, we identify (j, k) with 1jk , write P(1jk) instead of Pjk and set ejk =
P(1jk)ej . Setting Pj =∑2j

k=1 P(1jk) we have �kejk = Pjej . From (5.4) follows
that

Pjk = Pm,2m−j k−2m−j+1 + · · · + Pm,2m−j k if j < m. (4.7)

Proposition 4.1. Let (ejk) = (P (1jk)ej ), (j, k) ∈ D , be a dyadic expanded basis,
where, for each j = 1, 2, . . . , (P (1jk) : k = 1, . . . , 2j ) is a finite a.o.. sequence
of self-adjoint commuting operators satisfying (2.9) with (c1c2)

1/2 = cP , and (4.6),
and let D be a expanded diagonal operator with respect to this expanded basis. i.e.,
Dejk = ajkejk, ajk = ajk(D). If there is a fixed δ > 0, δ = δP , such that

δajk ∈ 1jk, ∀(j, k) ∈ D, (4.8)

then every partial sum δDm, for Dmf = ∑m
j=1
∑2j

k=1〈f, ej 〉ajkejk, can be written
as δDm = Tm + Vm, where ‖Tm‖ ≤ cP , and Vm is an a.o. Hilbert–Schmidt operator
of WO type, satisfying ‖Vm‖ ≤ ‖Vm‖2 ≤ cP . Thus, for all m = 1, 2, . . . ,

‖Dm‖ ≤ 2cP δ
−1
P . (4.9)

Proof. By (4.8), δ|ajk| ≤ 1 , so that by the property of a.o. series, the operator Pmδ :=∑2m
n=1 δamnP (1mn) is bounded in norm by the fixed constant cP . Setting Tmf =∑m
j=1
∑2m

n=1〈f, ej 〉δamnP (1mn)ej = ∑m
j=1〈f, ej 〉Pmδej = Pmδ

(∑m
j=1〈f, ej 〉ej

)
we have that ‖Tmf ‖ ≤ ‖Pmδ‖

(∑m
j=1 |〈f, ej 〉|2

)1/2 ≤ cP ‖f ‖, wich implies ‖Tm‖ ≤
cP .

From the definition of Tm and from (4.7) it follows easily that

Vm = δDmf − Tmf

=
m∑
j=1

2j∑
k=1

〈f, ej 〉δajkP (1jk)ej −
m∑
j=1

2m∑
n=1

〈f, ej 〉δamnP (1mn)ej

=
m∑
j=1

2j∑
k=1

〈f, ej 〉
[
(δajk − δam,2m−j k−1)Pm,2m−j k−2m−j+1

+ · · · + (δajk − δam,2m−j k)Pm,2m−j k
]
ej =

m∑
j=1

〈f, ej 〉wj ,

(4.10)

where δajk and δam,2m−j k−1 both belong to the interval 1jk of length 2−j , and their
difference, as well as the other differences in parentheses in the last expression are all
less than or equal 2−j , and (wj ) is an almost orthogonal sequence with constant less
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than or equal cP 2−j , so

Vmf = δDmf − Tmf =
m∑
j=1

〈f, ej 〉wj with ‖wj‖ ≤ cP 2−j . (4.11)

By Propositions 2.2 and 2.4, (4.11) implies that
∑

j Ajf =∑m
j=1〈f, ej 〉wj is almost

orthogonal. In fact, this is easily verified in the present case, since for i = 1, 2,
ki(j,m) = |〈wj ,wm〉| ≤ cP 2−j cP 2−m < ∞. Thus V is an almost orthogonal
operator and, from (4.11) follows that Vmej = wj and

∑
j ‖Vmej‖2 ≤ c2

P , so that Vm
is a Hilbert–Schmidt operator with ‖Vm‖2 ≤ cP .

Remark 4.2. From the proof of Proposition 4.1 follows that every expanded diagonal
operator D satisfying condition (4.8) is the sum of two almost orthogonal operators.

Proposition 4.3. For every A = A∗ ∈ L(H), the associated expanded basis of A
is an expanded A-eigenbasis, and A can be written as A = D + V , where D is an
expanded diagonal operator with respect to the expanded basis (ejk), (j, k) ∈ Dp,
associated with A, satisfying (4.8) for δ = 1, and V is a Hilbert–Schmidt operator,
‖V ‖2 < ε, for a prescribed ε > 0. Moreover, here the associated o.n. basis (en) can
be arbitrarily given.

Remark 4.4. While in Section 3 the o.n. basis varied with A, in Proposition 4.3 it
can be chosen arbitrarily, and requires only a simple expansion, and this construction
allows to extend the decomposition to all operators F(A), for “good” Lipschitz func-
tions F , even not real ones, thus providing new variants that cannot be obtained by
the method in Section 3, which varies with F , even for real F . The interest of this
variant lies on the possibility of a functional calculus, as well as in its computability.

Proof. Without loss of generality we may consider A such that ‖A‖ ≤ 1. By the
definition of the expanded basis associated with A, we may take H = L2(X,μ),A =
Af defined by Af g(x) = f (x)g(x) for a fixed bounded f ∈ L2(X,μ) and all g ∈
L2(X,μ), so that the expanded basis (ej )) is given by ejk(x) = 11̃jk(x)ej (x), where

1̃jk = {x ∈ X : f (x) ∈ 1jk} and (ej ) is a fixed o.n. basis of L2(X,μ) and for all

j = 1, 2, . . . , Af ej (x) = ∑2j
k=1 11̃jk (x)f (x)ej (x) =

∑2j
k=1 11̃jk (x)f (x)ejk(x).

Af g(x) =∑2j
k=1 11̃jk (x)f (x)g(x). Take the center of the dyadic interval1jk ∈ D

as ajk , and define a formal series
∑∞

j=1
∑2j

k=1 Djk with Djkf = 〈f, ej 〉ajk ejk, with

partial sumsDmf =∑m
j=1
∑2j

k=1〈f, ej 〉ajkejk,where the ajk satisfy (4.8) for δ = 1.
In this expanded basis A is expressed as

Af =
∞∑
j=1

〈f, ej 〉Aej =
∑
j

〈f, ej 〉
2j∑
k=1

f 11̃jkej =
∑
j

〈f, ej 〉
2j∑
k=1

f 11̃jkejk,
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with partial sums

Amf =
m∑
j=1

〈f, ej 〉
2j∑
k=1

f 11̃jkejk.

Since f (x) ∈ 1jk for x ∈ 1̃jk, and since 1jk is an interval of length 2−j , and
both numbers ajk and 11̃jk(x)f (x) are in 1jk if 11̃jk(x)f (x) �= 0 and ejk(x) =
11̃jk(x)ej (x) = 0 if x �∈ 1̃jk, we have that ‖11̃jk(x)f (x)ejk(x) − ajkejk(x)‖ =
‖(11̃jk(x)f (x)− ajk)ejk(x)‖ ≤ 2−j‖ejk‖.

Thus Amf − Dmf = ∑m
j=1〈f, ej 〉wj where, since for each j, (ejk) is an or-

thogonal system, for each j , ‖wj‖ ≤
(∑2j

k=1(2
−j‖ejk‖)2

)1/2 ≤ 2−j . Hence,

‖Dmf − Dm+pf ‖ ≤ ‖Amf − Am+pf ‖ + ‖∑m+p
j=m+1〈f, ej 〉wj‖ ≤ ‖Amf −

Am+pf ‖ +
(∑m+p

j=m+1 2−2j
)1/2‖f ‖ . Since ‖Amf − Am+pf ‖ tends to 0 when

m tends to infinity, it follows that Dmf converges strongly to a limit Df where D

is expanded diagonal with respect to the expanded basis (ejk), with ajk = ajk(D)

satisfying (4.8) for δ = 1, and that V := A − D is the limit of Vm = Am − Dm

with Vmf =∑m
j=1〈f, ej 〉wj and ‖wj‖ ≤ 2−j . Thus, each Vm is a Hilbert–Schmidt

operator, the operator sequence (Vm) converges to the Hilbert–Schmidt operator V ,
and A = D + V .

Observe that if instead of choosing an expanded basis of type (2j ) we choose
one of type (2j2p), we get ‖wj‖2 ≤ 2−p2−j , and then ‖V ‖2 ≤ 2−p < ε for any
prescribed ε > 0, taking p sufficiently large.

Remark 4.5. Proposition 4.3 produces a very large set of expandedA-eigenbases that
can be explicitly described, and which provide representations A = A1 + A2 + A3
with an explicit control on the norms of the WO type summands A1, A2, A3. We shall
not go here into generalizations to frames and systems of coherent states over a given
measure space which provide still large sets of representations of A of the above type.

5. Almost orthogonal series in commutative C∗-algebras

The Almost Orthogonal Lemma and its variants (see Proposition 2.1) provide norm
estimates for a large class of operators in classical analysis, and some of those operators
are given by special a.o. sequences in a commutative C*-algebra. This suggests to
study in more detail the a.o. sequences in particular C*-algebras. Here we show that
each a.o. sequence in a commutative C*-algebra gives rise to a large set of explicitly
given strongly convergent operator series, with an explicit estimate for the norm of
their sums. Moreover, in such case, the series not only converge in the strong topology
of L(H), but also in a natural pointwise sense.
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The proof of Theorem 5.1 below is inspired on an approach to the original Almost
Orthogonal Lemma [1] due to B. Sz.-Nagy [2] (see also [15]).

Let A ⊂ L(H) be a commutative C∗-algebra, W its associated Gelfand compact
space, {An} ⊂ A a fixed sequence of operators such that, ‖An‖ ≤ 1, ∀n, and let
k(m, n) = ‖(AmAn‖1/2 be its associated kernel. By the spectral theorem for C∗-
algebras there is a sequence of orthogonal subspaces (Hα) ⊂ H , for each α a measure
μα in W , and an isometry Jα mapping Hα on to L2(W,μα), such that

1. ∀f ∈ H , f =∑ fα with fα ∈ Hα and ‖f ‖2 =∑ ‖fα‖2;

2. ∀ n and ∀ α, An(Hα) ⊂ Hα , and

3. ∀ An corresponds a continuous function Ân ∈ C(W) such that, for each fα ∈
Hα , Jα(Anfα) = Ân(Jαfα), i.e, under the isomorphism Jα , the restriction ofAn

to Hα transforms into the operator f̂α(w)→ Ân(w)f̂α(w), where f̂α = Jαfα .

Every continuous scalar function F in R assigns to each self-adjoint operator
A ∈ A an operator F(A), and gives rise to the sequence (F (An), so that F̂ (A) =
F(Â), (F̂ (An)) = F(Ân), and, if |A| is defined by |A| = |Â|, then |A| ≥ 0, F (|A|) =
F(|Â|).

If F is continuously differentiable, and if F+(r) := F(r) when F ′(r) > 0 and
zero otherwise, F−(r) := F(r) when F ′(r) < 0 and zero otherwise, we may write

F = G1 +G2 = G1 − |G2| (5.1)

where G1 ≥ 0 and G2 ≤ 0 are continuously differentiable functions such that

G1 = F+, G2 = F−. (5.2)

Theorem 5.1. With the above notation, letF be a continuously differentiable function
in R such that the functions G1,G2 in (5.2) satisfy

sup
m

(∑
n

G1(k(m, n))
)
= c1 <∞,

sup
m

(∑
n

|G2(k(m, n))|
)
= c2 <∞.

Then the scalar series
∑

n |G1(Ân)(w)| and
∑

n |G2(Ân(w))| converge for every
w ∈ W,

∑
n G1(An) to an operator A′, of norm ‖A′‖ ≤ c1,

∑
n G2(An) to an

operator A′′, of norm ‖A′′‖ ≤ c2, and
∑

n F (An) converges to an operator A, of
norm ‖A‖ ≤ c1 + c2.

Remark 5.2. In the particular case where F(r) = r , Theorem 5.1 reduces to a known
version of Lemma 2.1 (see [9]). Of course,

∑
n F (An) should not be confused here

with F(
∑

n An).
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Proof. In view of above properties 1, 2, 3, we may assume that H = L2(W,μ), μ

a non-negative measure on the compact space W , and that the given sequence of
operators (An) is defined through the sequence (Ân), Ân ∈ C(W), as follows.

∀f ∈ H = L2(W,μ), Anf = Ânf, (5.3)

so that, ∀w ∈ W, (Anf )(w) = Ân(w)f (w), and by hypothesis, ‖An‖ = ‖Ân‖∞ =
sup{|Ân(w)| : w ∈ W } ≤ 1 holds for all n. For a fixed w ∈ W and a fixed ε > 0, set
M = sup{|Â : n(x)| : n ∈ N}, let m(ε) = m(ε,w) be such that

|Âm(ε)(w)| ≥ M − ε, (5.4)

and set k(n) = k(m(ε), n), so that sup{k(n) : n ∈ N} ≤ 1, since ‖An‖ ≤ 1 for
all n. Since w is fixed, we can define the distribution functions a∗(a) = card{n :
|Ân(w)| > a} and k∗(a) = card{n : k(n) > a}, of the scalar functions n→ |Ân(w)|
and n→ k(n), so that a∗(a) = 0 if a ≥ M , and k∗(a) = 0 if a ≥ 1. Let us first show
that (assuming w fixed)

∀a ∈ (0,M − ε), a∗(a) ≤ k∗(a). (5.5)

In fact, if |Ân(w)| > a then, by (5.4), and since a < M − ε < |Âm(ε)(w)|, it follows
that a2 < |Ân(w)‖Âm(ε)| ≤ ‖AnAm(ε)‖ = k(m(ε), n)2 = k(n)2, so k(n) > a. Thus
|Ân(w)| > a implies k(n) > a, which proves (5.5).Since G1(a) ≥ 0 it follows from
(5.5) that∫ Mε

0
G1(a)da∗(a) =

∫ M−ε

0
G2

1(a)a∗(a)da ≤
∫ 1−ε

0
G1

1(a)a∗(a)da

≤
∫ 1−ε

0
G1

1(a)k∗(a)da ≤
∫ 1

0
G1(a)da∗(a).

and, since by a known property of distribution functions,∑
n

G1(|Ân(w)|) =
∫ M−ε

0
G1(a)da∗(a) and

∑
n

G1(k(m(ε)), n) =
∑

G1(k(n)) =
∫ 1

0
G1(a)dk∗(a),

letting ε → 0, we get
∑

n G(|Ân(w)| ≤ ∑
n G1(k(m(ε), n))), for all w ∈ W .

Then the assertions on G1 follow easily, and similarly those on G2, and, as stated,
F = G1 +G2.

In particular if F(λ) = λ, F ′(λ) = 1, so that F = G1, G2 = 0 and (5.5) gives in
this case ∑

n

|Ân(w)| ≤ sup
m

(∑
n

k(m, n)
)
,
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which implies the strong convergence of
∑

n Ân(w)f (w) in the L2(μ)-norm for all
f ∈ L2(W,μ), and therefore, the strong convergence of

∑
An in L(H), which is a

known version of Proposition 2.1 (see [9], [7]).
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Abstract. We apply a decomposition technique introduced in [5] to give a variety of charac-

terizations of the Orlicz space Lexp t r and the Orlicz–Lorentz spaces Lexp t r
′
,tr . Our results

extend and unify classical results and those found in [5]. We apply the decomposition method
to inequalities for convolutions with the Riesz kernel, corresponding to Sobolev imbeddings in
the critical case.
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1. Introduction

In this paper we prove extrapolation theorems for the Orlicz and Orlicz–Lorentz spaces
which occur naturally in the limiting cases of Sobolev imbeddings. We first consider
the exponential Orlicz spacesLexp ta on sets of bounded measure in R

n. (For simplicity
we will assume throughout the paper that all spaces are defined on sets of Lebesgue
measure one.) Recall that for � ⊂ R

n, |�| = 1, the Orlicz space Lexp ta = Lexp ta (�)

is the Banach function space of all measurable f on � such that

‖f ‖Lexp ta = inf
{
λ > 0 :

∫
�

exp([f (x)/λ]a) < 2
}
<∞.

A now classical result due to Trudinger and others, proved by different techniques and
in various forms in [13, 10, 8, 11] (and in a more general setting in a number of recent
papers), is that when kr = n, the Sobolev space Wk,r is contained in Lexp tn/(n−k) .

It is well known that f ∈ Lexp ta is equivalent to the extrapolation inequality
supk k

−1/a‖f ‖k < ∞, where ‖ · ‖k is the norm on the Lebesgue space Lk . We use
the concept of a “decomposition” developed in [5] to generalize this characterization
of Lexp ta . To state our result, we need two definitions which we will also use below.
First, for k ≥ 1, define the intervals Ik = (e−k, e−k+1). Note that up to a set of
measure zero,

⋃
k Ik = [0, 1].
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Definition 1.1. Given an interval I ⊂ [0, 1] and the non-increasing rearrangement
f ∗ of a function f on [0, 1], define the localized Lorentz norm by

‖f ‖p,q,I =
(
q

p

∫
I

tq/pf ∗(t)q dt
t

)1/q

if 1 ≤ p, q <∞, and

‖f ‖p,∞,I = sup
t∈I

t1/pf ∗(t)

if 1 ≤ p ≤ ∞.

Theorem 1.2. Given a function f and a > 0, the following are equivalent:

(i) f ∈ Lexp ta ;

(ii) sup
k

‖f ‖k,∞
k1/a <∞;

(iii) sup
k

‖f ‖k,∞,Ik

k1/a <∞.

Remark 1.3. The equivalence of (i) and (ii) is known in the setting of the abstract
�-method (cf. [7]). Here we give a direct proof.

In [4] it was shown that the classical limiting imbedding could be refined by passing

to a richer scale of spaces – the Orlicz–Lorentz spaces Lexp t r
′
,tr , 1 < r <∞. More

precisely, it was shown that if f ∈ Wk,r then∫ 1

0

(
f ∗(t)

log(e/t)

)r
dt

t
<∞. (1.1)

In [5] it was observed that if r > 1 then (1.1) is equivalent to f ∈ Lexp t r
′
,tr . We note

in passing that this refinement is analogous to the refinement possible when kr < n by
passing from the Lebesgue space Ln/(n−kr) to the Lorentz space Ln/(n−kr),r . (See, for
example, [1] for a detailed treatment of refined Sobolev imbeddings into the Lorentz
scale. Also see [14, Chapter 2].)

In this paper we will take (1.1) as the definition of Lexp t r
′
,tr ; we will not discuss

the Orlicz–Lorentz scale in general and we refer the reader to [9], [5] and [6]. We also
note in passing that these spaces are equivalent to the Lorentz–Zygmund spaces with
norm ‖ · ‖∞,r,−r . See [2] for details.

Our next result is analogous to Theorem 1.2 and gives global and local extrapolation

characterizations ofLexp t r
′
,tr in terms of both Lebesgue and Lorentz norms. Here and

below, given an interval I ⊂ [0, 1], ‖f ‖k,I denotes the norm of f ∗ in Lk(I).

Theorem 1.4. Given a function f and r , 1 < r <∞, the following are equivalent:

(i) f ∈ Lexp t r
′
,tr ;
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(ii)
∞∑
k=1

(‖f ‖k,Ik
k

)r
<∞;

(iii)
∞∑
k=1

(‖f ‖k,r,Ik
k1/r ′

)r
<∞;

(iv)
∞∑
k=1

(‖f ‖k
k

)r
<∞;

(v)
∞∑
k=1

(‖f ‖k,r
k

)r
<∞.

Remark 1.5. The lack of symmetry in Condition (iii) can be removed (or, more pre-
cisely, hidden) if we omit the constant q/p in the definition of the local Lorentz norm.

Remark 1.6. Theorem 1.4 is still true when r = 1, but the spaceLexp t r
′
,tr is undefined

and we must replace the first condition with (1.1), which still makes sense.

Theorems 1.2 and 1.4 can be combined (along with results which are either classical

or in [5]) into a single theorem. Here, when r = ∞ we identify Lexp t r
′
,tr with Lexp t .

Corollary 1.7. Given a function f and r , 1 ≤ r ≤ ∞, the following are equivalent:

(i) f ∈ Lexp t r
′
,tr (if r > 1);

(ii)
f ∗(t)

log(e/t)
∈ Lr([0, 1], dt/t);

(iii)

{‖f ‖k,Ik
k

}
∈ �r ;

(iv)

{‖f ‖k,r,Ik
k1/r ′

}
∈ �r ;

(v)

{‖f ‖k
k

}
∈ �r ;

(vi)

{‖f ‖k,r
k

}
∈ �r .

Proof. We first consider the case r = ∞. Then the following implications hold:

(a) (i) ⇔ (ii). Recall that L∞([0, 1], dt/t) = L∞([0, 1]). Then this is classical;
see, for example, [3, Chapter 4].
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(b) (ii)⇔ (iii)⇔ (v). [5, Theorems 2.1, 2.2].

(c) (i)⇔ (iv)⇔ (vi). This is Theorem 1.2.

Now suppose that 1 ≤ r <∞. If r > 1 then, as we noted above, the equivalence
(i)⇔ (ii) is shown in [5, Section 1]. The rest of the implications are in Theorem 1.4.

The remainder of this paper is organized as follows: in Section 2 we prove Theo-
rem 1.2 and in Section 3 we prove Theorem 1.4. Finally, in Section 4, as an application
of our results, we use Theorem 1.4 to give a simple proof of the fact that if f ∈ Wk,r

then f satisfies (1.1).
Throughout this paper we will make the following assumptions and use the fol-

lowing notation. As we noted above, all function spaces are assumed to be defined on
sets with Lebesgue measure 1. Given a function f in such a space, f ∗ will denote its
non-increasing rearrangement on [0, 1].

We decompose the interval [0, 1] (up to a set of measure zero) into the union of
disjoint intervals Ik = (e−k, e−k+1), k ≥ 1.

The notationA ∼ B means that there exist positive constants c andC, independent
of any functions involved, such that cA ≤ B ≤ CA. Furthermore, we explicitly point
out the key fact that in all such relations in the following, c and C are independent of
the parameter k ∈ N. On the other hand, the parameter r in our results is a fixed real
number, 1 ≤ r ≤ ∞, and the constants c and C may depend on it.

2. Proof of Theorem 1.2

We first note that it suffices to consider the case a = 1, since given arbitrary a > 0
we have that f ∈ Lexp ta if and only if f a ∈ Lexp t , and (f ∗)a = (f a)∗.

Second, in [5] it was shown that f ∈ Lexp t if and only if

sup
k

‖f ‖k,Ik
k

<∞. (2.1)

(ii)⇒ (i). We estimate (2.1):

sup
k

1

k

(∫
Ik

f ∗(t)k dt
)1/k

≤ sup
k

1

k
f ∗(e−k)|Ik|1/k

≤ sup
k

1

k
f ∗(e−k)

(
e−k
)1/k(

ek
)1/k ≤ sup

k

e

k

(
sup
t∈Ik

t1/kf ∗(t)
)

≤ e sup
k

1

k
sup

t∈(0,1)
t1/kf ∗(t) = e sup

k

‖f ‖k,∞
k

.

(i)⇒ (ii). By the definition of the Ik’s, we have that |Ij+1|
(

e2

e−1

)
= e−j+1.
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We now prove the converse of the previous inequality:

sup
k

‖f ‖k,∞
k

= sup
k

1

k
sup

t∈(0,1)
t1/kf ∗(t) = sup

k

1

k
sup
j

sup
t∈Ij

t1/kf ∗(t)

= sup
k

1

k
sup
j

e(−j+1)/kf ∗(e−j )

≤ sup
k

1

k
sup
j

(
e2

e − 1

)1/k

f ∗(e−j )|Ij+1|1/k

≤
(

e2

e − 1

)
sup
k

1

k
sup
j

(∫
Ij+1

f ∗(t)k dt
)1/k

≤
(

e2

e − 1

)
sup
k

1

k

(∫ 1

0
f ∗(t)k dt

)1/k

=
(

e2

e − 1

)
sup
k

‖f ‖k
k

.

(ii)⇒ (iii). This is immediate.
(iii)⇒ (i). Again we estimate (2.1). For each k ≥ 1:

‖f ‖k,Ik
k

≤ 1

k
|Ik|1/k sup

t∈Ik
f ∗(t) = 1

k
e(1− e−1)1/k sup

t∈Ik
f ∗(t)

≤ 1

k
sup
t∈Ik

t1/kf ∗(t) = ‖f ‖k,∞,Ik

k
.

This completes the proof.

3. Proof of Theorem 1.4

(ii)⇒ (i). We estimate (1.1). On Ik , log(e/t) ≥ log(e/e−k+1) = k, so∫ 1

0

(
f ∗(t)

log(e/t)

)r
dt

t
=

∞∑
k=1

∫
Ik

(
f ∗(t)

log(e/t)

)r
dt

t
≤

∞∑
k=1

ek

kr
f ∗(e−k)r |Ik|

= (e − 1)
∞∑
k=1

(
f ∗(e−k)

k

)r
(since ek|Ik| = (e − 1))

≤ (e − 1)
∞∑
k=1

k−r
(

1

|Ik+1|
∫
Ik+1

f ∗(t)k+1 dt

)r/(k+1)

≤ (e − 1)er (1− e−1)−r
∞∑
k=1

(
k + 1

k

)r (‖f ∗‖k+1,Ik+1

k + 1

)r
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(here we used the estimate |Ik+1|1/(k+1) ≥ e−1(1− e−1))

≤ 2r (e − 1)er (1− e−1)−r
∞∑
k=1

(‖f ∗‖k,Ik
k

)r
.

(i)⇒ (ii). By an almost identical argument we prove the reverse inequality:

∞∑
k=1

(‖f ∗‖k,Ik
k

)r
≤

∞∑
k=1

k−rf ∗(e−k)r |Ik|r/k

≤ e−r (e − 1)r
∞∑
k=1

k−rf ∗(e−k)r

≤ e−r (e − 1)r (1− e−1)−1
∞∑
k=1

ek

kr

∫
Ik+1

f ∗(t)r dt

(here we used equality ek|Ik+1| = 1− e−1)

≤ e−r (e − 1)r (1− e−1)−1
∞∑
k=1

(k + 2)r

kr

∫
Ik+1

(
f ∗(t)

log(e/t)

)r
dt

t

≤ 3re−r (e − 1)r (1− e−1)−1
∞∑
k=1

∫
Ik+1

(
f ∗(t)

log(e/t)

)r
dt

t

≤ 3re−r (e − 1)r (1− e−1)−1
∫ 1

0

(
f ∗(t)

log(e/t)

)r
dt

t
.

(i)⇔ (iii). The proof is similar to the proof of Theorem 3.1 in [5]:

∞∑
k=1

∫
Ik

(
f ∗(t)

log(e/t)

)r
dt

t
∼

∞∑
k=1

1

kr

∫
Ik

[f ∗(t)]r dt
t

∼
∞∑
k=1

1

kr

∫
Ik

t r/k[f ∗(t)]r dt
t

∼ c

∞∑
k=1

1

kr−1

[
r

k

∫
Ik

t r/k[f ∗(t)]r dt
t

]

∼
∞∑
k=1

(‖f ‖k,r,Ik
k1/r ′

)r
.

(ii)⇔ (v). We estimate as follows:

∞∑
k=1

‖f ∗‖rk,r
kr

= r

∞∑
k=1

1

kr+1

∫ 1

0
t r/kf ∗(t)r dt

t
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= r

∞∑
k=1

1

kr+1

∞∑
j=1

∫
Ij

t r/kf ∗(t)r dt
t

∼ r(e − 1)
∞∑
k=1

1

kr+1

∞∑
j=1

f ∗(e−j )re−rj/k

= r(e − 1)
∞∑
j=1

f ∗(e−j )r
∞∑
k=1

k−r−1e−rj/k

∼ re−r (e − 1)
∞∑
j=1

‖f ∗‖rj,Ij
∞∑
k=1

k−r−1e−rj/k

∼ re−r (e − 1)
∞∑
j=1

‖f ∗‖rj,Ij
∫ ∞

0
x−r−1e−rj/x dx,

= re−r (e − 1)
∞∑
j=1

‖f ∗‖rj,Ij
∫ ∞

0
yr−1e−rjy dy

(after the change of variables y = 1/x)

= r1−r�(r)e−r (e − 1)
∞∑
j=1

‖f ∗‖rj,Ij
j r

,

(here � is the Gamma function).

(v)⇒ (iv). By the sharp form of Calderón’s lemma (see [12, Chapter 5]), if k ≥ r ,
‖f ‖k ≤ ‖f ‖k,r . (We remark in passing that the usual statement of this result (e.g. in
[14, Chapter 1]) is weaker and has a constant on the right-hand side which depends
on k and r .) Given this inequality, this implication is immediate.

(iv)⇒ (ii). This is immediate.
This completes the proof.

4. An application to convolution inequalities

As we mentioned in the Introduction, one of the major reasons for studying the ex-

trapolation properties of Lexp t r
′
,tr , 1 < r < ∞, is their use in the imbedding theory

for Sobolev-type spaces. Here we will consider the integrability properties of the con-
volution In/p ∗ g, where In/p is (a multiple of) the Riesz kernel x �→ |x|n/p−n in R

n

and g ∈ Lp(�), where � is a domain in R
n, |�| = 1. This convolution corresponds

to the critical case of the Sobolev imbedding. It is well known that functions in the
Sobolev space Wk,p, where kp = n, are in every Lp space, p < ∞, but, in general,
they are not bounded.
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A careful analysis of properties of this convolution due to Brézis and Wainger [4]
lead to (1.1) (with r = p) as the characterization of the target space. Here we will use
Theorem 1.4 to give a simple proof of the integrability characterization in this critical
case. To avoid unnecessary technical details we shall consider the convolution

(In/p ∗ g)(x) =
∫

Rn

g(y) dy

|x − y|n−n/p
for g ∈ Lp(�), 1 < p < ∞, where |�| = 1 and g is assumed to be identically zero
on R

n \�.

Theorem 4.1. Fix p, 1 < p <∞, and let � and g ∈ Lp(�) be as above. Then

‖In/p ∗ g‖
Lexp tp

′
,tp
≤ c‖g‖p,

with c > 0 independent of g.

Remark 4.2. Our assumption about the support of g is just technical and it is not nec-
essary. Alternatively, one can consider functions g ∈ Lp(R

n) taken by convolutions
with Bessel kernels to functions in the potential Sobolev space Hn/p,p, supported in
a given set of finite Lebesgue measure.

Naturally, one can tune more finely the target space in by making additional as-
sumptions about the space where g lives. This will be done elsewhere.

Proof. First note that we can assume that g ∈ L∞ since bounded functions are dense
in Lp(�). Second, by homogeneity we may assume that ‖g‖p = 1.

Now let f = In/p ∗ g and for t > 0 let

f ∗∗(t) = 1

t

∫ t

0
f ∗(τ ) dτ.

By O’Neil’s convolution inequality (cf. e.g. [14, Lemma 1.8.8]),

f ∗(t) ≤ f ∗∗(t) ≤ pt−1/p′
∫ t

0
g∗(s) ds +

∫ 1

t

g∗(τ )τ−1/p′ dτ.

If t ∈ (0, 1) then

f ∗(t) ≤ p‖g‖p +
∫ 1

t

g∗(τ )τ−1/p′ dτ.

Now define

B(t) =
∫ 1

t

g∗(τ )τ−1/p′ dτ, Bk = B(e−k).

Then for t ∈ Ik ,

f ∗(t) ≤ p + B(t) ≤ p + Bk. (4.1)
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By Condition (ii) of Theorem 1.4 (with r = p) it will suffice to show that

∞∑
k=1

k−p‖f ∗‖pk,Ik ≤ c. (4.2)

By inequality (4.1),

‖f ∗‖pk,Ik ≤ 2p‖p‖pk,Ik + 2p‖Bk‖pk,Ik
≤ 2ppp|Ik|p/k + 2pBp

k |Ik|p/k
≤ c + cB

p
k .

Therefore, to complete the proof we need to show that

∞∑
k=1

B
p
k

kp
≤ c. (4.3)

Note that since g is bounded, Bk ≤ p‖g‖∞, and so this sum is finite. By the mean
value theorem,

∞∑
k=1

B
p
k

kp
≤ c

∞∑
k=1

(
1

kp−1 −
1

(k + 1)p−1

)
B
p
k

= c
( ∞∑
k=1

B
p
k

kp−1 −
∞∑
k=1

B
p
k

(k + 1)p−1

)
= cB

p
1 + c

∞∑
k=2

B
p
k − B

p
k−1

kp−1 .

Clearly, Bp
1 ≤ c‖g‖pp = c. To bound the sum we again apply the mean value theorem

to get

B
p
k − B

p
k−1 ≤ pB

p−1
k

g∗(e−k)
e−k/p′

e−k+1

≤ cpB
p−1
k g∗(e−k)e−k/p+1

≤ cpB
p−1
k g∗(e−k)e−k/p(e − 1)1/p.

Thus

∞∑
k=2

B
p
k − B

p
k−1

kp−1 ≤ cp

∞∑
k=2

B
p−1
k

kp−1 g∗(e−k)e−k/p(e − 1)1/p

≤ cp
( ∞∑
k=1

B
p
k

kp

)1/p′( ∞∑
k=2

(
g∗(e−k

)p
e−k(e − 1)

)1/p
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≤ cp‖g‖p
( ∞∑
k=2

B
p
k

kp

)1/p′
.

Hence,
∞∑
k=1

B
p
k

kp
≤ c + c

( ∞∑
k=1

B
p
k

kp

)1/p′
. (4.4)

If
∑∞

k=1(Bk/k)
p ≤ 1 then (4.3) holds. If the sum is greater than one then (4.4) gives

us that ( ∞∑
k=1

B
p
k

kp

)1/p ≤ c

and (4.3) again holds. This completes the proof.
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Green functions for powers of the
Laplace–Beltrami operator

Miroslav Engliš ∗

Dedicated to Jaak Peetre on the occasion of his 65th birthday

Abstract. We show that for � the Laplace–Beltrami operator on a complete Riemannian
manifold � satisfying a certain condition, the powers �m are essentially self-adjoint operators
on L2 whose Green functions are of constant sign (−1)m on �×�. This applies, in particular,
to smoothly bounded domains in the complex plane C with the Poincaré metric, and to the
unit ball B

d of C
d with the invariant metric; for the former, this contrasts markedly with the

situation for the ordinary Laplace operator �. For the plane domains, we also obtain, using
uniformization, a Myrberg-like formula for the corresponding Green functions.

2000 Mathematics Subject Classification: Primary 58G20 ; Secondary 30F35

0. Introduction

It is well known that for any smoothly bounded domain � in R
n, the Green function

for the Laplace operator � on �, with Dirichlet boundary conditions, is negative.
The similar assertion for the biharmonic operator�2 already turns out to be false: there
exist domains in R

2 – even very nice ones, such as sufficiently eccentric ellipses [Gr]
– for which the Green function for �2, with Dirichlet boundary conditions, changes
sign. (See [Du], [Lo], [Sz], [Os], [CD], [KKM], [ST] for further examples; on the
other hand, examples of domains for which the sign does not change are the unit balls
[Bo], their small perturbations [St] [GS] and quadrature domains on negatively curved
Riemann surfaces [HJS].) The same phenomenon occurs for the corresponding Green
functions for �m when m ≥ 3: there exist smoothly bounded convex domains for
which the Green functions change sign [KKM], as well as others on which they do
not [GS]. Boggio [Bo] proved that for � the unit ball in R

n, the Green function �m
for �m with Dirichlet boundary conditions satisfies (−1)m�m(x, y) > 0 ∀x, y, for all

∗The author was supported by GA AV ČR grant no. A1019005.
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m ≥ 1. (For another approach see [EP1]). Hayman and Korenblum [HK] conjectured
that balls are the only domains with this property.

In this paper, we wish to consider the similar problem for the Green functions of
powers of the “invariant” Laplacian, that is, the Laplace–Beltrami operator �� with
respect to the Poincaré metric, on smoothly bounded domains � ⊂ C. (For the unit
disc D, �D ≡ � is indeed invariant under the action of the group of all holomorphic
automorphisms of D, and is, in fact, the unique differential operator on D with this
property satisfying �f (0) = �f (0) for all f ; for other domains � ⊂ C, �� is
invariant under all biholomorphic automorphisms of� if there are any. For simplicity,
we will often use the term “invariant” also in the general situation when there is no
group action present.) Our first main result is the following theorem, which shows
that for �, the question of positivity of the Green functions has a much nicer answer
than for �.

Theorem 0.1. Let � be a smoothly bounded domain in C and �� the invariant
Laplacian on �. Then the Green function G�

m for �m
� satisfies

(−1)mG�
m(x, y) > 0 ∀x, y ∈ �.

Further, there is a Myrberg-type formula expressing the Green function G�
m in terms

of the Green function GD
m for the disc. (Cf. Theorem 2.8.)

We pause to explain what precisely is meant by the Green function. First of all, we
show that �� is essentially self-adjoint, so there is no need to specify any boundary
conditions. Second, �m

� has a bounded right inverse Gm
�, and for each m, Gm

� is an
integral operator with kernel G�

m:

Gm
�f (x) =

∫
�

f (y)G�
m(x, y) dμ�(y),

where dμ� is the Poincaré measure on �.
The proof builds on two earlier papers on this subject by J. Peetre and the present

author, [EP2] and [EP3]. In the former, the functions G�
m were studied for � the unit

disc (see also [EP1]). In particular, explicit formulas forGD
m were given there form up

to 4, and a description of the analytic continuation and boundary behaviour for general
m was obtained which will prove useful below. In the latter, among other things, a
method based on uniformization was employed to prove Theorem 0.1 for m = 2; we
will use a similar method here to derive from the result for the disc a Myrberg-type
formula for G�

m for any smoothly bounded � (and arbitrary m).
Our second main result is a generalization of Theorem 0.1 to an arbitrary complete

Riemannian manifold. Here the point is that the Laplace–Beltrami operator � on � is
then again essentially self-adjoint, so the positivity of G�

m follows from that of G :=
G�

1 by simple iteration; the latter, in turn, is immediate from the familiar maximum
principle once we can identify G with the ordinary Green function g of � used in
potential theory. This we can do rigorously only under some additional assumptions
on � or g.
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Theorem 0.2. Let � be a complete Riemannian manifold, � the Laplace–Beltrami
operator on �, and assume that � has a bounded right inverse G on L2(�) or that
the potential-theoretic Green function g(x, y) defines a bounded integral operator g
on L2(�). Then �m has a bounded right inverse Gm = gm, and for each m, Gm is
an integral operator whose kernel Gm satisfies (−1)mGm(x, y) > 0 ∀x, y ∈ �.

We remark that � has a bounded right inverse (or, mutatis mutandis, is bounded
below on L2) if and only if a certain Poincaré inequality holds on �; see below for
details.

The paper is organized as follows. In Section 1, we prove Theorem 0.1 for � the
unit disc. Then we use uniformization to extend the result to all smoothly bounded
domains �, and to obtain the Myrberg-type formula; in fact, most proofs even work
for any Riemann surface whose covering group is finitely generated, of convergence
type, and does not contain parabolic elements. (All smoothly bounded plane domains
belong to this class.) This is done in Section 2. The simplest higher-dimensional
case, namely the invariant Laplacian �Bd on the unit ball B

d of C
d , d > 1, is briefly

treated in Section 3 in order to demonstrate the differences against the one-dimensional
situation which can arise (the most notable being that the Green functions G(·, y) no
longer belong to L2). Finally, in the final Section 4 we discuss the general case
of the Laplace–Beltrami operator � on an arbitrary complete Riemannian manifold
satisfying a certain Poincaré inequality, and give a proof of Theorem 0.2.

The author would like to thank the referee for remarks that improved the presen-
tation and for pointing out additional references.

1. The disc

Dropping for simplicity the subscript D from the notation, let

� = (1− |z|2)2�, dμ(z) = dm(z)

(1− |z|2)2
be the invariant Laplacian and the invariant (Poincaré) measure on the unit disc D.
Here dm stands for the Lebesgue area measure. The invariance refers to the fact that

�(f ◦ φ) = (�f ) ◦ φ, (1.1)

dμ(φ(z)) = dμ(z) (1.2)

for any biholomorphic automorphism φ of D.
Let A0 be the restriction of � to the subspace C∞0 (D) of compactly supported C∞

functions in L2 ≡ L2(D, dμ). The operator A0 is symmetric:∫
D

A0f g dμ =
∫

D

�f g dm =
∫

D

f �g dm =
∫

D

f A0g dμ ∀f, g ∈ C∞0 (D).
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Denote by A = A∗∗0 the closure of A0 and by A∗ = A∗0 their adjoint. Explicitly, A∗
is the restriction of � to the subspace of all functions f in L2 for which �f , taken in
the sense of distributions, belongs to L2.

It follows from the result of Roelcke [R1] and Gaffney [Gf ] (which even applies
to a general complete Riemannian manifold, see Section 4 below) that A = A∗,
i.e. the operator A is self-adjoint. Moreover, the same is true for any power Am

0
(m = 1, 2, . . . ); that is, (Am

0 )
∗ = (Am

0 )
∗∗. See Cordes [Co].

Our first goal will be to show that the operators (Am
0 )
∗ are all injective.

Proposition 1.1. ker(Am
0 )
∗ = {0}; that is, any f ∈ L2 satisfying �mf = 0 in the

sense of distributions is identically zero.

Proof. Recall that for any two densely defined operators X and Y , X ⊂ Y implies
Y ∗ ⊂ X∗ andXm ⊂ Ym, and, ifXY is also densely defined, Y ∗X∗ ⊂ (XY)∗. Further,
if X is selfadjoint, then so is Xm for any m. From A0 ⊂ A = A∗ we thus get

Am
0 ⊂ Am = (Am)∗ ⊂ (Am

0 )
∗.

Taking adjoints gives

(Am
0 )
∗∗ ⊂ Am ⊂ (Am

0 )
∗,

so by Cordes’result (Am
0 )
∗ = Am = (A∗0)m. Thus it suffices to show that ker A∗0 = {0}.

So let h ∈ kerA∗0, that is, h ∈ L2 and �h = 0 in the sense of distributions; since
� = (1 − |z|2)2�, this means, by Weyl’s lemma, that h is (coincides a.e. with) a
harmonic function. Thus |h|2 is subharmonic, so by the sub-mean-value property∫

|z|<R
|h(z)|2 dμ(z) ≥ |h(0)|2

∫
|z|<R

dμ(z), ∀R < 1.

However, asR ↗ 1, the second integral tends to infinity, while the first one is bounded
by ‖h‖2. Consequently, h(0) = 0. Replacing h by h◦ω where ω is a fractional linear
self-map of D interchanging 0 and z, we see that h(z) = 0 for all z ∈ D.

We digress briefly to mention an alternative characterization of the operatorA. Let
X : L2 → L2 be the restriction of the operator

f �→ (1− |z|2)∂f
∂z

to the subspace of all functions in L2 for which the right-hand side, taken in the sense
of distributions, belongs to L2. Then X is densely defined and closed, hence X∗X is
selfadjoint (see [RN], §118).

Proposition 1.2. X∗X = − 1
4A.

Proof. Let temporarily Y0 stand for the restriction of the formal adjoint f �→ −(1−
|z|2)2∂[(1 − |z|2)−1f ] of X to C∞0 , and let Y = Y ∗∗0 be the closure of Y0. Thus



Green functions for powers of the Laplace–Beltrami operator 289

Y ∗0 = Y ∗ = X and X∗ = Y . Since both X and Y are defined on C∞0 and map it into
itself, the same is true for YX = X∗X. As 4X∗Xφ = −�φ ∀φ ∈ C∞0 by a simple
computation, we thus have −A0 ⊂ 4X∗X. Since X∗X is closed, it follows that also
−A ⊂ 4X∗X. But A and X∗X are both selfadjoint; thus A = −4X∗X.

Returning from the digression, we now proceed to construct a right inverse for A.
Let

l(x, y) = 1

4π
log

∣∣∣∣ x − y

1− xy

∣∣∣∣2. (1.3)

It is well known that

l(φx, φy) = l(x, y) (1.4)

for any holomorphic automorphism φ of D.

Theorem 1.3. Consider the integral operator

Gf (x) =
∫

D

f (y) l(x, y) dμ(y). (1.5)

Then the following holds.

(a) Gf is defined for any f ∈ L2 and belongs to L∞.

(b) G is a bounded selfadjoint operator on L2.

(c) Ran G = domA and AG = I . (That is, G = A−1 in the sense of the functional
calculus of self-adjoint operators.)

Proof. (a) By Cauchy–Schwarz, |Gf (x)| ≤ ‖f ‖ · ‖l(x, ·)‖, so it is enough to show
that l(x, ·) ∈ L2 ∀x ∈ D. Owing to (1.2) and (1.4), it suffices to show this for x = 0.
But upon making the change of variables z = √teiθ , we have∫

D

(log |z|2)2 dμ(z) = 2π
∫ 1

0

( log t

1− t

)2
dt <∞.

(b) By the well-known Schur test ([HS], Theorem 5.2) and the symmetry and
negativity of l(x, y), it suffices to exhibit a positive function u such that −Gu ≤ cu

on D with some finite c. We claim that any of the functions

u(z) = (1− |z|2)s, 0 < s < 1,

does this job. Indeed, one has

−Gu(y) =
∫

D

(1− |x|2)s |l(x, y)| dμ(x)

=
∫

D

(
1−

∣∣∣ x − y

1− xy

∣∣∣2)s |l(x, 0)| dμ(x) by invariance
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= 1

4π

∫
D

(1− |x|2)s(1− |y|2)s
|1− xy|2s

∣∣log |x|2∣∣ dμ(x).
Expanding (1− z)−s into Taylor series and integrating term by term, one checks that

1

2π

∫ 2π

0
|1− ρeiθ |−2s dθ = F(s, s, 1, ρ2), (1.6)

where F denotes the hypergeometric function. Consequently, switching to polar
coordinates and setting |x|2 = t , we can continue with

−Gu(y) = 1
4 (1− |y|2)s

∫ 1

0
(1− t)s−2|log t |F(s, s, 1, |y|2t) dt

≤ 1
4u(y)

∫ 1

0
(1− t)s−2|log t |F(s, s, 1, t) dt

as the function F(s, s, 1, ·) is increasing on (0, 1). However, it is known (cf. [BE],
§2.10) that as t ↗ 1,

|F(ν, ν + |m|, |m| + 1, t)| ∼
{
− log(1− t) if ν = 1

2 ,

(1− t)min(0,1−2 Re ν) otherwise.
(1.7)

Thus the last integral is finite for 0 < s < 1.
(c) For any φ ∈ C∞0 , we have

GA0φ(y) =
∫

D

l(x, y)�φ(x) dμ(x) =
∫

D

l(x, y)�φ(x) dm(x) = φ(y),

since l(x, y) is the Green function for the ordinary Laplacian �. Consequently, by
the self-adjointness of G, for any g ∈ L2

〈Gg,A0φ〉 = 〈g,GA0φ〉 = 〈g, φ〉 ∀φ ∈ C∞0 .

Thus Gg lies in the domain of A∗0 = A and AGg = g; that is, Ran G ⊂ domA and
AG = I . As A is injective (Proposition 1.1), it follows from AGA = A that GA = I

on domA, so Ran G = domA and G = A−1.

For m = 1, 2, . . . , define the functions Gm(x, y) by

Gm(x, ·) = Gm−1(l(x, ·)). (1.8)

As we have just seen in the proof of part (a) of the last theorem, l(x, ·) ∈ L2 ∀x, so
part (b) ensures that this definition makes sense. Note that in view of (1.4) and (1.2),
the functions Gm are also invariant (i.e. (1.4) holds for Gm in place of l). As l(x, y) =
l(y, x) and l(x, y) < 0 ∀x, y ∈ D, it also follows from (1.5) that Gm(x, y) =
Gm(y, x) and

(−1)mGm > 0 on D× D. (1.9)

We can now state the main result of this section.
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Theorem 1.4. The function Gm is the Green function for the operator Am; that is, for
any f ∈ L2,

Gmf (x) =
∫

D

f (y)Gm(x, y) dμ(y) (1.10)

is the unique solution in L2 of the equation �mu = f .

Proof. We only need to show that Gm is given by the formula (1.10), the rest is just a
restatement of part (c) of the preceding theorem. However, by (1.8),∫

D

f (y)Gm(x, y) dμ(y) = 〈f,Gm(x, ·)〉 = 〈f,Gm−1(l(x, ·)〉
= 〈Gm−1f, l(x, ·)〉 = G(Gm−1f )(x) = Gmf (x),

owing to the self-adjointness of G.

We conclude this section by making contact with the results in [EP2] and giving
estimates on the boundary behaviour of Gm, which will be used in the next section.

Proposition 1.5. As x → ∂D, we have

Gm(0, x) = O((1− |x|2) logm−1(1− |x|2)), (1.11)

and as x → 0,

Gm(0, x) = O(|x|2(m−1) log |x|2). (1.12)

Proof. It was shown in [EP2] (Corollaries 2.5 and 2.10) that there are unique functions
(denoted there also by Gm) on D such that (1.11) and (1.12) hold and

�mGm(0, x) = δ(x) (1.13)

(the delta function at the origin). On the other hand, it follows from the last theorem
that the functions Gm(0, x) of the present paper are the unique functions satisfying

Gm(0, ·) ∈ L2 (1.14)

and (1.13). As (1.11) and (1.12) implies (1.14), it follows that the two functions
Gm(0, x) coincide, and the assertion follows.

2. Plane domains and Fuchsian groups

Let now � be a plane domain of hyperbolic type (i.e. C \ � contains at least two
points) and φ : D → � the uniformization map. Recall that the Poincaré metric on
� is given by ds2 = w(z)−2|dz|2, where w is given by

w(φ(x)) = (1− |x|2)|φ′(x)|. (2.1)
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(It is easy to see that this definition is consistent). It is known thatw vanishes on ∂� (in
fact, w(z) ≤ dist(z, ∂�), where dist stands for the Euclidean distance; cf. [Kr], p. 45).
The Laplace–Beltrami operator (“invariant Laplacian”) �� on � is given by

��f (z) = w(z)2�f (z). (2.2)

One has

(��f ) ◦ φ = �(f ◦ φ). (2.3)

The operator �� is formally selfadjoint with respect to the Poincaré measure

dμ�(z) = w(z)−2 dm(z).

The covering group of φ is G = {ω ∈ Aut(D) : φ ◦ ω = φ}. We will often write ωx
instead of ω(x), and similarly for φ(x).

A subgroup G of the group of all holomorphic automorphisms of D is called
discontinuous if for any point x ∈ D, there exists a neighbourhood U of x in D such
that ω ∈ G and ωx ∈ U implies ωx = x. For any discontinuous subgroup G, the
quotient space D/G inherits the holomorphic structure from D and thus is a Riemann
surface, with the canonical projection φ : D → D/G as a holomorphic covering map
(possibly with branch points). Conversely, all Riemann surfaces not biholomorphic
to the Gauss sphere C ∪ {∞}, the complex plane C, or the punctured plane C \ {0},
arise in this way (Koebe’s Uniformization Theorem).

Recall that a holomorphic automorphism φ of D is called hyperbolic, parabolic or
elliptic, respectively, depending on whether it has two fixed points on ∂D, one double
fixed point on ∂D, or one fixed point in D and one in C \ D (no other possibilities
can occur). If G does not contain elliptic transformations, the open set O = {x ∈
D : |x| < |ωx| ∀ω ∈ G,ω �= id} is a fundamental domain for G. A discontinuous
subgroup containing only hyperbolic elements is called purely hyperbolic. The limit
set � of G is the set of accumulation points of the orbit {ω(0); ω ∈ G} (equivalently,
of {ωx; ω ∈ G} for any fixed x ∈ D); if G is discontinuous, � is contained in ∂D,
and G is said to be of the first or the second kind, respectively, depending on whether
� = ∂D or � is a proper subset of ∂D. Finally, a discontinuous subgroup G is said
to be of convergence type if

∑
ω∈G(1 − |ω(0)|) < ∞; otherwise it is of divergence

type. For finitely generated groups without parabolic elements, the notions of second
kind and convergence type coincide (though for arbitrary discontinuous groups they
do not).

It is known that the covering group of a plane domain � of hyperbolic type is
discontinuous and contains no elliptic elements; further, it is finitely generated if and
only if � has finite connectivity, contains no parabolic elements if and only if ∂� has
no isolated points, and is of convergence type if and only if C\� has positive capacity
(see Tsuji [Ts], Theorems XI.13 and III.35).

In particular, if � is smoothly bounded (i.e. bounded and with C∞ boundary),
then its covering group G is finitely generated, purely hyperbolic, of convergence
type and of second kind. It can further be shown that in that case the boundary of the
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fundamental domain O consists of finitely many circular arcs, each of which lies either
on ∂D or on a circle orthogonal to ∂D, that φ extends C∞-smoothly to the closure O
of O and φ′ does not vanish there (see Goluzin [Go], Chapter VI, §2), the limit set
� is a closed, perfect, nowhere dense subset of ∂D which is disjoint from O, and the
function w(z)/ dist(z, ∂�), where dist stands for the Euclidean distance, is bounded
and bounded away from zero on �.

We introduce the notation

log1 x := max{1, 1− log x} (x > 0).

It is easily verified that log1 has the submultiplicativity property

log1 a

log1(1/b)
≤ log1 ab ≤ log1 a · log1 b for any a, b > 0. (2.4)

Throughout the rest of this section,Gwill be a discontinuous group of holomorphic
automorphisms of D, and we enumerate by ω0 = id, ω1, ω2, . . . the elements of G
and set an = ω−1

n (0).

Lemma 2.1. Assume that G is finitely generated and contains no parabolic elements.
Then there exists δ > 0 such that

δ ≤ |1− anx| ≤ 2 ∀n ∀x ∈ O, (2.5)

and, consequently,

1

4
(1− |x|2)(1− |an|2) ≤ 1− |ωnx|2 ≤ 1

δ2 (1− |x|2)(1− |an|2) (2.6)

for all n and all x ∈ O.

Proof. As we have already recalled above, for suchG the cluster points of the sequence
{an} form a subset of the unit circle (the limit set�) lying at a positive distance from O
(see [B2], Theorems 10.2.3 and 10.2.5). As the continuous function (x, a) �→ |1−ax|
on the compact set ({an} ∪ �) × O attains its minimum, (2.5) follows. The second
assertion is immediate from the equality

1− |ωnx|2 = (1− |x|2)(1− |an|2)
|1− anx|2 . (2.7)

A beautiful result of Dalzell [Da] says that if a discontinuous subgroup G is of
convergence type, i.e.

∑
n(1− |an|) <∞, then one also has∑

n

(1− |an|) logk
1

1− |an| <∞ ∀k ≥ 1. (2.8)
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From (2.7) it therefore follows that the series

γk(x) :=
∑
n

(1− |ωnx|2) logk
1

1− |ωnx|2 (2.9)

converges for any k ≥ 0 and x ∈ D, uniformly for x in compact subsets of D.
Obviously, γk(ωx) = γk(x) for any ω ∈ G; hence one can define a function �k on the
Riemann surface D/G =: � by the recipe

�k(φx) := γk(x), x ∈ D.

Instead of γ0 and �0 we will write simply γ and �, respectively.

Lemma 2.2. Let G be finitely generated, of convergence type and without parabolic
elements. Then for each k ≥ 0 there exists C <∞ such that

1

C
≤ γk(x)

(1− |x|2) logk1(1− |x|2)
≤ C ∀x ∈ O ∩ D. (2.10)

Proof. Consider the terms n = 0 and n = 1 in (2.9),

(1− |x|2) logk
1

1− |x|2 + (1− |ω1x|2) logk
1

1− |ω1x|2 .

Since ω1O ∩ O = ∅ and 0 ∈ O, we have log(1/(1 − |ω1x|2)) ≥ δ1 > 0 ∀x ∈ O.
Also by (2.7), (1 − |x|2)/(1 − |ω1x|2) = |1 − a1x|2/(1 − |a1|2) is bounded on O
(even on D). Thus the second summand is ≥ δ2(1− |x|2) ∀x ∈ O, for some δ2 > 0.
Consequently, the sum of the two terms is

≥ (1− |x|2)
[

logk
1

1− |x|2 + δ2

]
≥ min(δ2, 1)(1− |x|2)21−k[ log

1

1− |x|2 + 1
]k

= min(δ2, 1)21−k · (1− |x|2) logk1(1− |x|2),
so the left inequality in (2.10) follows.

On the other hand, by (2.6) and the submultiplicativity of log1, for any x ∈ O ∩D

and any n,

(1−|ωnx|2) logk1(1−|ωnx|2) ≤ 1

δ2 (1−|x|2)(1−|an|2) logk1(1−|x|2) logk1(1−|an|2),
so

γk(x) ≤ 1

δ2 γk(0) (1− |x|2) logk1(1− |x|2).
Thus the second inequality to be proved follows from (2.8).

Corollary 2.3. LetG be finitely generated, of convergence type and without parabolic
elements. Then for each k ≥ 0 there exists C <∞ such that

1

C
�(z) logk1 �(z) ≤ �k(z) ≤ C�(z) logk1 �(z) ∀z ∈ �.
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Proposition 2.4. Let� be a smoothly bounded domain in C andG the covering group
of its uniformization map φ. Then there exists C <∞ such that

1

C
w(z) ≤ �(z) ≤ C w(z) ∀z ∈ �. (2.11)

Consequently, in the last corollary we may replace � by w.

Proof. As noted above, the hypotheses imply that

φ′ is bounded and bounded away from zero on O (2.12)

(cf. Goluzin [Go], Chapter VI, §2), so by (2.10) with k = 0 and (2.1)

1

C
w(φ(x)) ≤ γ (x) ≤ C w(φ(x)) ∀x ∈ O,

and the assertion follows.

For a discontinuous group G of convergence type, consider the series

s(x, y) :=
∑
ω∈G

l(ωx, y),

with the function l given by (1.3). It follows from (2.7) that the series on the right-hand
side converges uniformly for x, y in compact subsets of D (in fact, it is majorized

by
cδγ (x)

1− |y| if |x − y| > δ > 0). In view of (1.4), the function s(x, y) satisfies

s(x, y) = s(y, x) and s(x, y) = s(ωx, ωy) ∀ω ∈ G. Consequently, the recipe

l�(φx, φy) := s(x, y) (2.13)

defines consistently a function l� on �×�, � := D/G, which satisfies

l�(x, y) = l�(y, x) < 0, (2.14)

l�(x, y) ≤ cδ,y�(x) if |x − y| > δ, (2.15)

and

l�(x, y) ≤ Cδ,y log |x − y|2 if |x − y| < δ. (2.16)

Observe that, in particular, (2.15), (2.16) and Lemma 2.2 imply that

l�(x, ·) ∈ L2(�, dμ�) ∀x ∈ �. (2.17)

We will again abbreviate L2(�, dμ�) to L2 if there is no danger of confusion.

Proposition 2.5. Let G be finitely generated, of convergence type, and without para-
bolic elements. Then ∫

�

l�(z, t)��f (z) dμ�(z) = f (t)

for any f ∈ C∞0 (�) and t ∈ �.
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Proof. Fix y ∈ D with φ(y) = t . There exists R ∈ (0, 1) such that O∩ supp(f ◦φ) ⊂
RD. The image of RD under a holomorphic automorphism σ of D is a disc (in the

Euclidean metric) centered at 1−R2

1−R2|σ(0)|2 σ(0) and of radius R(1−|σ(0)|2)
1−R2|σ(0)|2 . A simple

calculation then reveals that∫
σRD

∣∣ log |x|2∣∣ dμ(x) ≤ CR(1− |σ(0)|2).

Applying this to σ(x) = ω(x)− y

1− yω(x)
, ω ∈ G, it transpires that∫

RD

|l(ωx, y)| dμ(x) ≤ CR,y(1− |ω(0)|2).

Thus by (1.2),∫
D

|(��f )(φx) l(x, y)| dμ(x) =
∑
ω∈G

∫
O
|(��f )(φ(ωx)) l(ωx, y)| dμ(x)

≤
∑
ω∈G

sup
�

|��f |
∫
RD

|l(ωx, y)| dμ(x)

≤ Cf,y,R

∑
ω∈G

(1− |ω(0)|2)

= Cf,y,R · γ (0) <∞.

Consequently, the integral ∫
D

(��f )(φx) l(x, y) dμ(x)

exists and is equal to∑
ω∈G

∫
ωO

(��f )(φx) l(x, y) dμ(x) =
∑
ω∈G

∫
O
(��f )(φ(ωx)︸ ︷︷ ︸

=φ(x)
) l(ωx, y) dμ(x)

=
∫

O
(��f )(φx)

∑
ω∈G

l(ωx, y)︸ ︷︷ ︸
=l�(φx,t)

dμ(x)

=
∫
�

��f (z) l�(z, t) dμ�(z).

On the other hand, denoting by χE the characteristic function of a set E, the functions
gω := χωO ·(f ◦φ)belong toC∞0 (D) (sincef ◦φ ∈ C∞0 (O)) and�gω = χωO�(f ◦φ).
Hence by (2.3),∑

ω∈G

∫
ωO

(��f )(φx) l(x, y) dμ(x) =
∑
ω∈G

∫
ωO

�gω(x) l(x, y) dμ(x)
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=
∑
ω∈G

∫
D

�gω(x) l(x, y) dμ(x)

=
∑
ω∈G

gω(y) = f (φy) = f (t),

by an application of Proposition 1.4 to gω. This completes the proof.

As in Section 1, denote by A0 the restriction of �� to C∞0 (�), by A = A∗∗0
its closure, and by A∗0 = A∗ their Hilbert space adjoint in L2; explicitly, A∗0 is the
restriction of �� to the subspace of all functions f in L2 for which ��f , taken in the
distributional sense, belongs toL2. By the results of Gaffney and Cordes, the operator
A is again selfadjoint, and so are all (Am

0 )
∗, m = 1, 2, . . . .

Theorem 2.6. LetG be finitely generated, of convergence type, and without parabolic
elements. Consider the integral operator

G�f (x) :=
∫
�

f (y) l�(x, y) dμ�(y).

Then the following holds.

(a) G� is a bounded selfadjoint operator on L2.

(b) Ran G� ⊂ domA and AG� = I .

(c) If in addition A is injective, then Ran G� = domA, and, consequently,
G� = A−1 in the sense of the functional calculus of selfadjoint operators.

Proof. We again use the Schur test to prove boundedness; the self-adjointness then
follows from (2.14) (cf. [HS], Corollary 10.6).

For s > 0, consider the series

ζ(s) :=
∑
n

(1− |an|2)s .

It is a result of Beardon [B1] that for any finitely generated G of second kind, there
exists a δ, 0 < δ < 1 (called the exponent of convergence) such that ζ(s) converges
for all s > δ. Now for any δ < c < 1 and u = �c,

−(G�u)(φy) =
∫
�

�(z)c |l�(z, φy)| dμ�(z)

=
∫

O
�(φx)c

∑
ω∈G

|l(ωx, y)| dμ(x)

≤ C

∫
O
(1− |x|2)c

∑
ω∈G

|l(ωx, y)| dμ(x) by Lemma 2.2

≤ C

∫
D

(1− |x|2)c
∑
ω∈G

|l(ωx, y)| dμ(x)
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= C
∑
ω∈G

(−G[(1− |x|2)c])(ωy)
≤ C

∑
ω∈G

(1− |ωy|2)c by the proof of part (b) of Theorem 1.3

≤ C(1− |y|2)c
∑
n

(1− |an|2)c by Lemma 2.1

= C ζ(c) (1− |y|2)c
≤ Cζ(c)γ (y)c by Lemma 2.2

= Cζ(c)u(φy),

for any y ∈ O. This proves (a). Using the last proposition, parts (b) and (c) follow in
the same way as part (c) in Theorem 1.3.

From now on, we will assume that the hypotheses of the last theorem are fulfilled,
i.e. that G is finitely generated, of convergence type, and without parabolic elements.

As in Section 1, let us define functions G�
m(x, y) on �×� by the recipe

G�
m(x, ·) = Gm−1

� (l�(x, ·)), y ∈ �, m = 1, 2, . . . . (2.18)

Owing to (2.17) the definition makes sense, and from (2.14) we see that G�
m(x, y) =

G�
m(y, x) and

(−1)mG�
m > 0 on �×�. (2.19)

In the same way as Theorem 1.4, one proves the following.

Theorem 2.7. The operators Gm
� are integral operators with kernels G�

m.

We now give a formula for G�
m in terms of the functions GD

m ≡ Gm from the
preceding section. For x, y ∈ D and m = 1, 2, . . . , denote

sm(x, y) :=
∑
ω∈G

Gm(ωx, y).

Owing to (1.11) and (2.8), the series on the right-hand side converges for any discon-
tinuous group of convergence type, uniformly on compact subsets, and satisfies

sm(x, y) = sm(y, x) = sm(ωx, ωy) ∀x, y ∈ D, ω ∈ G, (2.20)

(−1)msm > 0 on D× D, (2.21)

and

sm(x, y) ≤ c(δ, y) γm−1(x) if |x − y| > δ. (2.22)

Theorem 2.8. sm(x, y) = G�
m(φx, φy) for all x, y ∈ D and m = 1, 2, . . . .
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Proof. For m = 1, this is true by definition. Proceeding inductively, assume that the
assertion holds for m− 1 in place of m. Then

G�
m(φx, φy) = G�(G

�
m−1(·, φy))(φx)

=
∫
�

l�(t, φx)G
�
m−1(t, φy) dμ�(t)

=
∫

O
l�(φz, φx)G

�
m−1(φz, φy) dμ(z)

=
∫

O
s1(z, x) sm−1(z, y) dμ(z) by the induction hypothesis

=
∫

O

∑
ω,σ∈G

l(z, ωx)Gm−1(z, σy) dμ(z)

=
∫

O

∑
ω,σ∈G

l(z, ωx)Gm−1(z, ωσy) dμ(z)

=
∑

ω,σ∈G

∫
ω−1O

l(z, x)Gm−1(z, σy) dμ(z) by invariance

=
∑
σ∈G

∫
D

l(z, x)Gm−1(z, σy) dμ(z)

=
∑
σ∈G

G[Gm−1(·, σy)](x)

=
∑
σ∈G

Gm(x, σy) = sm(x, y),

the various interchanges of integration and summation signs being justified by the fact
that all the integrands are of the same sign (−1)m.

We now show that for smoothly bounded domains we can also fulfill the hypothesis
required in part (c) of Theorem 2.6 above. Namely, it is another result of Roelcke
([R2], Satz 5.1) that kerA �= {0} if and only if μ(�) <∞, and this can happen only
for groups of the first kind. (See also Proposition 4.1 below.) For smoothly bounded
domains, however, a much more elementary proof can be given.

Theorem 2.9. Let � be a smoothly bounded domain in C and h ∈ L2(�, dμ�).
Then �m

�h = 0 in the sense of distributions only if h = 0 a.e. In other words,
ker(Am

0 )
∗ = {0}.

Proof. As we saw in the proof of Proposition 1.1, we need only to show that kerA∗0 = 0,
that is, by (2.2) and the Weyl Lemma, that the only harmonic function in L2 is the
constant zero. Thus let h ∈ L2 be harmonic. Applying a suitable conformal mapping,
we may assume that the outer boundary of � (i.e. the boundary of the unbounded
connected component of C\�) is the unit circle; thus h is a function which is harmonic
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in some annulus A = {z : R < |z| < 1} and, by (2.12) and (2.1), square-integrable
there with respect to the measure dμD. The former fact implies that

h(z) =
∑

m∈Z\{0}
(amz

m + bmz̄
−m)+ a0 + b0 log |z|2 in A (2.23)

with the series uniformly convergent on compact subsets of A, i.e.

lim sup
m→+∞

|am|1/m < 1, lim sup
m→+∞

|b−m|1/m < 1,

lim sup
m→+∞

|a−m|1/m < R, lim sup
m→+∞

|bm|1/m < R.
(2.24)

The functions

z �→ 1

2π

∫ 2π

0
h(zeiθ )e−miθ dθ (m = 0,±1,±2, . . . )

clearly belong toL2(A, dμD)whenever h does. It transpires that each of the functions

amz
m + bmz̄

−m (m �= 0), a0 + b0 log |z|2,
belongs to L2(A, dμD). A small computation reveals that this is only possible if

a0 = 0 and am + bm = 0 ∀m �= 0. (2.25)

However, in view of (2.24), this implies that the series (2.23) converges even for
all R < |z| < 1/R, so, in particular, h extends continuously to the unit circle and,
again by (2.25), vanishes there. Performing the same argument for the other boundary
components, we see that h ∈ C(�) and h = 0 on ∂�. As h is harmonic, h must
vanish identically.

In the general case, the assertion of Theorem 2.9 may fail (for instance, if � is C

minus two points).
Returning to the smoothly bounded case, we can neatly summarize our findings in

the following theorem.

Theorem 2.10. Let � be a smoothly bounded domain in C. Then the following as-
sertions hold.

(a) The closure A∗∗0 =: A of the operator A0 is selfadjoint and injective on L2.

(b) The inverse Gm
� of the operator Am is a bounded self-adjoint operator on L2

(m = 1, 2, . . . ).

(c) Gm
� are integral operators with kernels G�

m(z, t) given by

G�
m(φx, φy) =

∑
ω∈G

GD

m(ωx, y) (x, y ∈ D).
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(d) The Green functions G�
m are of constant sign (−1)m on �×� and satisfy the

boundary estimates

G�
m(x, y) ≤ c(δ, y) �m−1(x) ≤ c(δ, y)w(x) logm−1

1 w(x) if |x − y| > δ.

(e) G�
m(·, y) is the unique function in L2 satisfying �m

�G
�
m(·, y) = δy (the point

mass at y) in the sense of distributions, i.e.∫
�

G�
m(x, y)�

m
�f (x) dμ�(x) = f (y) ∀f ∈ C∞0 (�). (2.26)

Proof. (a) and (b) are immediate from Theorem 2.9 and the parts (a) and (c) of
Theorem 2.6. (c) follows from Theorem 2.7 and Theorem 2.8, and (d) from (2.19),
(2.22) and Proposition 2.4. Finally (2.26) is just a restatement of Gm

��m
�f = f

∀f ∈ C∞0 (�), which is immediate from parts (a) and (b), and the uniqueness assertion
in (e) again follows from Theorem 2.9.

We conclude by giving briefly an analogue of Proposition 1.2, since this alternative
definition of the Laplacian is common in other contexts.

Let X : L2 → L2 be the restriction of the operator

f �→ w
∂f

∂z

to the subspace of all functions in L2 for which the right-hand side, taken in the sense
of distributions, belongs to L2. In other words, X = Y ∗0 where Y0 is the restriction to
C∞0 (�) of the operator

f �→ −w2 ∂

∂z
(w−1f ). (2.27)

Then X is densely defined and closed, X∗ is the restriction of the operator (2.27) to
domX∗, X∗X is selfadjoint and 4X∗Xf = −��f ∀f ∈ C∞0 (�). Arguing as in the
proof of Proposition 1.2, we thus arrive at the following proposition.

Proposition 2.11. Let � be of hyperbolic type. Then X∗X = − 1
4A.

3. The ball

We now show how all the results of Section 1 can be extended to the case of� = B
d , the

unit ball in C
d . The proofs are essentially the same, with the following modifications.

The invariant Laplacian and the invariant measure on B
d are given, respectively, by

� = (1− |z|2)
[
�−

∑
i,j

zizj
∂2

∂zi∂zj

]
,



302 M. Engliš

dμ(z) = dm(z)

(1− |z|2)d+1 .

By the results of Gaffney and Cordes, the operator A, defined as the closure of the
restriction A0 of � to C∞0 (Bd), is self-adjoint, and so are all (Am

0 )
∗, m = 1, 2, . . . .

As in Proposition 1.1, one verifies that functions annihilated by � (which are known to
possess the mean-value property with respect to spheres centered at the origin) again
never belong to L2 = L2(Bd , dμ) unless they are identically zero, and it follows in
the same way as before that A, as well as all its powers Am = (Am

0 )
∗, have trivial

kernel. (It is also possible to give an alternative characterization of A along the lines
of Proposition 1.2, i.e. as −4X∗X for a certain weak maximal first-order differential
operator X from L2 into the Cartesian product of d copies of L2 – essentially, X is a
kind of invariant complex gradient on B

d .) One then defines the operator G on C∞0
as in (1.5), with (1.3) replaced by the function

l(x, y) = − 1

2 area(∂Bd)

∫ 1

1− (1−|x|2)(1−|y|2)
|1−〈x,y〉|2

(1− s)d−1

sd
ds, (3.1)

since this corresponds to the fundamental solution of the radial part

f (t) �→ 4
(1− t)d+1

td−1

[ td

(1− t)d−1 f
′]′

of � (see [EP2], Section 1). Indeed, for any φ ∈ C∞0 (Bd), denoting by f ∈ C∞0 [0, 1)
the radialization of φ (i.e. f (t) is the mean value of φ over the sphere |z|2 = t), we
have by the rotation-invariance of �∫

Bd

l(0, y)�φ(y) dμ(y) =
∫

Bd

l(0, y)�f (|y|2) dμ(y),

which further equals to∫ 1

0
l(0,

√
t)

4(1− t)d+1

td−1

[ td

(1− t)d−1 f
′]′ td−1 area(∂B

d) dt

2(1− t)d+1

=
∫ 1

0

( ∫ t

1

(1− s)d−1

sd
ds
)[ td

(1− t)d−1 f
′]′ dt

=
[ td

(1− t)d−1 f
′
∫ t

1

(1− s)d−1

sd
ds
]1

0
−
∫ 1

0
f ′ dt

= f (0) = φ(0),

since f (1) = 0 as φ has compact support, and the boundary term in the partial
integration vanishes because the

∫ t
1 there is O(t1−d) as t → 0 (O(log t) if d = 1).

The statements and the proofs of Theorems 1.3 and 1.4 are the only places where some
real changes occur, since l(0, ·) /∈ L2 if d > 1; one therefore defines Gf by (1.5) only
for f ∈ C∞0 and then shows instead that G is bounded on L2, and that AGf = f

∀f ∈ C∞0 . The latter is basically the calculation we made a few lines above when
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justifying the definition of l. The former is again proved by applying the Schur test,
with test functions (1− |z|2)s , 0 < s < d, the equality (1.6) replaced by

1

area(∂Bd)

∫
∂Bd

|1− 〈x, y〉|−2s dσ (x) = F(s, s, d, |y|2)

(dσ being the surface element on ∂B
d ), and using the growth estimates

l(0, x) ∼ |x|2(1−d) as x → 0 (∼ log |x|2 for d = 1),

l(0, x) ∼ (1− |x|2)d as x → ∂B
d ,

which are immediate from (3.1). This settles the analogue of Theorem 1.3. Finally,
for m = 1, 2, . . . define the functions Gm(x, y) by

Gm(x, y) =
∫

Bd

. . .

∫
Bd

l(x, z1)l(z1, z2) . . . l(zm−1, y) dμ(z1) . . . dμ(zm−1).

Though a priori it is not even clear that this integral converges, repeated application of
the computation made in the above Schur test, in conjunction with the Fubini theorem,
shows that for u(z) = (1− |z|2)s , 0 < s < d, one has∫

Bd

(−1)mGm(x, y)u(y) dμ(y) ≤ C u(x) ∀x ∈ B
d .

It follows thatGm is finite almost everywhere and, in fact, defines a bounded selfadjoint
integral operator on L2. One more application of Fubini shows that this operator
coincides with Gm on positive C∞0 functions; by continuity, they therefore coincide
on all ofL2, and the analogue of Theorem 1.4 follows. (Alternatively, we could instead
refer directly to Theorem 10.7 in [HS] on composition of bounded integral operators
with nonnegative kernels.)

(The analogue of Proposition 1.5 for the ball is unknown to the present author.)
Consequently, we can summarize the situation in the following theorem.

Theorem 3.1. For� the unit ball B
d in C

d , there exists a bounded selfadjoint operator
G onL2(Bd , dμ) such that u = Gf is the uniqueL2 solution to the equation �u = f ,
∀f ∈ L2; further, for each m = 1, 2, . . . , Gm is an integral operator whose kernel
Gm(x, y) – the Green function for �m, by definition – has the constant sign (−1)m on
B
d × B

d . Finally, G−1 = A, the closure of the symmetric operator (�|C∞0 ) on L2.

4. Complete Riemannian manifolds

For a Riemannian manifold � with the metric ds2 = gij dx
i dxj , the Laplace–

Beltrami operator (on functions) is defined in local coordinates as

�f = 1√
g

∂

∂xi

(√
g gji

∂f

∂xj

)
= div grad f.
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Here gji is the inverse matrix to gij ; g = det(gij ), so that
√
g is the density of the

volume form dμ(x) = √g(x) dx1 . . . dxn induced by the metric; grad is the operator

(grad f )j = gji
∂f

∂xi

from functions into vector fields on �, and − div is its formal adjoint with respect to
the L2 = L2(�, dμ) inner products. (Here we have adopted the usual differential-
geometric notation for co- and contravariant indices, and used the summation conven-
tion.)

Functions annihilated by � are, by definition, the harmonic functions on �. They
share most properties of the ordinary harmonic functions on R

n – they are alwaysC∞,
are characterized by a certain mean-value property, obey the Harnack inequalities,
the maximum principle, the Harnack theorem, etc.; see, for instance, Keller [Ke],
§§ 2.3–2.6.

Let A0 and X0 be the restrictions to C∞0 of � and grad, respectively, and A = A∗∗0
andX = X∗∗0 their closures. It is a fundamental result of Gaffney [Gf ] and Cordes [Co]
(for a simpler proof see Chernoff [Ch]), already alluded to above, that if� is complete
then the operator A is selfadjoint, and so are the operators (Am

0 )
∗ (which then must

coincide with Am), for all m = 1, 2, . . . . Arguing as in the proofs of Propositions 1.2
and 2.11, one then sees that A = −X∗X.

In contrast to the previous sections, however, it is not in general true that A is
injective. (For a simple example, take � = R

2 4 C with a radial metric ds2 =
γ (|z|2) dz dz. It is easily seen that� is complete if and only if

√
γ /∈ L1(0,∞), while

the (harmonic) function constant one belongs to L2(�) if and only if γ ∈ L1(0,∞).
The function γ (t) = (1 + t2)−3/4 meets both requirements. Another example is
� = C \ {0, 1} with the Poincaré metric, see the remarks after Theorem 2.9 above.)
The following criterion tells us when this happens.

Proposition 4.1. Let� be a complete Riemannian manifold. Then kerA �= {0} if and
only if μ(�) <∞, and in that case kerA consists of the constant functions.

Proof. By Satz 5 on p. 145 in Roelcke [R1], we have

〈Aφ, φ〉 = −
∫
�

‖ grad φ‖2 dμ ∀φ ∈ C∞0 = domA0. (4.1)

(Here, of course, ‖ grad φ‖2 = gij (grad φ)i(grad φ)j = gji(∂φ/∂xi)(∂φ/∂xj ).)
Since A is the closure of A0, this equality in fact remains in force for all φ ∈ domA

(in particular, domA is a subset of the Sobolev space H 1(�)). It follows that any
φ ∈ kerA must be constant. Since the function constant one belongs to L2 if and only
if � has finite volume, the conclusion follows.

For the rest of this section, we confine ourselves to the situation when

kerA = {0}. (4.2)
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Then the operator A has a self-adjoint (possibly unbounded) inverse A−1 =: G.
Now if G, or, more generally, some power Gm is an integral operator, it is natural to
call its kernel the Green function for Am and, prompted by the results of the preceding
sections, ask about its sign.

There is another definition of a Green function forA, coming from potential theory
(see, for instance, Nakai and Sario [NS]). Namely, let�1 ⊂ �2 ⊂ · · · be a sequence of
regular domains (i.e. smoothly bounded and with compact closures) exhausting�. For
each y and k so large that y ∈ �k , let gk(·, y) be the Green function, with pole at y, of
the operator � on�k with the Dirichlet boundary conditions. (Thus �gk(·, y) = δy in
the sense of distributions, and gk(x, y) = 0 ∀x ∈ ∂�k .) As k increases, the functions
gk(·, y) decrease, so by the Harnack theorem (cf. [Ke], p. 242), either gk diverge
to −∞, or gk(·, y) ↘ g(·, y), locally uniformly on �, for some harmonic function
g(·, y). In the former case � is called parabolic, in the latter it is called hyperbolic
and g(x, y) is called the Green function of �. (The hyperbolicity is independent of
the choice of y ∈ �, and both the hyperbolicity and g(x, y) are independent of the
choice of the exhausting sequence �k .)

It is known ([Ke], p. 237) that the function g(x, y) is symmetric in x and y, is C∞
outside the diagonal (by elliptic regularity), and satisfies g(x, y) = O(d(x, y)2−n) as
x → y (O(log d(x, y)) if n = 2), where n ≥ 2 is the dimension of � and d(x, y)

stands for the geodesic distance of x and y. In particular, both g(·, y), for any y, and
g itself are locally integrable. Consequently, the integral operator

gf (x) :=
∫
�

g(x, y)f (y) dμ(y)

is well-defined on C∞0 , maps it into L1
loc, and

〈gφ,ψ〉 = 〈φ, gψ〉 ∀φ,ψ ∈ C∞0 . (4.3)

Finally, the functions gk are negative on�k×�k , by the maximum principle ([Ke],
p. 242), thus g is negative on �×�.

Denote now by g0 the restriction of g to

dom g0 = {�φ : φ ∈ C∞0 } (= RanA0),

and by gmax the restriction of g to

dom gmax = {f ∈ L2 : g|f | <∞ a.e. and gf ∈ L2}.
We will say that g is bounded onL2 if dom gmax = L2. (This already implies that gmax
is a bounded linear operator on L2, see [HS], Theorem 3.10.) Under the hypothesis
(4.2), which implies that g0 is densely defined, this clearly happens if and only if g0
extends to a bounded linear operator on L2.

Theorem 4.2. Let � be a complete Riemannian manifold satisfying (4.2). Then g0
takes values in L2 and its closure coincides with A−1.
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Proof. Let gk be the integral operator on�k with kernel gk(x, y). For any φ ∈ C∞0 , we
then have gk�φ = φ as soon as suppφ ∈ �k; as gk tend monotonely to g, it follows
that g�φ = φ. In other words,

g0A0φ = φ ∀φ ∈ domA0. (4.4)

Since dom g0 = RanA0 by definition, this means that g0 = A−1
0 (in particular,

Ran g0 ⊂ L2). As, by (4.2), dom g0 is dense in L2 and A∗0 is injective, it follows that
g∗0 = (A∗0)−1 = A−1. Taking adjoints we thus get

g∗∗0 = A−1, (4.5)

which is the desired assertion.

Corollary 4.3. Under the hypotheses of the last theorem, assume that either A has a
bounded inverse, or that g is bounded on L2. Then

A−1 = gmax.

In particular, G := A−1 is an integral operator whose kernel G(x, y) = g(x, y) –
the Green function for A, by definition – satisfies G(x, y) < 0 on �×�.

Since integral operators are not closed in general (cf. [HS], Examples 3.6 and 3.7),
it is not clear whether the equalityA−1 = gmax must prevail for unboundedA−1 and g.
The point is that, for instance, for any harmonic function h on � (not assumed to be
square-integrable), the operators g0 and g′0 determined by the functions g(x, y) and
g′(x, y) := g(x, y)+ h(x)+ h(y), respectively, are the same, but the corresponding
maximal integral operators gmax and g′max are different; hence gmax and g′max cannot
both be equal to A−1, even though g′∗∗0 = A−1 = g∗∗0 . Thus even if we know a priori
that A−1 is an integral operator, it is in general impossible to read off its kernel from
its restriction to the (dense) subspace dom g0.

The condition that A−1 be bounded is equivalent to the validity of the Poincaré
(or Hardy-type) inequality∫

�

|u|2 dμ ≤ C

∫
�

‖ grad u‖2 dμ ∀u ∈ C∞0 (�), (4.6)

by (4.1). There is an extensive literature on this topic, though more often in the context
of incomplete manifolds, i.e. in the presence of a boundary; see e.g. [CrD], [KO], [Dv],
and the references therein. For instance, one sees from Theorem 1.14 in [KO] that
on the unit disc D with the radial metric ds2 = (1 − |z|2)αdz dz, α ≤ −2, A−1 is
bounded if and only if α = −2, i.e. for the Poincaré metric. (For α > −2 the metric
ds2 is not complete.) – We should also remark that there exists a characterization of
hyperbolicity similar to (4.6): namely, (�, gij ) is hyperbolic if and only if there exists a
positive function β(x) on � such that

∫
�
β|u|2 dμ ≤ ∫

�
‖ grad u‖2 dμ ∀u ∈ C∞0 (�).

See Ancona [An].
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Finally, for m = 1, 2, . . . , define

Gm(x, y) =
∫
�

. . .

∫
�

g(x, z1)g(z1, z2) . . . g(zm−1, y) dμ(z1) . . . dμ(zm−1). (4.7)

Combining the negativity of g with Theorem 10.7 in [HS], we arrive at the following
generalization of Corollary 4.3.

Corollary 4.4. Let � be a complete Riemannian manifold satisfying (4.2), and as-
sume that either A has a bounded inverse or that g is bounded on L2. Then Gm is
finite a.e. on �×�, and A−m = Gm is a bounded integral operator with kernel Gm.
In particular, this kernel – the Green function for Am, by definition – is of constant
sign (−1)m on �×�.

Remark. Observe that the boundedness of G thus implies that Gm are finite a.e. on
� × � for any m. For m = 2, in particular, the latter is easily seen to be equivalent
to the square-integrability of g(·, y) over � minus a small neighbourhood of y (for
any y). Thus, for instance, the operator G = A−1 is unbounded on � = D with a
metric ds2 = γ (z) dz dz as soon as (1− |z|)2γ (z) /∈ L1(D, dm).
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Abstract. We discuss the properties of linear functionals defined on spaces of measurable
functions which are invariant under rearrangements.
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1. Introduction

Suppose (�,�,μ) is any nonatomic σ -finite measure space. We let M(�) be the
space of all �-measurable complex-valued functions f such that

df (x) := μ{|f | > x} <∞, x > 0.

We define MR(�) and M+(�) to be the subsets of all real-valued or all non-negative
real-valued functions respectively. If f ∈ M, then the decreasing rearrangement of
|f | is denoted by f ∗; this is defined by

f ∗(t) = inf
μE=t sup

ω/∈E
|f (ω)|.

From now we assume that either μ(�) = ∞ or μ(�) = 1. If � is a standard
measure space we may assume that either � = (0,∞) or � = (0, 1] with Lebesgue
measure. We define a symmetric ideal X to be a linear subspace of M such that:

• If f ∈ X and |g| ≤ |f | then g ∈ X,

• If f ∈ X and dg ≤ df then g ∈ X,

• X �= {0}.
∗Research supported by NSF grant DMS-9870027



312 T. Figiel and N. Kalton

Of course ifX is any symmetric ideal on�whereμ(�) = 1 (respectively,μ(�) = ∞)

then we can define the associated symmetric ideal X(0, 1] (respectively X(0,∞) by
f ∈ X(0, 1] (respectively X(0,∞)) if and only there exists g ∈ X with dg = df .

Note that X �= {0} implies that X contains all bounded measurable functions with
support of finite measure. It follows from this remark that if f ∈ X and g ∈ M
satisfies g∗(t) ≤ Cf ∗(t/C) for some constant C then g ∈ X.

By a symmetric quasi-Banach ideal we mean a symmetric ideal X equipped with
a quasi-norm f → ‖f ‖X such that:

• ‖f ‖X ≤ ‖g‖X whenever f ∗ ≤ g∗.

• X is complete for the quasi-norm ‖ · ‖X.
In this case we define the dilation operators Ds : X(0, 1] → X(0, 1] by

Dsf (t) =
{
f (t/s) if t ≤ s

0 if t > s,

or Ds : X(0,∞)→ X(0,∞) by

Dsf (t) = f (t/s), 0 < t <∞.

The Boyd indices pX and qX are defined by

1

pX
= lim

s→∞
log ‖Ds‖

log s
.

and
1

qX
= lim

s→0

log ‖Ds‖
log s

.

Suppose X is a symmetric ideal on (�,�,μ). Let us say that f ∼ g if f, g have
the same distributions i.e. μ ◦ f−1 = μ ◦ g−1 coincide as Borel measures on C \ {0}.
We shall say a linear functional ϕ : X → C is symmetric if ϕ(f ) = ϕ(g) whenever
f ∼ g.We sayϕ is a regular symmetric functional if additionallyϕ(χA) = 1 whenever
μ(A) = 1. We emphasize here that we have no topological assumptions in general:
X need not be a quasi-Banach ideal, and ϕ need not have any continuity properties.

The study of such symmetric functionals goes back around twenty years. In fact
the corresponding notion for sequence spaces is closely related to the problem of
defining unusual traces on certain ideals of operators on a Hilbert space; this subject
can be traced back to the work of Dixmier [5] in the 1960’s. In the 1980’s Pietsch,
motivated by the study of traces on ideals of operators on Banach spaces again drew
attention to the problem of characterizing symmetric functionals on sequence spaces
(see for example [14]). For more recent work in this direction see [11], [6] and [12].

In this paper, we want to draw a neat and perhaps unexpected connection between
analytic functions and symmetric functionals. Before doing this in Section 2 we
develop the basic theory of symmetric functionals on an arbitrary symmetric ideal of
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functions. Our main result Theorem 2.8 here characterizes the set ZX (which we call
the center) of all functions f so that ϕ(f ) = 0 for all symmetric functionals ϕ. These
results were essentially known to the first author in the 1980’s; see for example [13]
and [14]. It is interesting thatZX can be characterized purely in terms of a generalized
K-functional.

In Section 3 we prove our main results. For the case of the unit circle T, this says
that for a symmetric ideal X which satisfies a very mild condition, (in particular for
any quasi-Banach symmetric ideal), that if f is analytic function on D with f (0) = 0,
belonging to the Smirnov class such that its boundary values, also denoted by f ,
belong to X(T) then f actually belongs to the center ZX. For the special case of
X = L1 this result is proved in two different ways in [10]; the center of L1 is there
denoted by H

sym
1,0 . It is also equivalent (again for the case X = L1) to an older result

of Ceretelli [3], later independently found by Davis [4]. This result is also discussed
in [10] and [9]; in [10] it is connected to the theory of commutators in interpolation.
Theorems 3.3 and 3.4 are inspired by the analogous results for traces in [12].

Finally in Section 4 we show that for quasi-Banach ideals a real function belongs
to X(R) if and only if it is the real part of a function f in the corresponding Hardy
class HX.

2. Symmetric functionals

In order to treat the case μ(�) = 1 let us introduce the notion of a symmetric ideal
of finite type. If μ(�) = ∞ we say that X is a symmetric ideal of finite type if
f ∈ X implies that μ(supp f ) <∞. If Y is a symmetric ideal on � where μ(�) = 1
we can embed (�,μ) in a larger nonatomic measure space (�′, μ′), by taking a
countable disjoint union of copies of (�,μ). We can then define X(�′) of finite
type by the property that f ∈ X if and only if μ′(supp f ) < ∞ and f χE ∈ Y(E)
whenever μ′(E) = 1. We call X the infinite extension of Y. It is then easy to see that
a symmetric linear functional ϕ on Y extends to a symmetric linear functional on X.
Using this idea of an infinite extension, we shall restrict our attention unless otherwise
stated to the case when μ(�) = ∞.

For f ∈M+ we define the generalized K-functional of f for 0 < u < v <∞ by

K(u, v; f ) =
∫ v

u

f ∗(t)dt. (2.1)

We extend the definitions ofK to general complex functions by linearity. To be precise
if f = g + ih ∈M where g and h are real we define

K(u, v; f ) = K(u, v; g+)−K(u, v; g−)+ iK(u, v;h+)− iK(u, v;h−)
and where, as usual g+ = max(g, 0) and g− = max(−g, 0) etc.
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We will also need a dual notion which we term the K∗-functional which we define
for all f ∈M:

K∗(r, s; f ) =
∫
r≤|f |<s

f dμ. (2.2)

If f ∈ M we can define measurable sets Eu(f ) for u > 0 so that μEu(f ) = u,

Eu(f ) ⊂ Ev(f ) if u < v and Eu ⊂ {|f | ≥ f ∗(u)}. Let Eu,v(f ) = Ev(f ) \ Eu(f )

when u < v.

Lemma 2.1. Suppose f, g ∈M and |f | ≤ |g|.
(1) Suppose 0 < u < v <∞. Then∣∣∣∣ ∫

Eu,v(f )

f dμ−
∫
Eu,v(g)

f dμ

∣∣∣∣ ≤ 2(ug∗(u)+ vg∗(v)). (2.3)

(2) Suppose 0 < r < s <∞. Then∣∣∣∣ ∫
r≤|f |<s

f dμ−
∫
r≤|g|<s

f dμ

∣∣∣∣ ≤ 2(rdg(r)+ sdg(s)). (2.4)

Proof. (1) Let h = χEv(f ) − χEu(f ) + χEu(g) − χEv(g). If ω ∈ Eu,v(f ) and h(ω) = 1
then either ω ∈ Eu(g) or |g(ω)| ≤ g∗(v). Thus∣∣∣∣ ∫

Eu,v(f )

hf dμ

∣∣∣∣ ≤ uf ∗(u)+ (v − u)g∗(v).

If ω ∈ Eu(f ) then h(ω) = −1 if ω ∈ Eu,v(g);∣∣∣∣ ∫
Eu(f )

hf dμ

∣∣∣∣ ≤ ug∗(u).

If ω ∈ � \ Ev(f ) then |f (ω)| ≤ f ∗(v) and h(ω) = 1 if ω ∈ Eu,v(g).∣∣∣∣ ∫
�\Ev(f )

hf dμ

∣∣∣∣ ≤ (v − u)f ∗(v).

Combining gives (1).
For (2) note that∣∣∣∣ ∫r≤|f |<s

|g|<r
f dμ

∣∣∣∣ ≤ rdf (r),

∣∣∣∣ ∫r≤|f |<s
|g|≥s

f dμ

∣∣∣∣ ≤ sdg(s),

∣∣∣∣ ∫r≤|g|<s
|f |<r

f dμ

∣∣∣∣ ≤ rdg(r), and

∣∣∣∣ ∫r≤|g|<s
|f |≥s

f dμ

∣∣∣∣ ≤ sdf (s).

This concludes the proof.

The following is an immediate consequence of Lemma 2.1:
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Lemma 2.2. Suppose f, g ∈M and |f | ≤ |g|. Then:∣∣∣K(u, v; f )−
∫
Eu,v(g)

f dμ

∣∣∣ ≤ 8(ug∗(u)+ vg∗(v)) (2.5)

and ∣∣∣K∗(r, s; f )− ∫
r≤|g|<s

f dμ

∣∣∣ ≤ 2(rdg(r)+ sdg(s)). (2.6)

Proof. Note that (2.6) simply restates (2.4). To prove (2.5) simply note that (2.3) gives
this with constant 2 if f is positive. We can apply it in turn to (6f )+, (6f )−, (7f )+
and (7f )−.

Our next lemma shows that the K-functional has approximate linearity properties:

Lemma 2.3. Suppose f, g ∈M and suppose h = f + g and ψ = |f | + |g|. Then if
0 < u < v <∞, 0 < r < s <∞,

|K(u, v;h)−K(u, v; f )−K(u, v; g)| ≤ 24(uψ∗(u)+ vψ∗(v)) (2.7)

and

|K∗(r, s;h)−K∗(r, s; f )−K∗(r, s; g)| ≤ 6(rdψ(r)+ sdψ(s)). (2.8)

Proof. For (2.7) it is enough to note that∣∣∣K(u, v;φ)−
∫
Eu,v(ψ)

φ dμ

∣∣∣ ≤ 8(uψ∗(u)+ vψ∗(v))

when φ = f, g and h. (2.8) is similar.

Next we define the notion of the center ZX of a symmetric ideal X supported on
a measure space � with μ(�) = 1 or μ(�) = ∞. We shall say that f ∈ ZX if there
exists h ∈ X+ such that whenever 0 < u < v <∞ we have:

|K(u, v; f )| ≤ uh∗(u)+ vh∗(v). (2.9)

Let us make the remark that if X is of finite type andμ(supp f ) = 1 then by taking
v large enough (2.9) will imply that

|K(u, 1; f )| ≤ uh∗(u).

Hence it suffices to consider in this case h with μ(supph) = 1. This implies that if Y
is a symmetric ideal on a probability space and X is the infinite extension of Y then
ZY coincides with the restriction of ZX to �.

Lemma 2.4. f ∈ ZX if and only if there exists h ∈ X+ and C > 0 with

|K∗(r, s; f )| ≤ C(rdh(r)+ sdh(s)), 0 < r < s <∞. (2.10)
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Proof. Assume first f ∈ ZX. Choose u = μ(|f | > r) and v = μ(|f | > s). Then we
can assume {r ≤ |f | < s} = Eu,v(f ) and so

K∗(r, s; f ) =
∫
Eu,v(f )

f dμ

and (2.10) follows from (2.5) with f = g.

Conversely suppose (2.10) holds and 0 < u < v <∞; we can assume h∗ ≥ f ∗.
Let r = 2h∗(u) and s = 2h∗(v). Then dh(r) ≤ u and dh(s) ≤ v and so∫

r≤|f |<s
f dμ ≤ 2C(uh∗(u)+ vh∗(v)).

Now ∫
Eu,v(f )|h|≤s

f dμ ≤ 2vh∗(v)

and ∫
Eu,v(f )|h|>r

dμ ≤ 2uh∗(u).

Combining again with (2.5) gives that

|K(u, v; f )| ≤ (2C + 10)(uh∗(u)+ vh∗(v)).

Proposition 2.5. The center ZX is a linear subspace of X with the property that
f ∈ ZX if and only if 6f,7f ∈ X.

Proof. The only statement that requires proof is linearity; this follows directly from
(2.7).

We will need a result of Kwapień from 1983:

Theorem 2.6 ([13]). Let f ∈ M be a bounded real function with support of finite
measure. If

∫
f dμ = 0 then there exist g1, g2 ∈ M with supp gj ⊂ supp f for

j = 1, 2, ‖gj‖∞ ≤ 6‖f ‖∞, g1 ∼ g2 and f = g1 − g2 (μ-a.e).

Proof. In effect Kwapień proves this for a standard measure space with g2 = g1 ◦ σ
where σ is a measure preserving transformation. For the general case we apply
Kwapień’s theorem to (R, ν) where ν(B) = μ(f−1B ∩ supp f ). We can then write
φ(x) = x in the form φ = ψ1 − ψ2 where ψ1 ∼ ψ2 and ‖ψj‖∞ ≤ 6‖f ‖∞. Let
gj = ψj ◦ f.

If X is any symmetric ideal let us introduce a corresponding sequence space SX.
Let (An)n∈Z be a disjoint sequence of measurable sets in � such that μAn = 2−n.We
define SX as the space of sequences ξ = (ξn) such that Lξ :=∑n∈Z

2nξnχAn ∈ X.
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It is clear that this definition is independent of the choice of (An); indeed we may take
� = (0,∞) and An = (2−n, 21−n).

It is easy to see from the symmetry condition on X that if ξ ∈ SX then we have∑
n∈Z

ξn−1χAn ∈ X. On SX we may therefore define the translation operator
T ((ξn)n∈Z) = (ξn−1)n∈Z. We say that a linear functional ψ on SX is translation-
invariant if ψ(T (ξ)) = ψ(ξ) for every ξ ∈ SX. It is trivial that ψ(ξ) = 0 for every
translation-invariant ψ if and only if ξ is in the range R of I − T where I is the
identity on SX.

Lemma 2.7. (1) If ϕ is a symmetric linear functional on X then ϕ ◦L is translation-
invariant functional on SX.

(2) ξ ∈ R if and only if there exists η ∈ SX+ such that∣∣∣ n∑
k=m+1

ξk

∣∣∣ ≤ ηm + ηn, −∞ < m < n <∞. (2.11)

Proof. (1) Let An = Bn ∪ Cn be a partition of An into two measurable sets such that
μBn = μAn = 2−(n+1). If ξ ∈ S then

ϕ(Lξ) = ϕ(
∑
n∈Z

2nξnχBn +
∑
n∈Z

2nξnχCn) = 2ϕ(
∑
n∈Z

2nξnχBn)

= 2ϕ(
∑
n∈Z

2n−1ξn−1χAn)

= ϕ(LT ξ).

(2) If ξ = η − T η then∣∣∣ n∑
k=m+1

ξk

∣∣∣ = |ηn − ηm| ≤ |ηm| + |ηn|.

Conversely assume (2.11). It suffices, by splitting into real and imaginary parts, to
treat the case when ξ is real. Let

ζn =
{∑n

k=0 ξk n ≥ 0

−∑−n
k=1 ξ−k n < 0.

Then by (2.11) we have

sup
n
(ζn − ηn) ≤ inf

m
(ζm + ηm).

Pick λ ∈ R so that

ζn − ηn ≤ λ ≤ ζm + ηm, m, n ∈ Z.

Then (ζn − λ)n∈Z ∈ SX and (I − T )(ζn − λ)n∈Z = ξ.
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We now come to the main theorem of the section. As mentioned in the Introduction,
results of this type were known to the first author in the mid 1980’s. See Pietsch [14]
where sequence space analogues are considered. A non-commutative analogue of this
result appears in Dykema, Figiel, Weiss and Wodzicki [6]; see also [11] for the earlier
special case of the trace-class, analogous to the case X = L1.

Theorem 2.8. Let X be a symmetric ideal on (�,�,μ). Then f ∈ ZX if and only if
ϕ(f ) = 0 for every symmetric linear functional on X.

Proof. Let us introduce the space N of X defined byf ∈ N if and only ifϕ(f ) = 0 for
every symmetric linear functional. We will prove that N = ZX. First suppose f ∈ N ;
we will show that f ∈ ZX. Indeed f can be written in the form f =∑m

j=1(gj − hj )

where gj , hj ∈ X and gj ∼ hj . It thus suffices to show that g − h ∈ ZX whenever
g ∈ X and g ∼ h. Note that for any u, v we have K(u, v; g) = K(u, v;h) =
−K(u, v;−h). Hence by Lemma 2.3 (2.7) we have

|K(u, v; g − h)| ≤ 8(uψ∗(u)+ vψ∗(v))

where ψ = |g| + |h|. We conclude that N ⊂ ZX.

For the converse we shall prove the following statements:

X = N + L(SX). (2.12)

ZX = N + L(R). (2.13)

Let us suppose f ∈ X. Then we may find g ∈ X so that g ∼ f and for every n,

gχAn ∼ f χE2−n,21−n (f ). Let

ξn =
∫
An

g dμ.

By Theorem 2.6 applied to (g−ξn)χAn for eachnwe can write g−Lξ = h1−h2 where
h1 ∼ h2 and |hjχAn | ≤ 12f ∗(2−n) for every n and j = 1, 2. Hence h1, h2 ∈ X.

Now

f − Lξ = (f − g)+ (h1 − h2) ∈ N .

This proves (2.12). If f ∈ ZX we note that

n∑
k=m+1

ξk =
∫
∪nk=m+1Ak

g dμ =
∫
E2−n,2−m(f )

f dμ.

Hence by Lemma 2.2 (2.5)∣∣∣ n∑
k=m+1

ξk

∣∣∣ ≤ |K(2−n, 2−m; f )| + 8(2−mf ∗(2−m)+ 2−nf ∗(2−n).
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It follows that there exists ψ ∈ X+ so that∣∣∣ n∑
k=m+1

ξk

∣∣∣ ≤ 2−mψ∗(2−m)+ 2−nψ∗(2−n), m < n.

Now by (2) of Lemma 2.7 this implies ξ ∈ R. This proves 2.13.
By (1) of Lemma 2.7 we have L(R) ⊂ N and so ZX ⊂ N . This completes the

proof.

In fact we have also proved the following statement:

Corollary 2.9. There is a natural isomorphism between the space of symmetric func-
tionals on X and the space of translation-invariant functionals on SX implemented
by ϕ→ ϕ ◦ L.

Proof. We first show that L(R) = N ∩ L(X). Indeed by Lemma 2.7 (1) we
know L(R) ⊂ N . Now suppose Lξ = f ∈ N . Then |ξn| ≤ f ∗(2−n). If g =∑

n∈Z
f ∗(2−n)χAn then g ∈ X and |f | ≤ g. Hence by Lemma 2.2, (2.5),∣∣∣ n∑

k=m+1

ξk

∣∣∣ ≤ |K(2−n, 2−m; f )| + 8(2−mg∗(2−m)+ 2−ng∗(2−n)).

Now since f ∈ ZX this inequality implies that ξ ∈ R by Lemma 2.7 (2). Now by
(2.12) and the fact that ZX = N it follows that L induces an isomorphism between
SX/R and X/N . This implies the corollary.

We have stated all these results for infinite measure spaces. As noted at the be-
ginning of the section we can quickly derive from this the corresponding results for
probability spaces. Indeed it is not difficult to show that for ideals on probability
spaces one may consider the sequence space SX(N) modelled on the natural num-
bers, and, in this case, we define translation to be the right shift, T (ξ) = (ξn−1)n∈N

with the understanding that ξ0 = 0. The result corresponding to Corollary 2.9 then
holds.

Let us consider a few examples.
Suppose

∫ 1
0 f ∗(s)ds < ∞ for all f ∈ X. Then we may define K(0, v; f ) =

limu→0 K(u, v; f ). Conversely if
∫∞

1 f ∗(s)ds < ∞ for all f ∈ X, then we may
define K(u,∞; f ) = limv→∞K(u, v; f ). The latter situation arises if X is of finite
type, or if μ(�) = 1.

Proposition 2.10. (1) If
∫ 1

0 f ∗(s)ds <∞ for all f ∈ X then f ∈ ZX and only if

|K(0, u; f )| ≤ uh∗(u), 0 < u <∞, (2.14)

for some h ∈ X.
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(2) If X has the property that
∫∞

1 f ∗(s)ds <∞ for every f ∈ X then

|K(u,∞; f )| ≤ uh∗(u), 0 < u <∞, (2.15)

for some h ∈ X.

Proof. In case (1) note that the hypothesis implies limu→0 uh
∗(u) = 0 for all h ∈

X; it is then easy to see that (2.9) reduces to (2.14). Similarly if (2) holds then
limu→∞ uh∗(u) = 0 for all h ∈ X and the argument is similar.

Let us use these remarks to relate the property ZX = X to the Boyd indices. We
first summarize some properties of the Boyd indices in the next lemma.

Lemma 2.11. Suppose p < pX ≤ qX < q. Suppose h ∈ X(R). Then there exists a
constant C such that ∥∥∥∑

k∈Z

2min(k/p,k/q)D2−kh
∥∥∥

X
≤ C‖h‖X (2.16)

C−1‖h‖Lp+Lq ≤ ‖h‖X ≤ C‖h‖Lp∩Lq . (2.17)

It is easy then to see that the following proposition holds.

Proposition 2.12. Suppose X is a quasi-Banach ideal.
(1) If qX < 1 then ZX = X.
(2) If pX > 1 and μ(�) = ∞ then ZX = X.

(3) If pX > 1 and μ(�) = 1 then ZX = {f ∈ X : ∫ f dμ = 0}.

Proof. Just note that if f ∈ X+ then, where applicable,

K(0, u; f ) =
∫ 1

0
f ∗(su) ds ≤

∑
k≤0

2kD2−k f (u)

and

K(u,∞; f ) =
∫ ∞

1
f ∗(su)ds ≤

∑
k≥1

2kD2−k f (u).

Then (1) and (2) follow from Lemma 2.11 (2.16) and the remarks preceding it. (3)
follows from the fact that if f ∈ L1, is real-valued and

∫
f dμ = 0 then K(0, u; f ) =

−K(u,∞; f ) This implies that f ∈ ZX.

Thus for quasi-Banach ideals the only case where one gets a non-trivial symmetric
linear functional is when pX ≤ 1 ≤ qX. We now discuss the cases of L1.

If f is a real function in M we introduce the function fd : (−∞,∞)→ R defined
by the conditions fd ∼ f , fd is decreasing and non-positive on (−∞, 0) and fd is
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decreasing and non-negative on (0,∞). Then it is clear that

K(u, v; f ) =
∫
u≤|t |≤v

fd(t)dt.

In the case of L1 the center was introduced as the symmetric Hardy class H sym
1 in

[10]. A real function f ∈ H
sym
1 (�) if and only if∫ ∞

0
|M(t)|dt

t
<∞

where

M(t) =
∫ t

−t
fd(s)ds.

It follows that there are many discontinuous symmetric functionals on L1 in both the
probability and infinite measure cases.

An interesting case is to take X to be the space of all f so that limt→0 tf
∗(t) =

limt→∞ tf ∗(t)dt = 0. Then f ∈ ZX if and only if

lim
u→0
v→∞

∫
|u|<t<|v|

fd(s)ds = 0

or equivalently

lim
r→0
s→∞

∫
r<|f |<s

f (s)ds = 0.

Symmetric continuous linear functionals on weakL1 were used in [8] (and are implicit
in the work of Cwikel and Fefferman [2] on the dual of weak L1).

3. Analytic functions

Let D be the unit disk and T be the unit circle. We recall that the Nevanlinna class
N(D) consists of all functions f which are analytic in D and satisfy

sup
r<1

∫ 2π

0
log+ |f (reiθ )|

dθ

2π
<∞.

If f ∈ N then the boundary values f (eiθ ) = limr→1 f (re
iθ ) exist almost everywhere.

The Smirnov class N+(D) consists of all functions f ∈ N such that

lim
r→1

∫ 2π

0
log+ |f (reiθ |

dθ

2π
=
∫ 2π

0
log+ |f (eiθ |

dθ

2π
.
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We can regard N+ as both a space of analytic functions on D and as a space of
measurable functions on T. We shall use the notation fr(e

iθ ) = f (reiθ ) so that
fr : T → C. We will use μ to denote the normalized measure dθ/2π.

We also need analogous spaces in the upper half-plane U = {z : 7z > 0}. We
define N+(U) to be the class of all functions f analytic in U so that f ◦ ϕ ∈ N+
where ϕ : D → U is given by ϕ(z) = i(1+ z)/(1− z). If f ∈ N+(U) then

lim
y→0

f (x + iy) = f (x)

exists a.e. and

log |f (x + iy)| ≤ y

π

∫ ∞

−∞
log |f (x)|

(t − x)2 + y2 dt. (3.1)

We will write fy(x) = f (x + iy) and in this case μ is Lebesgue measure. As before
we can consider N+(U) as a space of analytic functions in the upper half-plane or as
a space of measurable functions on the real line.

In the next technical theorem we prove a result on the distribution of boundary
values of functions in N+(D) and N+(U).

Theorem 3.1. There exists a constant C so that:
(1) If f ∈ N+(D) and f (0) = 0 then, whenever 0 < r < s <∞,∣∣∣∣∫
r≤|f |<s

f (eiθ )
dθ

2π

∣∣∣∣ ≤ C

(
rμ(|f | > r)+ sμ(|f | > s)

+
∫ 2π

0
r log+

|f (eiθ )|
r

+ s log+
|f (eiθ )|

s

dθ

2π

) (3.2)

(2) If f ∈ N+(U) then∣∣∣∣∫
r≤|f |<s

f (x)dx

∣∣∣∣ ≤ C

(
rμ(|f | > r)+ sμ(|f | > s)

+
∫ ∞

−∞
r log+

|f (x)|
r

+ s log+
|f (x)|
s

dx

) (3.3)

Proof. We begin by fixing a smooth bump function b : R → R such that supp b ⊂
(0, 1/2), b ≥ 0,

∫
b(x)dx = 1. Let β(t) = 2|b(t)| + |b′(t)|.

Note first that the estimates are trivial when s ≤ 2r.
Now suppose 0 < r < s <∞, with s ≥ 2r . We define

ϕ(τ) = ϕr,s(τ ) =
∫ τ

−∞
b(t − log r)− b(t − log s)dt.

Notice that the two terms in the integrand are never simultaneously positive (since
log 2 > 1

2 ), and ϕ is a bump function which satisfies ϕ(τ) = 0 if τ < log r or
τ > 1

2 + log s while ϕ(τ) = 1 if log r + 1
2 ≤ τ ≤ log s. Then let ψ = ψr,s be defined
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to be the function such that ψ(τ) = 0 if τ < log r and

ψ ′′(τ ) = eτ (2|ϕ′′(τ )| + |ϕ′(τ )|).
In fact, this implies that

ψ ′′(τ ) = eτ (β(τ − log r)+ β(τ − log s))

and then

ψ(τ) = ψr,s(τ ) =
∫ τ

−∞
(τ − t)et (β(t − log r)+ β(t − log s)) dt,

and

ψ ′(τ ) =
∫ τ

−∞
et (β(t − log r)+ β(t − log s))dt.

Thus, if we set

C0 =
∫ ∞

−∞
etβ(t)dt

then

ψ ′(τ ) ≤ C0(rχ(τ>log r) + sχ(τ>log s))

and so

ψr,s(τ ) ≤ C0(r(τ − log r)+ + s(τ − log s)+). (3.4)

Now we use the argument of Lemma 2.6 of [12]. If we define

h(z) = hr,s(z) = ψ(log |z|)− xϕ(log |z|), z = x + iy �= 0,

and h(0) = 0 then h is a C2-subharmonic function which vanishes on a neighborhood
of 0. We note the estimates (from (3.4))

ψ(log |z|) ≤ C0

(
r log+

|z|
r
+ s log+

|z|
r

)
(3.5)

and

0 ≤ h(z) ≤ C0

(
r log+

|z|
r
+ s log+

|z|
r

)
, |z| ≥ 2s. (3.6)

Note of course that C0 is independent of r, s.
Let us first treat the case when f ∈ N+(D) and f (0) = 0. Then h ◦ f is subhar-

monic on D. Hence

0 ≤
∫ 2π

0
h ◦ fr dθ

2π
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for 0 ≤ r < 1. Now h+(z) := max(h(z), 0) ≤ M(log+ |z|+1) for a suitable constant
M and h+ − h is bounded. From the definition of the Smirnov class we have:

lim
r→1

∫
|fr |>2|f |

log+ |fr |
dθ

2π
= 0.

Hence

lim
r→1

∫
|fr |>2|f |

h+ ◦ fr dθ
2π

= 0.

Now by the Dominated Convergence Theorem we have

lim
r→1

∫
|fr |≤2|f |

h+ ◦ fr dθ
2π

=
∫ 2π

0
h+ ◦ f dθ

2π
.

Thus

lim
r→1

∫ 2π

0
h+ ◦ fr dθ

2π
=
∫ 2π

0
h+ ◦ f dθ

2π
.

By the Bounded Convergence Theorem,

lim
r→1

∫ 2π

0
(h− h+) ◦ fr dθ

2π
=
∫ 2π

0
(h− h+) ◦ f dθ

2π
.

We thus conclude that ∫ 2π

0
h ◦ f dθ

2π
≥ 0

and thus

6
∫ 2π

0
f ϕ(log |f |) dθ

2π
≤
∫ 2π

0
ψ(log |f |) dθ

2π
.

Applying this inequality to αf for every α with |α| = 1 gives∣∣∣∣∫ 2π

0
f ϕ(log |f |) dθ

2π

∣∣∣∣ ≤ ∫ 2π

0
ψ(log |f |) dθ

2π
. (3.7)

Now note that∣∣∣∣∫ 2π

0
f (ϕ(log |f |)− χ(r≤|f |<s))

dθ

2π

∣∣∣∣ ≤ ∫ 2π

0
|f |(χ(r<f<2r) + χ(s<|f |<2s))

dθ

2π

≤ 2rμ(|f | > r)+ 2sμ(|f | > s).

Now combining with (3.4) and (3.7) gives (3.2).
The proof of (3.3) is somewhat similar. We only sketch the details. It is clear that

we may assume that ∫ ∞

−∞
log+ |f |dx <∞.
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It then follows from (3.1) that∫ ∞

−∞
log+ |fy |dx ≤

∫ ∞

−∞
log+ |f |dx (3.8)

whenever y > 0 and also that limy→∞ sup |f (x + iy)| = 0. As above we note that
h ◦ f is subharmonic on U; in this case h ◦ f vanishes for y large enough. It follows
using (3.6) that

∫∞
−∞ h ◦ fydx is a convex function of y > 0 and so that

lim
y→0

∫ ∞

−∞
h ◦ fydx ≥ 0.

In this case we use (3.8) in place of the Smirnov condition to deduce∫ ∞

−∞
h ◦ f dx ≥ 0.

The remaining details are then similar.

We now define (cf. [12]) a symmetric ideal X to be geometrically stable if given
f ∈ X there exists h ∈ X with

exp

(
1

t

∫ t

0
log f ∗(s) ds

)
≤ h∗(t), 0 < t <∞. (3.9)

Note of course that we require log+ |f | ∈ L1 for all f ∈ X.

Proposition 3.2. Every symmetric quasi-Banach ideal is geometrically stable.

Proof. For 0 < p ≤ 1 we note that for an appropriate constant C1,

exp

(
1

t

∫ t

0
log f ∗(s) ds

)
≤
(

1

t

∫ t

0
f ∗(s)p ds

) 1
p

≤
( ∞∑
n=1

2−nD2nf
∗(t)p

) 1
p

≤ C1

∞∑
n=1

2−
n
2− n

2p D2nf
∗(t).

Now if 1
2 + 1

2p > 1
pX

the series

C1

∞∑
n=1

2−
n
2− n

2p D2nf
∗

converges in X(0, 1) or X(0,∞) to some h = h∗ satisfying (3.9).

If X is a symmetric ideal on T let us defineHX(T) to be the space of all f ∈ X(T)

so that f ∈ N+(D). Similarly HX(R) consists of all f ∈ X(R) so that f ∈ N+(U).
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Theorem 3.3. Suppose X is a geometrically stable symmetric ideal on T (in partic-
ular this applies when X is a quasi-Banach ideal). Suppose f ∈ HX with f (0) = 0.
Then f ∈ ZX(T) and so for every symmetric linear functional ϕ on X we have
ϕ(f ) = 0.

Theorem 3.4. Suppose X is a geometrically stable symmetric ideal on R (in par-
ticular this applies when X is a quasi-Banach ideal). Suppose f ∈ HX(R). Then
f ∈ ZX and so for every symmetric linear functional ϕ on X we have ϕ(f ) = 0.

Proof. The proofs of both theorems are essentially the same. We prove only Theo-
rem 3.3. Assume first f satisfies the condition that μ(|f | = r) = 0 for all r > 0.
Then if 0 < u < v <∞ we have Eu,v(|f |) = {f ∗(u) ≤ |f | < f ∗(v)} and so∣∣∣∣K(u, v; f )−

∫
f ∗(u)≤|f |<f ∗(v)

f
dθ

2π

∣∣∣∣ ≤ 2(uf ∗(u)+ vf ∗(v))

by Lemma 2.1, (2.3). Thus using Theorem 3.1 (3.2),

|K(u, v; f )|

≤ (C + 2)(uf ∗(u)+ vf ∗(v))+
∫ 2π

0
f ∗(u) log+

|f |
f ∗(u)

+ f ∗(v) log+
|f |

f ∗(v)
dθ

2π
.

Now by (3.9) we can find h with

1

t

∫ t

0
log f ∗(s) ds ≤ logh∗(t).

Now ∫ 2π

0
f ∗(u) log+

|f |
f ∗(u)

dθ

2π
= f ∗(u)

∫ u

0
(log f ∗(t)− log f ∗(u))dt

≤ uf ∗(u) log
h∗(u)
f ∗(u)

≤ uh∗(u).

This together with a similar calculation for v gives the estimate

K(u, v; f ) ≤ ug∗(u)+ vg∗(v)

where g∗ = (C + 2)f ∗ + h∗.
Now for the general case we may clearly define some g ∈ N+(D) so that g ∈

X(T) and μ(|g| = r) = 0 for every choice of r. It then follows that for almost
every choice of (eiθ , eiφ) ∈ T

2 we have |g(eiθ )| �= |g(eiφ)|. Let A be the set of
(t, eiθ , eiφ) ∈ [−1, 1] × T

2 so that |f (eiθ ) + tg(eiθ )| = |f (eiφ) + tg(eiφ)|. By
expanding as a polynomial in t it follows that for almost every (eiθ , eiφ) the set of t such
that (t, eiθ , eiφ) ∈ A has Lebesgue measure zero. Applying Fubini’s theorem A has
product measure zero and so we may find t �= 0 so that the set of (eiθ , eiφ) so that either
|f (eiθ )+ tg(eiθ )| = |f (eiφ)+ tg(eiφ)| or |f (eiθ )− tg(eiθ )| = |f (eiφ)− tg(eiφ)| has
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measure zero. From this it follows that for every r > 0 we have μ(|f + tg| = r) =
μ(|f − tg| = r) = 0. Now applying the first part f ± tg ∈ ZX and so f ∈ ZX.

Theorem 3.3 has some amusing applications of which we give two.

Corollary 3.5. Suppose f ∈ N+(D) and limr→∞ rμ(|f | > r) = 0. Then

f (0) = lim
r→∞

∫
|f |<r

f (eiθ )
dθ

2π
.

Proof. If f (0) = 0 this follows directly from Theorem 3.3 and the remarks at the end
of Section 2. If f (0) = α �= 0 then note that

lim
r→∞

∣∣∣∣ ∫ |f |<r
|f−α|≤r

f
dθ

2π

∣∣∣∣+ ∣∣∣∣ ∫ |f |≥r
|f−α|<r

f
dθ

2π

∣∣∣∣ = 0

follows from limr→∞ rμ(|f | > r) = 0.

Corollary 3.6. Suppose X is a geometrically stable symmetric ideal on T which ad-
mits a regular symmetric linear functional ϕ. Then if f ∈ HX(T) we have
ϕ(f ) = f (0).

We omit the trivial proof.

4. Conjugate functions

Ceretelli [3] and later (independently) Davis [4] proved that a real function f ∈ L1(T)

is in H
sym
1,0 = ZL1 if and only if f ∼ 6g for some g ∈ H1 with g(0) = 0. See also

[10] for an alternate proof and [9] for a vector-valued generalization. In [7] there is a
general discussion of problems of this type. Let us state our extensions of this result
to arbitrary quasi-Banach ideals.

Theorem 4.1. Let X be a symmetric quasi-Banach ideal on T with 1
2 < pX ≤ qX <

∞. If f ∈ XR then in order that there exist g ∈ HX(T) with g(0) = 0, and 6g ∼ f

it is necessary and sufficient that f ∈ ZX.

Theorem 4.2. Let X be a symmetric quasi-Banach ideal on R with qX < ∞. If
f ∈ XR then in order that there exist g ∈ HX(R), with 6g ∼ f it is necessary and
sufficient that f ∈ ZX.

Before proving this result we note that Davis [4] establishes Theorem 4.1 for the
case X = Lp where 1

2 < p < 1. In this case ZLp = Lp. In fact Aleksandrov
proves a stronger theorem [1] that the map f → 6f maps HX(T) onto6X(T) when
qX < 1. If 1 < pX < qX < ∞ then the Hilbert transform is bounded on X and
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the theorems follow easily (cf. Proposition 2.12). Thus the only interesting cases are
when pX ≤ 1 ≤ qX.

Let Llog denote the (non-locally convex) Orlicz space of all functions f : R → C

such that ∫
log+ |f (x)|

1+ x2 dx <∞.

This is an F-space when it is equipped with the F-norm

f →
∫

log(1+ |f (x)|)
1+ x2 dx.

It is easy to see from (2.17) that X is continuously embedded into Llog. Now, when
identified with its boundary values, N+(U) is a closed subspace of Llog and hence
HX is a closed subspace of X.

Lemma 4.3. Suppose E is a bounded measurable subset of R and N ∈ N. If
f : E→ R is measurable there exists g : E→ R with g ∼ f and∫

E

tkg(t) dt = 1

μ(E)

(∫
E

tkdt

)(∫
E

g(t) dt

)
, 0 ≤ k ≤ N.

Proof. By repeated applications of Lyapunov’s theorem taking A1 = E we can find
Borel sets An with An = A2n ∪ A2n+1, A2n ∩ A2n+1 = ∅, μ(A2n) = μ(A2n+1) =
1
2μ(An) and ∫

A2n

tk dt =
∫
A2n+1

tk dt = 1

2

∫
An

tk dt, 0 ≤ k ≤ N.

The sets (An)
∞
n=0 generate a non-atomic sub−σ -algebra �0 of measurable subsets of

E so that B ∈ �0 implies∫
B

tk dt = μ(B)

∫
E

tk dt, 0 ≤ k ≤ N.

Take g ∼ f to be �0-measurable.

We now turn to the proofs of the theorems. We first consider Theorem 4.2, and
then indicate the modifications which establish Theorem 4.1.

Proof. One direction follows immediately from Theorems 3.3 and 3.4. In Theorem 4.1
if g ∈ HX and g(0) = 0 then Theorem 3.3 implies that g ∈ ZX(T). Thus 6g ∈ ZX

by Proposition 2.5. A similar argument applies in Theorem 4.2.
We prove first Theorem 4.2. In the proof we use C to denote a constant which

depends only on X but which can vary from line to line. Let us pick N ∈ N so that
N + 2 > 1

pX
.
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Define fd as before (see after Proposition 2.12). Now let Jn = (2n, 2n+1] ∪
[−2−n−1,−2n). Let E0 be a measurable subset of J0 so that μ(E) = 1

2μ(J0) = 1
and ∫

E

tkdt = 1

2

∫
J0

tk dt, 0 ≤ k ≤ N.

Let F0 = J0 \ E0 and then let En = 2nE0, Fn = 2nF0 for n ∈ Z.

By using Lemma 4.3 on each set En ∪ Fn+1 (which has measure (3/2)μJn) we
can find a function fc so that fcχEn∪Fn+1 ∼ fdχJn for n ∈ Z and∫

En∪Fn+1

tkfc(t)dt = 2−n−1
∫
En∪Fn

tk dt

∫
Jn

fc(t) dt, 1 ≤ k ≤ N, n ∈ Z.

Let us define K(u, v; f ) = −K(v, u; f ) if u > v. Then there exists h ∈ X so
that

|K(u, v; f )| ≤ uh∗(u)+ vh∗(v), u, v > 0.

Hence

K(u, 1; f )− uh∗(u) ≤ K(v, 1; f )+ vh∗(v), u, v > 0.

Now (as in Lemma 2.7) this implies the existence of λ ∈ R so that

|K(u, 1; f )− λ| ≤ uh∗(u), 0 < u <∞.

We may assume h∗ is constant on each interval (2n, 2n+1) and that |fc(t)| ≤ h∗(t).
For n ∈ Z we define φn by

φn(t) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

fc(t)− 2−n−1(K(2n, 1; f )− λ) t ∈ En

−2−(n−1)(K(2n, 1; f )− λ) t ∈ Fn

2−n−2(K(2n+1, 1; f )− λ) t ∈ En+1

fc(t)+ 2−n−2(K(2n+1, 1; f )− λ) t ∈ Fn+1

0 t /∈ Jn ∪ Jn+1.

Then ∫
φn(t)dt =

∫
En∪Fn+1

fc(t) dt +K(2n+1, 1; f )−K(2n, 1; f ) = 0.

We thus have ∫
tkφn(t) dt = 0, 0 ≤ k ≤ N. (4.1)

Note also that we have an estimate

|φn(t)| ≤ Ch∗(2n)

for a suitable constant C.
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Define

ψn(z) := i

π

∫ ∞

−∞
φn(t)

z− t
dt

for z ∈ U. Then ψn ∈ H∞ and has boundary values for 7z = 0 such that 6ψn(x) =
φn(x) a.e. Note that

7ψn(x) = 1

π
p.v.
∫ ∞

−∞
φn(t)

x − t
dx.

We complete the argument by showing that
∑

n∈Z
ψn(x) converges a.e. to a

function g in HX. To show this we show that
∑

n∈Z
|ψn(x)| converges a.e. to a

function in X. It follows then that the series
∑

n∈Z
ψn converges also in the topology

of Lp +Lq provided p < pX and q > qX and hence g ∈ N+ ∩X. Once this is done
it is clear that 6g(x) = fc(x) a.e. and so 6g ∼ f.

We first observe that if |x| ≤ 2n−1 then we have an easy estimate that

|ψn(x)| ≤ Ch∗(2n).

Next suppose |x| ≥ 2n+3. Then

1

(x − t)
= 1

x
+ · · · + tN

xN+1 +
tN+1

xN+1(x − t)
,

and so by (4.1),

|ψn(x)| ≤ C|x|−(N+2)2(N+2)nh∗(2n).

Thus if x ∈ Jn, and we have

|ψn−k(x)| ≤ C2−k(N+2)h∗(2−k|x|)
for k ≥ 3 and

|ψn+k(x)| ≤ Ch∗(2k|x|)
for k ≥ 2.

Hence if x ∈ Jn,∑
k≥3

|ψn−k(x)| ≤ C
∑
k≥2

2−k(N+2)h∗(2−k|x|) (4.2)

and ∑
k≥2

|ψn+k(x)| ≤ C

∞∑
k=2

h∗(2k|x|). (4.3)

Now by Lemma 2.11 we have that∑
k∈Z

2min(k(N+2),0)h∗(2k|x|) <∞, x �= 0
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and ∥∥∥∑
k∈Z

2min(k(N+2),0)h∗(2k|x|)
∥∥∥

X
≤ C‖h‖X.

Consider the cases −2 ≤ k ≤ 1. Then(∫
Jn

|ψn+k(x)|qdx
) 1

q ≤ C2
n+k
q h∗(2n+k).

For r ≥ 0, letAnr be the subset of Jn of all x such that
∑1
−2 |ψn+k(x)| ≥ 2rh∗(2n−2).

Then

μ(Anr) ≤ C2n−rq .

Hence, if qX < q ′ < q,∥∥∥∑
n∈Z

1∑
k=−2

h∗(2n−2)χAnr

∥∥∥
X
≤ C2−rq/q ′ ‖h‖X.

This quickly yields the estimate:∥∥∥∑
n∈Z

1∑
k=−2

|ψn+k|χJn
∥∥∥

X
≤ C‖h‖X.

Combining gives us that
∑

n∈Z
|ψn| converges a.e. to a function in X(R). This

completes the proof of Theorem 4.2.

Proof of Theorem 4.1. Only small modifications are necessary for Theorem 4.1. We
note that fd is now supported on a set [a, 1− a]where 0 ≤ a ≤ 1 and h∗ is supported
on [0, 1]. In this case with the additional assumption that pX > 1

2 we can take N = 0.
This allows us to simplify the construction by taking

φn(t) =

⎧⎪⎨⎪⎩
fd(t)− 2−n−1K(2n, 1; f ) t ∈ Jn

2−n−2K(2n+1, 1; f ) t ∈ Jn+1

0 t /∈ Jn ∪ Jn+1.

The calculations are then very similar. Construct g as above and then define g0(0) = 0
and

g0(re
iθ ) =

∑
n∈Z

g(
1

2π
(θ − i log r)+ n).

One only really needs to show that g0 ∈ X(T) or equivalently that
∑

n∈Z
g(x + n) ∈

X(0, 1]. Clearly gχ(n,n+1) ∈ X(n, n + 1) for all n ∈ Z. If |n| ≥ 3 then one gets an
estimate

‖gχ(n,n+1]‖∞ ≤ C|n|−2
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by using (4.2) above. It is then easy to see that g0 solves the problem.

Let us remark that it should be possible to prove Theorem 4.1 without the restriction
pX > 1

2 as in the case of Theorem 4.2.
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Axiomatic Sobolev spaces on metric spaces
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Abstract. We present an axiomatic approach for the theory of Sobolev spaces on metric spaces
and we show that this axiomatic construction covers the main known examples. We also
introduce in this general setting the notion of variational p-capacity and study its relation with
the geometric properties of the metric space, its connections with pointwise convergence and
embedding theorems. The concept of p-parabolic and p-hyperbolic spaces is also introduced
and the existence of an extremal function for the different versions of the variational p-capacity
under quite general hypothesis is discussed.
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Introduction

Recent years have seen an important activity devoted to geometric analysis on metric
spaces. Motivations came from such fields as analysis on singular Riemannian man-
ifolds and rectifiable sets; Carnot–Caratheodory geometries and Hörmander system
of vector fields; weighted Sobolev spaces and applications to PDE; graphs and dis-
crete groups, combinatorial Laplacian; analysis on fractal sets; Gromov hyperbolic
spaces and their ideal boundaries, etc. We refer to the papers [1], [2], [5], [7] and the
references therein for more information in the subject.

A striking fact is that a number of analytical problems transit from one theory to
another. For instance the notion of p-capacity of a subset F of a metric space X

is more or less defined as the infimum of the Dirichlet p-energy Ep(u) =
∫
X
|∇u|p

among all functions u : X → R which vanish at the boundary (in some sense) of X
and such that u ≥ 1 on F . A precise definition can be given in each special case.

We may then consider a number of classical problems such as

1. Prove the existence and uniqueness of an extremal function for the p-capacity
Capp(F,X).

2. Prove that if Capp(B,X) = 0 for some ball B ⊂ X, then Capp(F,X) = 0 for
every bounded subset F ⊂ X.
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3. Prove that Capp is a Choquet capacity.

4. Prove continuity quasi-everywhere (in the sense of p-capacity) for “weakly”
differentiable functions.

5. Give necessary and sufficient geometric or capacitary conditions implying the
embedding W 1,p(X) ⊂ C(X).

A natural program is now to obtain precise theorems and proofs which hold in any
reasonable theory.

An important step was made in 1993 when Piotr Hajłasz introduced a notion of
Sobolev space W 1,p(X) which makes sense on all metric measure spaces, however
Hajłasz’s definition does not always coincide with more classic Sobolev spaces. In fact
it is important to realize that given a measure metric space (X, d, μ), there is in general
not one but several natural notions for the Sobolev space W 1,p(X) which may be
essentially different. For example, in the plane domain � := {z = reiθ : 0 < r < 1,
0 < θ < 2π} ⊂ C (this is the disk minus a radius), we have two natural notions of
Sobolev spaces: the first one is the classical Sobolev space W 1,p(�) and the second
one is the trace space of W 1,p(R2) on �. The corresponding notions of capacities are
also different.

To fulfill the proposed program, we develop an axiomatic construction of the
Sobolev spaces W 1,p(X) associated to a metric measure space X. This construction
turns out to be wide enough to cover most examples and yet rich enough so that we
can prove significant theorems.

The present paper is but a sketch of the axiomatic theory of Sobolev spaces, more
details and proofs are exposed in [3, 4].

1. Axiomatic Sobolev spaces

In the metric measure space (X, d, μ), we select a Boolean ring K of bounded Borel
subsets which generates the Borel σ -algebra (typical examples are the ring of all
bounded Borel subsets of X and the ring of all relatively compact Borel subsets if X
is locally compact and separable). The ring K and the measure μ will be assumed to
satisfy the following two conditions:

1) every ball B ⊂ X is measurable and 0 < μ(B) <∞ if B has positive radius;

2) for everyA ∈K there exists a finite sequence of open balls {B1, B2, . . . .Bm} ⊂
K such that A ⊂⋃m

i=1 Bi and μ(Bi ∩ Bi+1) > 0 for 1 ≤ i < m.

We defineLp
loc(X) to be the space of measurable functions which belong toLp(K)

for every subset K ∈ K . We then assume that to each function u ∈ L
p
loc(X) is

associated (by some way) a set D[u] of functions called the pseudo-gradients of u;



Axiomatic Sobolev spaces on metric spaces 335

intuitively a pseudo-gradient g ∈ D[u] is a function which exerts some control of
the variation of u (for instance in the classical case X = R

n, we have D[u] := {g ∈
L1

loc(R
n) : g ≥ |∇u| a.e.}). A function u belongs then to W 1,p(X) if there exists a

pseudo-gradient g ∈ D[u] such that g ∈ Lp(X).
This construction yields different types of Sobolev spaces depending on the way

the pseudo-gradients are defined.
In the axiomatic approach, we do not specify how the pseudo-gradients are con-

structed; instead we simply assume that the correspondence u → D[u] satisfies the
following six axioms:

Axiom A1 (Non-triviality). If u : X → R is non-negative and k-Lipschitz, then the
function g = k sgn(u) belongs to D[u].
Axiom A2 (Upper linearity). If g1 ∈ D[u1], g2 ∈ D[u2] and g ≥ |α|g1 + |β|g2
almost everywhere, then g ∈ D[αu1 + βu2].
Axiom A3 (Leibniz rule). If u : X → R is any measurable function and g ∈
D[u], then for any bounded Lipschitz function ϕ : X → R the function g1(x) =
(sup |ϕ|g(x)+ Lip(ϕ)|u(x)|) belongs to D[ϕu].
Axiom A4 (Lattice property). Let u := max{u1, u2} and v := min{u1, u2} where
u1, u2 ∈ L

p
loc(X). If g1 ∈ D[u1] and g2 ∈ D[u2], then g := max{g1, g2} ∈ D[v] ∩

D[u].
Axiom A5 (Completeness). Let {ui} and {gi} be two sequences of functions such that
gi ∈ D[ui] for all i. Assume that ui → u in Lp

loc topology and (gi − g)→ 0 in Lp,
then g ∈ D[u].

The last axiom will be stated later. We now define the notions of Dirichlet energy
and Sobolev space based on Axioms 1–5:

Definitions. i.) The p-Dirichlet energy of a function u is defined as

Ep(u) = inf

{∫
X

gpdμ : g ∈ D [u]

}
.

ii.) The p-Dirichlet space is the space L1,p(X) of functions u ∈ L
p
loc(X) with

finite p-energy.
iii.) The Sobolev space is then defined as

W 1,p(X) = W 1,p(X, d, μ,D) := L1,p(X) ∩ Lp(X) .

Theorem 1.1. W 1,p(X) is a Banach space for the norm

‖u‖W 1,p(X) =
(∫

X

|u|pdμ+ Ep(u)

)1/p

.

The proof is given in [3].
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The Dirichlet space L1,p(X) is also a Banach space for the norm given by

‖u‖ L1,p(X) :=
(∫

Q

|u|pdμ+ Ep(u)

)1/p

where Q ⊂ X is a fixed K-subset of positive measure. This norm depends on the
choice of the set Q, but the corresponding topology on L1,p(X) is independent of that
choice.

Our final axiom states that if the energy of a function is small, then this function
is close to being a constant.

AxiomA6 (Energy controls variation). Let {ui} ⊂ L1,p(X) be a sequence of functions
such that Ep(ui)→ 0. Then for any metric ball B there exists a sequence of constants
ai = ai(B) such that ‖ui − ai‖Lp(B) → 0.

This axiom turns out to be equivalent to some weak form of the Poincaré inequality,
see [3].

The main known constructions of Sobolev spaces on metric spaces fit into this
pattern and are thus examples of axiomatic Sobolev spaces.

2. p-capacity and p-parabolicity

We now give some basic results from the theory of axiomatic Sobolev spaces on metric
measure spaces. The proofs are given in [3, 4].

We denote byC0(X) the set of continuous functions u : X→ R such that supp(u)
is a closed K-set and by L

1,p
0 (X) the closure of C0(X) ∩L1,p(X) in L1,p(X).

The variational p-capacity of a subset F ⊂ X is then defined as

Capp(F ) := inf{Ep(u) : u ∈ Ap(F )},
where the set of admissible functions is defined by

Ap(F ) := {u ∈ L
1,p
0 (X) : u ≥ 1 on a neighborhood of F and u ≥ 0 a.e.};

the variational p-capacity is an outer measure on X.

Definition. The metric measure space X is said to be p-parabolic if there exists a
K-set Q ⊂ X such that μ(Q) > 0 and Capp(Q) = 0; and p-hyperbolic otherwise.

In fact a metric space is p-parabolic if and only if the p-capacity of all K-sets is
zero. This follows from the next theorem:

Theorem 2.1. The metric measure spaceX is p-parabolic if and only if 1 ∈ L
1,p
0 (X).

It is well known that a complete Riemannian manifold whose volume growth is
polynomial of order at most p is p-parabolic. This facts extends to the case of metric
spaces:
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Theorem 2.2. Suppose that the metric measure space X is complete and that K is
the Boolean ring of all bounded Borel subsets of X. If there exists a point x0 ∈ X

such that

lim inf
R→∞

μ(B(x0, R))

Rp
= 0,

then X is p-parabolic.

If X is σ -compact (i.e. it is the countable union of compact sets), then the p-
capacity of an arbitrary Borel set F can be approximated by the p-capacity of its
compact subsets:

Theorem 2.3. Assume that X is σ -compact and that C(X) is dense in W 1,p(X). Let
1 < p <∞, If F ⊂ X is a bounded Borel set, then

Capp(F ) = sup{Capp(K) : K ⊂ F a compact subset}.
This result follows from Choquet’s theory of abstract capacities and the next result:

Theorem 2.4. Suppose that X is σ -compact and C(X) is dense in W 1,p(X).
If 1 < p <∞, then the variational p-capacity satisfies the following conditions:

i.) Capp is monotone: A ⊂ B ⇒ Capp(A) ≤ Capp(B);

ii.) If X ⊃ K1 ⊃ K2 ⊃ · · · is a decreasing sequence of compact sets, then

lim
i→∞Capp(Ki) = Capp

( ∞⋂
i=1

Ki

);
iii.) If A1 ⊂ A2 ⊂ · · · ⊂ X is an increasing sequence of non empty sets such that⋃∞

i=1 Ai is bounded, then

lim
i→∞Capp(Ai) = Capp

( ∞⋃
i=1

Ai

)
.

We finally state a result about the existence and uniqueness of extremal functions
for p-capacities. We first need a definition:
Definition A subset F is said to be p-fat if it is a Borel subset and there exists a
probability measure τ onXwhich is absolutely continuous with respect top-capacities
(i.e. such that τ(S) = 0 for all subsets S ⊂ X of local p-capacity zero) and whose
support is contained in F .

Theorem 2.5. Let (X, d) be a σ -compact metric measure space and F ⊂ X be a
p-fat subset (1 < p < ∞). Then there exists a unique function u∗ ∈ L

1,p
0 (X)

such that u∗ = 1 p-quasi-everywhere on F and Ep(u
∗) = Capp(F ). Furthermore

0 ≤ u∗(x) ≤ 1 for all x ∈ X.
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In both previous results, the hypothesis thatX is σ -compact can be replaced by the
more general condition that X is K-countable (i.e. it is a countable union of K-sets).

3. Examples

Our first example is the classical Sobolev space: let M be a Riemannian manifold and
K be the class of relatively compact Borel subsets of M . We say that a measurable
function g : M → R is a classic pseudo-gradient of a function u ∈ L1

loc(M), if and
only if g(x) ≥ |∇u(x)| a.e.

We write D[u] for the set of all classic pseudo-gradients of u, the correspondence
u→ D[u] satisfies axioms A1–A6.

Our second example concerns functions on graphs: Let � = (V ,E) be a locally
finite connected graph. We define the combinatorial distance between two vertices to
be the length of the shortest combinatorial path joining them. The ring K is the class
of all finite subsets of V and the measure μ is the counting measure.

For any function u : V → R, we define CD[u] to be the set of all functions
g : V → R such that

|u(y)− u(x)| ≤ (g(x)+ g(y))

whenever there is an edge joining x to y.
The correspondence u→ CD[u] satisfies axioms A1–A6.
Our next example is the Sobolev space defined by P. Hajłasz in [5], see also [7].

Let X be an arbitrary measure metric space and K be the ring of all bounded Borel
subsets of X.

A measurable function g : X→ R+ is said to be a Hajłasz pseudo-gradient for a
function u : X→ R, if

|u(x)− u(y)| ≤ d(x, y)(g(x)+ g(y))

for all x, y ∈ X \ F where F ⊂ X is some set (called the exceptional set) with
μ(F) = 0.

We denote by HD[u] the set of all Hajłasz pseudo-gradients of u; the correspon-
dence u→ HD[u] satisfies axioms A1–A6.

Our last example is the notion of upper-gradient, this notion is studied in [1], [6]
and [8]. In this section, we assume X to be a rectifiably connected metric space.

We first consider the case of a locally Lipschitz function u : X → R. A Borel
measurable function g : X→ R is said to be an upper gradient for u if for all Lipschitz
paths γ : [0, 1] → X we have

|u(γ (1))− u(γ (0))| ≤
∫ 1

0
g(γ (t))dt.

We denote by UD[u] the set of all upper gradients for a locally Lipschitz function u.
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We then extend this definition to arbitrary functions u ∈ L
p
loc(X) as follow: we

have g ∈ UD[u] if and only if there exists two sequences of functions ui → u in Lp
loc

topology and gi → g in Lp topology such that ui is locally Lipschitz and gi is an
upper gradient for ui .

The correspondence u → UD[u] satisfies Axioms A1–A5. Axiom A6 may fail
to be true, however this axiom is always valid if the space X supports a Poincaré
inequality.

4. Polar sets and continuity quasi-everywhere

In this section, we present some results from the non linear potential theory associated
to an axiomatic Sobolev space. Details and proofs are given in [4].

It is well known in the classical theory of the Sobolev space W 1,p(�), (where
� ⊂ R

n is an Euclidean domain) that the structure of the set of essential discontinuities
of a function u ∈ W 1,p(�) depends on p. For p > n this set is empty and for p ≤ n,
the size of this set can be described with the help of capacities. A similar, though more
complicate, description exists for axiomatic Sobolev spaces.

We start from definitions of the Sobolev p-capacity and polar sets.

Definition 4.1. The Sobolev p-capacity of a pair F ⊂ � (where � ⊂ X is open and
F is arbitrary) is defined by

Cp(F,�) = inf{‖u‖p
W 1,p : u ∈ W 1,p(�),

u ≥ 1 on a neighborhood of F and u ≥ 0 a.e.}.
The Sobolev p-capacity satisfies the same basic properties as the variational

p-capacity:

Proposition 4.2. 1.) The Sobolev p-capacity is an outer measure;

2.) for any subset F ⊂ X we have Cp(F ) = inf{Cp(U) : U ⊃ F open };
3.) If X ⊃ K1 ⊃ K2 ⊃ K3 ⊃ · · · is a decreasing sequence of compact sets, then

lim
i→∞Cp(Ki) = Cp

( ∞⋂
i=1

Ki

)
.

The next two results show the connection between the set of poles of a Sobolev
function and the notion of Sobolev capacity.

Proposition 4.3. For any u ∈ W 1,p(X), we have Cp(Pu) = 0 where

Pu := {x ∈ X : lim
y→x

u(y) = ∞}
is the set of poles of u.
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Proof. For any k ≥ 1 the function uk(x) := 1
k

min(k, u(x)) is admissible for
the Sobolev p-capacity of the Pu. It follows from the axioms that ‖uk‖W 1,p(X) ≤
1
k
‖u‖W 1,p(X), we thus have Cp(Pu) ≤ limk→∞ ‖uk‖W 1,p(X) = 0.

Proposition 4.4. For any subset A ⊂ X, we have Cp(A) = 0 if and only if for any
ε > 0 there exists a nonnegative function u ∈ W 1,p(X) such that ‖u‖W 1.p(X) ≤ ε and
limy→x u(y) = ∞ for all x ∈ A.

Proof. AssumeCp(A) = 0; by definition ofCp(A), there exists a sequence of nonneg-
ative functions un such that ‖un‖W 1,p(X) ≤ 2−nε and un = 1 in some neighborhood of
A. Then u =∑n un belongs toW 1,p(X) and limy→x u(y) = ∞, we also clearly have
‖u‖W 1,p(X) ≤ ε. The converse direction is a consequence of the previous proposition.

Definition 4.5. a) A set S ⊂ X is p-polar (or p-null) if for any pair of open K-sets
�1 ⊂ �2 �= X such that dist(�1, X \�2) > 0, we have Capp(S ∩�1, �2) = 0.

b) A property is said to hold p-quasi-everywhere if it holds everywhere except on
a p-polar set.

We comparep-polar sets and sets of Sobolevp-capacity zero, we show in particular
that in good cases, the p-polar sets and the sets of Sobolev p-capacity zero are the
same.

We first formulate a technical lemma with a corollary for Sobolev capacity, the
proof of which is based on a familiar cut-off arguments.

Lemma 4.6. Let �1 ⊂ �2 ⊂ X be a pair of open sets such that �2 �= X and
δ := dist(�1, X \�2) > 0. Then for any subset S ⊂ �1 and every ε > 0, there exists
a function ϕ = ϕε ∈ W 1,p(X) with support in a closed subset of �2, such that ϕ ≥ 1
in a neighborhood of S and

‖ϕ‖W 1,p(X) ≤ 2

(
1+ 3

δ

) (
Cp(S)+ ε

)1/p
. (4.1)

Corollary 4.7. Let �1, �2 and S be as in the lemma. If C(X) ∩W 1,p(X) is dense
in W 1,p(X) and �2 is a K-set, then

Capp(S,�2) ≤ 2p
(

1+ 3

δ

)p
Cp(S).

In particular if Cp(S) = 0, then S is p-polar.

Proof. By density of C(X)∩W 1,p(X) in W 1,p(X), the function ϕ from the previous
lemma belongs to L

1,p
0 (�2). The proof follows then from (4.1) as ε is arbitrarily

small.

A subset S of X is said to be strongly bounded if S ⊂ �1 ⊂ �2 ⊂ X where �1
and �2 are open K-sets such that μ(X \�2) > 0 and dist(�1, X \�2) > 0. Strongly
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bounded sets play a role similar to the relatively compact subsets in the classical
situation.

We say that a measurable metric space X is strongly K-coverable if there exist
two countable families of open K-sets {Ui} and {Vi} such that X = ⋃Ui , Ui ⊂ Vi
for all i, dist(Ui,X \ Vi) > 0 and μ(Vi \ Ui) > 0.

Proposition 4.8. Suppose that C(X) ∩W 1,p(X) is dense in W 1,p(X) and that X is
strongly K-coverable. Then

1.) If a set S ⊂ X is p-polar then Capp(S,X) = 0;

2.) A set S ⊂ X is p-polar if and only if Cp(S) = 0.

Roughly speaking any function u ∈ W 1,p(X) is continuous outside of a set with
arbitrarily small local Sobolev p-capacity. In the classical theory this fact is a gener-
alization of Egorov’s theorem from Lebesgue spaces to Sobolev spaces.

We also have Egorov and Lusin type theorems for the Dirichlet space L1,p(X)

with the topology induced by the norm:

‖u‖p
L1,p(X,Q)

:=
(∫

Q

|u|pdμ+ Ep(u)

)1/p

,

where Q is a fixed K-set such that μ(Q) > 0. This norm is complete and the
corresponding Banach space structure is independent of the choice of Q. Any Cauchy
sequence in the Dirichlet space L1,p(X) converges in W 1,p(�) for any open K-set
� ⊂ X.

Theorem 4.9. Let {ui} ⊂ L1,p(X)∩C(X) be a Cauchy sequence in L1,p(X). Then
for any open set � ∈ K there exists a subsequence {ui′ } of {ui} and a sequence of
open subsets � ⊃ U1 ⊃ U2 ⊃ U3 ⊃ · · · such that limν→∞ Cp(Uν,�) = 0 and {ui′ }
converges uniformly in �\ Uν for all ν. In particular {ui′ } converges pointwise in the
complement of the set of zero Sobolev p-capacity S :=⋂∞j=1 Uj .

Definition 4.10. A function v : X → R is p-quasi-continuous if for every point
x ∈ X there exists an open K-set A containing x such that for every ε > 0, we can
find a subset S ⊂ A such that Cp(S,A) < ε and v is continuous on A \ S.

Theorem 4.11. Suppose thatX is K-countable. For eachu ∈ C(X) ∩L1,p(X) there
is a function v ∈ L1,p(X) such that

1.) u = v almost everywhere on X and

2.) v is p-quasi-continuous.

This result is proved in [7] for the special case of Hajłasz Sobolev spaces.
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The function v is called a p-quasi-continuous representative of u. Note in partic-
ular that every function u ∈ L

1,p
0 (X) has a p-quasi-continuous representative (since

continuous functions are dense in L
1,p
0 (X) by definition).

Theorem 4.9 has a version for sequences of quasi-continuous functions in the
subspace L

1,p
0 (X) of the space L1,p(X) that is the closure of continuous function

which support is a K-set: every Cauchy sequence of quasi-continuous functions in
L

1,p
0 (X) contains a subsequence which converges uniformly in any set of arbitrary

small p-capacity:

Proposition 4.12. Let {ui} ⊂ L
1,p
0 (X) be a Cauchy sequence of p-quasi-continuous

functions. Then for any open set � ∈ K and any ε > 0, there exists a subsequence
{ui′ } of {ui} which converges uniformly in � \ Fε, where Fε ⊂ � is a subset such
that Cp(Fε,�) ≤ 2ε.

If X is K-countable, then we can globalize the previous result:

Corollary 4.13. Assume that X is K-countable. Let {ui} ⊂ L
1,p
0 (X) be a Cauchy

sequence of p-quasi-continuous functions. Then for any ε > 0, there exists a subse-
quence {ui′ } of {ui} which converges uniformly in X \ Fε, where Fε ⊂ X is a subset
such that Cp(Fε,X) ≤ ε.

The proof follows from the previous proposition and countable subadditivity of
the Sobolev capacity.

References

[1] J. Cheeger, Differentiability of Lipschitz Functions on Metric Measure Spaces, Geom.
Funct. Anal. 9 (195), 428–517.

[2] B. Franchi, P. Hajłasz and P. Koskela, Definitions of Sobolev classes on metric spaces,
Ann. Inst. Fourier 49 (1999), 1903-1924.

[3] V. M. Gol’dshtein and M. Troyanov, Axiomatic Theory of Sobolev Spaces, Expo. Math.
19 (2001), 289–336.

[4] V. M. Gol’dshtein and M. Troyanov, Capacities on Metric Spaces, Integral Equations
Operator Theory, to appear.

[5] P. Hajłasz, Sobolev spaces on an arbitrary metric space, Potential Anal. 5 (4) (1996),
403–415.

[6] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled ge-
ometry, Acta Math. 181 (1) (1998), 1–61.

[7] J. Kinnunen and O. Martio, The Sobolev Capacity on Metric Spaces, Ann. Acad. Sci.
Fenn. Math. 21 (1996), 367–382.

[8] N. Shanmugalingam, Newtonian Spaces: An Extension of Sobolev Spaces to Metric
Measure Spaces, Rev. Mat. Iberoamericana 16 (2) (2000), 243–279.



Axiomatic Sobolev spaces on metric spaces 343

Vladimir Gol’dshtein, Department of Mathematics, Ben Gurion University of the Negev, P.O.
Box 653, 84105 Beer Sheva, Israel

E-mail: vladimir@bgumail.bgu.ac.il

Marc Troyanov, Department de Mathematiques, EPFL, 1015 Lausanne, Suisse

E-mail: marc.troyanov@epfl.ch





Interpolation of subspaces and the unit problem

Sten Kaijser and Peter Sunehag

Dedicated to Jaak Peetre on the occasion of his 65th birthday

Abstract. Let X̄ = (X0, X1) and Ȳ = (Y0, Y1) be Banach couples embedded into the same
ambient space � and also assume that Y0 ⊂ X0 and Y1 ⊂ X1 are closed subspaces. Then
Ȳ is called a subcouple to X̄. Given an interpolation functor F , what is the relation between
F(Ȳ ) and F(X̄)? The case when Y0 = X0 ∩ Ker � and Y1 = X1 where � ∈ X′0 was
recently solved by Ivanov and Kalton in [2]. In another article [4] by Krugljak, Maligranda
and Persson a problem concerning Hardy’s inequality and interpolation of intersections where
Ȳ = (X0 ∩ Ker �,X1 ∩ Ker �) was studied. In there case � was not bounded on any of the
endpoint spaces.

In this paper we are going to study that case as a generalized subcouple, that is we are going
to replace the condition that the couples are embedded into the same ambient space with the
condition that �Ȳ is closed in �X̄. To construct such a couple we only need a linear functional
that is bounded on �X̄. These constructions are especially natural for Banach algebras and
we are here going to restrict our investigation to that case. More general results are going to
be presented in a later article. We present two motivating applications, first in Section 2 we
give conditions that imply that an interpolation algebra is unital and in Section 4 we present our
version of the results by Krugljak, Maligranda and Persson regarding the Hardy operator.

2000 Mathematics Subject Classification: 46M35

1. Interpolation of Banach algebras

We shall say that a Banach couple Ā = (A0, A1) is a BCBA (Banach Couple of Banach
Algebras) if A0 and A1 are Banach algebras and if the multiplication agrees on the
intersection. In interpolation theory we usually begin with two Banach spaces and a
Hausdorff topological vector space in which the Banach spaces are embedded. That
is we start with the triple (A0, A1, �(Ā)) together with injections σ0 : A0 → �(Ā)

and σ1 : A1 → �(Ā), but if Ā is a BCBA we know that �(Ā) is a BA (Banach
algebra) but it is not always true that �(Ā) is a BA. That suggests that we should
instead begin with a triple (�(Ā), A0, A1) together with injections δ0 : �(Ā) :→ A0
and δ1 : �(Ā) :→ A1. We can then always embed A0 and A1 into the pushout of
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the diagram (�(Ā), A0, A1, δ0, δ1), and if δ0(�(Ā)) is dense in A0 and δ1(�(Ā)) is
dense in A1 we can embed A0́ and A1́ into (�(Ā))́ and then embed A0 and A1 into
the predualspace of A0́ ∩ A1́.

A first question now is for which interpolation methods F must F(Ā) be a BA
when Ā is BCBA. Two known classes of such methods are the complex method and
the real J (�, 1) method. In [1] the J (�, 1) were generalized to the J (ρ, 1) method
where ρ is a quasiconcave submultiplicative function. J (ρ, 1, Ā) is defined by the
norm ‖a‖ρ = inf{∫∞0 ρ(1/t)J (t, f (t)) dt

t
| a = ∫∞0 f (t) dt

t
}, and it was proved in [1]

that J (ρ, 1, Ā) is a BA if Ā is a BCBA.
Another question is for which F is F(Ā) unital. It is for example not true that

F(Ā)(or even �(Ā)) has to be unital because A0 and A1 are unital and F(Ā) can be
unital even if not both A0 and A1 are unital.

Example 1.1. Let B0 = C(T ), B1 = C(2T ) and �(B̄) = Az0(W), where
W = {z | 1 ≤ |z| ≤ 2}, A(W) = {f εC(W) | f analytic on Int(W)} and Az0(W) =
{f εA(W) | f (z0) = 0}. Then take �(Ā) = A(W) and �ε(�(Ā))́ is defined
by �(f ) = f (z0). Assume that z0 = 2γ eiλ. Then we get that B̄�,1 is unital iff
� �= γ .

2. The unit problem

In this section we will present two theorems dealing with the unit problem. They
will both follow directly from theorems concerning interpolation of subspaces of
codimension one which will be presented in the next section.

Definition 2.1. Let Ā be a Banach couple and let �εA0́. Then define

α0(�) = lim
τ→∞ inf

0<τt≤1

1

log τ
log

K(τ t, �)

K(t, �)

α1(�) = lim
τ→∞ sup

0<τt≤1

1

log τ
log

K(τ t, �)

K(t, �)

Theorem 2.1. Let B̄ be a BCBA where B0 is unital but B1 is not. Define Ā by
A0 = B0 ⊕ C, the unitization of B0, A1 = B1 and �(Ā) = �(B̄)⊕ C. Then define
�εA0́ by �(x, λ) = λ and finally let 0 < � < 1. Then

B̄�,1 is unital if � < α0(�)

and

B̄�,1 is nonunital if � > α1(�).
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Definition 2.2. Let Ā be a BCBA and let � ∈ �(Ā)́ be multiplicative. Then define

β0(�) = lim
τ→∞

logK(τ, �)

log τ

β1(�) = lim
τ→0

logK(τ, �)

log τ

Remark 2.1. These limits exist as proved in [1. Lemma5.1].

Theorem 2.2. Let B̄ = (B0, B1) be a BCBA where B0 and B1 are unital but
�(B̄) is nonunital. Define Ā by A0 = B0, A1 = B1 and �(Ā) = �(B̄) ⊕ C.
�ε(�(Ā))́ is defined by �(x, λ) = λ and we let 0 < � < 1. Then B̄�,1 is unital if
� �∈ [β0(�), β1(�)]

3. Interpolation of subspaces of codimension one

Let X̄ be a regular Banach couple and let 0 �= �εX0́. Then define Ȳ by Y0 = Ker �
and Y1 = X1. Now if F is an interpolation functor, what is then the relation between
F(X̄) and F(Ȳ )? For the real (�, q)-method the answer was presented in [2], which
was a slight improvement of [3].

Theorem 3.1. Let 0 < � < 1 and 1 ≤ q <∞. Then

B̄�,q ≈ Ā�,q (equivalent norms) if � > α1,

B̄�,q is a closed subspace of codimension one in Ā�,q if � < α0

and

B̄�,q is not closed in Ā�,q if α0 ≤ � ≤ α1.

Proof of Theorem 2.1. � is a bounded, multiplicative linear functional and Ker � = B1.
Thus if B̄�,1 is a closed subspace of codimension one in Āθ,1 we know that B̄�,1 is
nonunital and if B̄�,1 ≈ Ā�,1 we know that B̄�,1 is unital. The result now follows
from Theorem 3.1.

With our model with triples (�(Ā), A0, A1) we get a new situation where � is a
multiplicative continuous linear functional on �(Ā) and B̄ = (Ker �,A0, A1). With
the pushout property we get a surjective map T : �(B̄)→ �(Ā). The question now
is what is the relation between T (F (B̄)) and F(Ā).

Theorem 3.2. Let 0 < � < 1 and 1 ≤ p <∞. Then if � �∈ [β0(�), β1(�)] we get
that

T (B̄�,p) ≈ Ā�,p



348 S. Kaijser and P. Sunehag

where

‖a‖T (B̄�,p)
= inf

T b=a ‖b‖B̄�,p
.

Proof. The proof is based on a construction from [2]. Let wn = 1
K(2−n,�) and let

�p(w) be the space of all sequences (αn)nεZ such that

‖(αn)‖ =
( ∞∑
k=−∞

|αk|pwp
n

)1/p
<∞.

Let en be the standard basis defined by en = (δnj )j and define the shift operator S by
S(en) = en+1. Then since wn ≤ wn+1 ≤ 2wn we can see that S and S−1 are both
bounded with ‖S‖ ≤ 2 and ‖S−1‖ ≤ 1. In [1] it was proved that if � is multiplicative,
then K(t, �) is supermultiplicative which implies that wn+k ≤ wnwk . Thus �1(w) is
a Banach algebra and �p(w) is a module over it. We also get that

1

w−k
≤ wn+k

wn

≤ wk

and therefore

inf
n

wn+k
wn

= 1

w−k
sup
n

wn+k
wn

= wk

since w0 = 1. Therefore we can deduce from the spectral radius formula that 2−β0 =
r(S−1) and 2β1 = r(S) so the spectrum of S is contained in {z | 2β0 ≤ |z| ≤ 2β1}.
Thus if � �∈ [β0(�), β1(�)], we know that T� = S − 2�I is an isomorphism. Thus
there exists a constant D such that ‖α‖ ≤ D‖T�α‖ ∀ αε�p(w). Now if aεĀ�,q ,
‖a‖Ā�,q

= 1 we can find anε�(Ā) such that
∑∞

n=−∞ 2n�an = a and

( ∞∑
k=−∞

J (2k, ak)
p
)1/p ≤ 2

which implies that ( ∞∑
k=−∞

|�(ak)|pwp
k

)1/p ≤ 2.

It now follows that there exists αε�p(w) with T�(α) = (�(an)) and ‖α‖ ≤ 2D
and (for every n) unε�(Ā) such that J (2n, un) ≤ 2|αn|wn and �(un) = αn. If we
now let vn = un−1 − 2�un we get that

J (2k, vk) ≤ max(‖uk−1‖0 + 2�‖uk‖0, 2k(‖uk−1‖1 + 2�‖uk‖1)

≤ 2J (2k−1, uk−1)+ 2J (2k, uk) ≤ 4|αn−1|wn−1 + 4|αn|wn
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and hence ( ∞∑
k=−∞

J (2k, vk)
p
)1/p ≤ 8‖α‖ ≤ 16D.

We can also see that �(vn) = �(an) and
∑∞

n=−∞ 2n�vn = 0. Now let bε�(B̄)
be defined by b = ∑∞

n=−∞ 2n�(an − vn). Then bεB̄�,p, ‖b‖B̄�,p
≤ 16D + 2

and T b = a. Thus aεT (B̄�,p). We have now proved that ‖a‖T (B̄�,p)
≤ (16D +

2)‖a‖Āθ,p
∀ aεĀθ,p. Hence T (B̄�,q) ≈ Ā�,q .

Proof of Theorem 2.2. T : B̄�,1 → Ā�,1 is onto so if we could also prove that it is
injective we would be done. First note that the kernel of T : �(B̄)→ �(Ā) is spanned
by the element u = I0− I1 where I0 and I1 are the units in B0 and B1. More precisely
every pair (b,−b) such that �(b) = 1 represents u. This implies that K(t, u) =
inf{‖b‖0 + t‖b‖1 | �(b) = 1} ≥ inf{J (t, b) | �(u) = 1} = 1

K( 1
t
,�)
≥ max{tβ0 , tβ1}

and it is then clear that u /∈ K(�, 1, B̄), and therefore T is an isomorphism.

4. Another application of the (�(Ā), A0, A1)-approach

In [4] Krugljak, Maligranda and Persson explained the failure of Hardy’s inequality
by interpolating intersections. But it is also possible to see it as a subspace problem.

Example 4.1. Let X0 = L1(x) and X1 = L1(x
−1) where L1(w(x)) is L1 on (0,∞)

with weightw(x). Define�ε�(X̄)́ by�(f ) = ∫∞0 f (x)dx and Ȳ = (Ker �,X0, X1).
Notation is as in Diagram 1.

�(Ȳ )

�(X̄)

X0

X1 �(Ȳ )

�(X̄)

���

�

�
�

�

�
��

�
��

���

	
	
	
	
	
	
	
		


���������

σ̃0
σ0

σ̃1

σ1

δ0

δ1

T

δ0

δ1

Diagram 1
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Ker T is as before spanned by one element u = σ̃0(g)− σ̃1(g)where
∫∞

0 g(x)dx = 1.
We begin by calculating K(t, u, Ȳ ).

K(t, u, Ȳ ) = inf{‖g‖X0 + t‖g‖X1 |
∫ ∞

0
g(s)ds = 1}

= inf{
∫ ∞

0
|g(s)|sds + t

∫ ∞

0
|g(s)|ds

s
|
∫ ∞

0
g(s)ds = 1}

= inf{
∫ ∞

0
|(g(s)|(s + t/s)ds |

∫ ∞

0
g(s)ds = 1}

≥ inf{2√t
∫ ∞

0
|g(s)|ds |

∫ ∞

0
g(s)ds = 1} = 2

√
t .

Now let gε = 1
ε
χ(
√
t−ε,√t). Then

K(t, u, Ȳ ) ≤
∫ ∞

0
|gε(s)|(s + t/s)ds → 2

√
t as ε→ 0+

Thus

K(t, u, Ȳ ) = 2
√
t

and we see that u �∈ Ȳ�,1 so T : X̄�,1 → Ȳ�,1 is injective ∀ � : 0 < � < 1. We
know that for all f ε�(X̄)

K(t, f, X̄) = ‖f0(t)‖0 + t‖f1(t)‖1

where

f0(t) = f χ(0,
√
t), f1(t) = f χ(

√
t,∞).

If � > 1/2 and f ∈ X̄�,1 = L1(t
1−2�) we get that

∫ 1
0 f (s)ds < ∞. Thus we can

define f̃0 and f̃1 by

f̃0(t) = f χ(0,
√
t) −

2√
t
(

∫ 1

0
f (s)ds)χ

(
√
t

2 ,
√
t)

and

f̃1(t) = f χ(
√
t,∞) +

2√
t
(

∫ 1

0
f (s)ds)χ

(
√
t

2 ,
√
t)
.

Let

g = T (σ̃0(f̃0(1))+ σ̃1(f̃1(1))).

Then

g = T (σ̃0(f̃0(t))+ σ̃1(f̃1(t)))
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for all t since

�(f̃0(t)− f̃0(1)) = 0 ∀ t

and T g = f since

σ0(f̃0)+ σ1(f̃1) = f.

Now

K(t, g, Ȳ ) ≤ ‖f̃0(t)‖0 + t‖f̃1(t)‖1

≤
∫ √

t

0
|f (s)|sds + 2√

t
|
∫ √

t

0
f (s)ds|

√
t

2

√
t + t∫ ∞

1
|f (s)|ds

s
+ t

2√
t
|
∫ √

t

0
f (s)ds|

√
t

2

2√
t

≤ K(t, f, X̄)+ 3
√
t |
∫ √

t

0
f (s)ds|

and

∫ ∞

0
t−�(

√
t

∫ √
t

0
f (s)ds)

dt

t
= 1

2

∫ ∞

0
x−2�|

∫ x

0
f (s)ds|dx

≤ 1

2�− 1
‖f ‖L1(x1−2�)

by Hardy’s inequality. If � < 1/2 and f ∈ X̄�,1 = L1(t
1−2�) we get that∫∞

1 f (s)ds <∞. Thus we can define f̃0 and f̃1 by

f̃0(t) = f χ(0,
√
t) −

2√
t
(

∫ ∞
√
t

f (s)ds)χ
(
√
t

2 ,
√
t)

and

f̃1(t) = f χ(
√
t,∞) +

2√
t
(

∫ ∞
√
t

f (s)ds)χ
(
√
t

2 ,
√
t)
.

Then with

g = T (σ̃0(f̃0(1))+ σ̃1(f̃1(1)))
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we get that

K(t, g, Ȳ ) ≤ ‖f̃0(t)‖0 + t‖f̃1(t)‖1

≤
∫ √

t

0
|f (s)|sds + 2√

t
|
∫ ∞
√
t

f (s)ds|
√
t

2

√
t + t

∫ ∞
√
t

|f (s)|ds
s
+ t

2√
t
|
∫ ∞
√
t

f (s)ds|
√
t

2

2√
t

≤ K(t, f, X̄)+ 3
√
t |
∫ ∞
√
t

f (s)ds|

and ∫ ∞

0
t−�(

√
t

∫ ∞
√
t

f (s)ds)
dt

t
= 1

2

∫ ∞

0
x−2�|

∫ ∞

x

f (s)ds|dx

≤ 1

1− 2�
‖f ‖L1(x1−2�)

by the other version of Hardy’s inequality. Thus Ȳ�,1 ≈ X̄�,1 when � �= 1
2 .

Since X̄1/2,1 = L1 we know that � is bounded on that space so Ȳ1/2,1 �= X̄1/2,1.
Now define the map H : Ȳ → X̄ by letting H on �(Ȳ ) be defined by

Hf (x) = 1

x

∫ x

0
f (s)ds.

By Hardy’s inequality we can then extend H to bounded maps on X0 and X1 and
by interpolation we also see that H is bounded on L1(x

α) = Ȳ α+1
2 ,1 if α �= 0. But

we can not say that H is bounded on L1 �= Ȳ1/2,1. In [4] they used the functions
fn = χ(1,2) − χ(n,n+1) to prove that it is unbounded.

Remark 4.1. If we define fg by

fg(x) =
∫ ∞

0
f (y)g

(
x

y

)
dy

y

we see that X̄ is a BCBA and that � is multiplicative.
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Abstract. In this paper we consider the concept of reiterated homogenization, introduced on
the physical level by Bruggeman in the 30’s and justified mathematically by Bensoussan, Lions
and Papanicolaou in 1978. We present and discuss some recent developments of this theory
and also give some applications to linear and nonlinear problems.
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1. Introduction

Strongly non-homogeneous structures have fascinated people for a very long time.
Archaeological observations in Finland show that fibre-reinforced ceramics were made
about 4000 years ago, and that people already at this time had ideas and theories for
intelligent combinations of materials and structures. Analysis of the macroscopic
properties of composites was investigated by the physicists Maxwell, Rayleigh, and
Einstein, among many others. Around 1970 the problem of determining the physical
properties of material structures and composites was reformulated in such a way
that this field became interesting from a purely mathematical point of view. This
formulation initiated a new mathematical discipline called homogenization theory.

Reiterated homogenization was introduced on the physical level by Bruggeman
already in the 30’s. The mathematical justification of this theory was given by Ben-
soussan, Lions and Papanicolaou in 1978. In this paper we present and discuss some
recent developments of this theory and also give some applications to linear and non-
linear problems.
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2. The periodic case

The conductivity problem on a periodic material structure with period equal to 1/h
can be formulated by the following minimum principle:

Eh = min
u

(
Fh(u)−

∫
�

u(x)g(x) dx

)
, (1)

where

Fh(u) =
∫
�

(
λ(hx) |Du(x)|2

)
dx.

Here, λ(·) (the conductivity) is periodic relative to the unit-cube I of R
n and bounded

between two strictly positive constants, � is a bounded open subset of R
n and g is

the source-field. The minimization is taken over some suitable (subset of a) Sobolev-
space which takes care of the given boundary conditions. It is possible to prove that
the energy Eh converges to a “homogenized” energy Ehom, as h→∞, of the form

Ehom = min
u

(
Fhom(u)−

∫
�

u(x)g(x) dx

)
, (2)

where Fhom is of the form

Fhom(u) =
∫
�

fhom(Du(x)) dx

and

fhom(ξ) = min
W

1,2
per (I )

∫
I

λ(x) |ξ +Du(x)|2 dx. (3)

Here, W 1,2
per (I ) is the space of I -periodic functions of the Sobolev space W 1,2(I ).

Therefore, since the actual energy Eh (which is interesting for us to determine) is
difficult to find when h is large, and since fhom(ξ) and Ehom can be found by many
numerical methods, we can use Ehom as an approximation of Eh. The convergence
of energies is usually seen as a consequence of �-convergence of the corresponding
Lagrangians (see the definition below).

As an alternative to (1) we can formulate the conductivity problem via the corre-
sponding Euler equation

− div λ(hx)Duh(x) = g,

together with the given boundary conditions. It is possible to prove that the solution uh
(in this case the minimizer of (1)) converges weakly in the above mentioned Sobolev
space to the solution u (in this case also the minimizer of (2)) of the “homogenized”
equation

− divAhomDu(x) = g.
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Here, Ahom is defined by

Ahomξ =
∫
I

λ(x)
(
Duξ (x)+ ξ

)
dx,

where uξ (in this case also the minimizer of (3)) is the I -periodic solution of

div
(
λ(x)(Duξ (x)+ ξ)

) = 0.

The convergence results above were first proved by De Giorgi and Spagnolo in the
late 60’s. Various kinds of simplifications of this proof were done in the 70’s by Murat,
Tartar, Bakhvalov, Bensoussan, Lions and Papanicolaou (for more information, see
e.g. the book [16]).

3. Reiterated homogenization of integral functionals

Let us consider the class of Lagrangians g such that g(x, ξ) is measurable in x, convex
in ξ and satisfying the standard growth condition

−c0 + c1 |ξ |p ≤ g(x, ξ) ≤ c0 + c2 |ξ |p , (4)

where c1, c2 > 0 and p > 1. If gh and g belong to this class we recall that g is the
�-limit of the sequence gh, denoted g = �− lim gh, if for any bounded open set �
with Lipschitz boundary the following two conditions hold:

(i) for any uh ∈ W 1,p(�), uh ⇀ u weakly in W 1,p(�) it holds that∫
�

g(x,Du)dx ≤ lim inf
h→∞

∫
�

gh(x,Du) dx,

(ii) for every u ∈ W 1,p(�) there is a sequence uh such that uh ⇀ u weakly in
W 1,p(�) uh − u ∈ W

1,p
0 (�),∫

�

g(x,Du) dx = lim
h→∞

∫
�

gh(x,Du) dx.

Let f (y, z, ξ) be I -periodic and measurable in the first and second variable, re-
spectively. Moreover, assume that f is piecewise continuous in the first variable, i.e.
of the form f (y, z, ξ) =∑N

i=1 χ�i
(y)fi(y, z, ξ), where fi satisfies

|fi(y, z, ξ)− fi(y
′, z, ξ)| ≤ ω(|y − y′|)(a(z)+ fi(y, z, ξ))

for all y, y′, z, ξ ∈ R
n, where ω and a are continuous positive real functions with

ω(0) = 0. In the third variable we let f be convex and satisfying the growth condi-
tion (4).



358 D. Lukkassen and G. W. Milton

Theorem 3.1. We have the existence of the�-limitfhom = �−lim fh wherefh(x, ξ) =
f (hx, h2x, ξ). Moreover,

fhom(ξ) = f [2](ξ),

where f [2] is found iteratively according to the following scheme:

f [2](ξ) = min
u∈W 1,p

per (I )

∫
I

f [1](y, ξ +Du(y)) dy

f [1](x, ξ) = min
u∈W 1,p

per (I )

∫
I

f [0](x,y, ξ +Du(y)) dy

f [0](x, y, ξ) = f (x, y, ξ).

The above theorem is easily extended to the case fh(x, ξ) = f (hx, . . . , hmx, ξ)

in which

fhom(ξ) = f [m](ξ),

where f [m−j ] is found iteratively according to the following scheme:

f [m−j ](x1, . . . , xj , ξ) = min
u∈W 1,p

per (I )

∫
I

f [m−j−1](x1, . . . , xj,y, ξ +Du(y)) dy

f [0](x1, . . . , xm, ξ) = f (x1, . . . , xm, ξ).

In Figures 1 and 2 we have illustrated examples where fh(x, ξ) = λ(hx, h2x) |ξ |2.
In Figure 1

λ(x, y) = 2− k(x1)k(y2)

and in Figure 2

λ(x, y) = 2− k(x1)k(x2)k(y1)k(y2),

where

k(t) =
{

0 t ∈ [0+ n, 1
3 + n [

1 t ∈ [ 1
3 + n, 1+ n [ , n is an integer.

The conductivity λ(hx, h2x) takes the value 2 when x is in the black part and the value
1 when x is in the white part, respectively.

Remark 3.2. Theorem 3.1 of Braides and Lukkassen [9, 22] is a generalization of
the case of quadratic forms given by Bensoussan, Lions and Papanicolaou in the book
[7] where the concept of reiterated homogenization was introduced. Later on Müller,
Braides and Defranceschi generalized this result to standard non-convex Lagrangians
(see [8]). The corresponding proofs are quite different.

Remark 3.3. In its form Theorem 3.1 (and likewise its non-convex cousin) is a natural
generalization of the periodic case, and agrees with the physical intuition that the
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Figure 1: The laminate structure of rank 2. Here, m = 2 (h is a fixed number).

Figure 2: The reiterated cube structure for m = 2 (h is a fixed number).

effective properties should be obtained by first homogenizing the medium on the
finest microlevel and next on the second one. However, in the case of non-standard
Lagrangians, satisfying the growth condition

−c0 + c1 |ξ |q ≤ f (x, y, ξ) ≤ c0 + c2 |ξ |p , (5)

an unexpected phenomenon occurs: In contrast to the periodic case the limit�−lim fh
may not exist (see [25])! However, by compactness we always have the existence of
�-converging subsequences. It is possible to show that all such limits are sharply
bounded between two Lagrangians whose representation can be found iteratively by
a more general scheme than that above. These bounds are strongly dependent on the
power q and p of the Sobolev-spaces involved and they are (certainly) equal when
q = p. Non-trivial examples can be found where these bounds are attained.
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4. Reiterated homogenization of differential operators

We consider the class of partial differential equations of the form

− div(aε(x,Duε)) = F on �, uε ∈ W
1,p
0 (�), (6)

where � is an open bounded subset of Rn, 1 < p < ∞, 1/p + 1/q = 1 and
F ∈ W−1,q(�). Moreover, aε is of the form aε(x, ξ) = a(x/ε, x/ε2, ξ). Here, a is
Y -periodic and Z-periodic in the first and second variable, respectively. Moreover, a
is piecewise continuous in the first variable, i.e. a(y, z, ξ) =∑N

i=1 χ�i
(y)ai(y, z, ξ),

where ai satisfies

|ai(y1, z, ξ)− ai(y2, z, ξ)|q ≤ ω(|y1 − y2|)
(
1+ |ξ |p) ,

and ω : R→ R is continuous, increasing, 1/p + 1/q = 1 and ω(0) = 0. In the third
variable a satisfies suitable monotonicity and continuity conditions.

We want to know the asymptotic behavior of the solutions uε of (6) as ε→ 0 and
prove that uε converges weakly in W

1,p
0 (�) (also in some multiscale sense) to the

solution u0 of the problem

− div b(Du0) = F on �, u0 ∈ W
1,p
0 (�),

whose representation can be obtained from a by reiteration of a “homogenization
formula”.

Theorem 4.1. It holds that

uε → u0 weakly in W
1,p
0 (�),

a(
x

ε
,
x

ε2 ,Duε)→ b(Du0) weakly in Lq(�,Rn),

as ε→ 0, where u0 is the unique solution of the problem∫
�
(b(Du0),Dφ) dx = 〈F, φ〉 for every φ ∈ W

1,p
0 (�),

u0 ∈ W
1,p
0 (�).

Here, the operator b : Rn → Rn is defined by

b(ξ) = 1

|Y |
∫
Y

b1(y, ξ +Dvξ (y)) dy,

where vξ is the unique solution of the cell-problem∫
Y
(b1(y, ξ +Dvξ (y)),Dφ) dy = 0 for every φ ∈ W

1,p
per (Y ),

vξ ∈ W
1,p
per (Y ).
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Moreover, the operator b1 : Y × Rn → Rn is given by

b1(y, ξ) = 1

|Z|
∫
Z

a(y, z, ξ +Dvξ,y(z)) dz,

where vξ,y is the unique solution of the cell-problem∫
Z
(a(y, z, ξ +Dvξ,y(z)),Dφ) dz = 0 for every φ ∈ W

1,p
per (Z),

vξ ∈ W
1,p
per (Z).

Definition 4.2. We say that a sequence uε 3-scale converges to

u0(x, y, z) ∈ Lp(�, Y,Z)

if

lim
ε→∞

∫
�

uε(x)ϕ
(
x,

x

ε
,
x

ε2

)
dx = 1

|Y | |Z|
∫
�×Y×Z

u0(x, y, z)ϕ (x, y, z) dx dy dz

for all ϕ ∈ D(�;C∞per(Y, Z)) (which means functions ϕ(x, y, z) being C∞ with
compact support in x with values of functions which are C∞ and periodic in y and z).

It is possible to extend Theorem 4.1 to the case aε(x, ξ) = a(x, x/ε, x/ε2, ξ). In
the following theorem we let aε be of this form.

Theorem 4.3. Let uε be a solution of (6). Then as ε → 0, it holds that uε 3-scale
converges to u0 ∈ W

1,p
0 (�) and Duε 3-scale converges to Du0 + Dyu1 + Dzu2,

where {u0, u1, u2} is a solution of

1

|Y | |Z|
∫
�×Y×Z

a(x, y, z,Du0 +Dyu1 +Dzu2)(Dv0 +Dyv1 +Dzv2)dx dy dz =

=
∫
�

Fv0 dx

for all v0 ∈ W
1,p
0 (�), v1 ∈ Lp(�;W 1,p

per (Y )), v2 ∈ Lp(�;W 1,p
per (Y × Z)).

Remark 4.4. The iterated homogenization theorem for monotone operators, Theo-
rem 4.1, was proved by Lions, Lukkassen, Persson and Wall in [20, 21].

Remark 4.5. The concept of multiscale convergence was used by Allaire and Briane
[2] to study linear homogenization problems with several scales (which generalizes
the concept of 2-scale convergence of Allaire and Nguetseng [1, 37]). The proof of
the nonlinear version given in Theorem 4.3 can be found in [21].

Remark 4.6. Theorem 4.1 and Theorem 4.3 can easily be extended to the case when
aε is on the form aε(x, ξ) = a(x, x/ε, . . . , x/εm, ξ).Following an idea of Bensoussan
and Lions [6] the case of infinitely many scales for linear problems was also studied by
Allaire and Briane [2]. It seems to be possible to generalize such results to monotone
problems as well.
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4.1. Differential effective medium theory

Since reiterated homogenization is quite natural from a physical point of view (see Re-
mark 3.3) it does not come as a surprise that reiterated techniques were used long before
the homogenization theory itself was developed. Such techniques led to the so called
differential effective medium theory (DEM) introduced in the 30’s by Bruggeman [10]
for materials with two phases and generalized by Norris to multiphase materials [38].
For two-phase materials the theory is roughly speaking as follows: LetC be the tensor
of a “matrix material”, let C1 be the tensor of the “inclusion material” and let c be the
volume fraction of the inclusion material. Moreover, suppose that for small c and all
C we have

Ceff = C + cQ(C)+O(c2), (7)

where Q is a continuous function. Then, the system of ordinary differential equations

dC

dt
= Q(C(t))

gives a representation of the realizable effective properties which can be obtained from
an initial material C0 by iterating (7) (an incremental procedure).

It was rigorously proved by Milton [30, 31] that Bruggeman’s differential scheme
with spherical inclusions corresponds to a differential microstructure. Later on this
result was generalized by Avellaneda [4].

For more detailed information on DEM and its application we refer to Avellaneda
[4]. Other interesting variants and applications can be found in the works of Beliaev
and Kozlov [5], Jikov and Kozlov [15] and Kozlov [18]. For the case of DEM and
reiterated homogenization of linear equations with random coefficients, see Kozlov
[17]. DEM can also be used in case of nonlinear problems (see [26]).

5. Further applications

By combining some suitable bounds for nonlinear homogenized functionals with the
nonlinear versions of the iterated homogenization above it is possible to give very
sharp estimates of the homogenized functional also in cases when it cannot be com-
puted exactly. These estimates can be used to study some two-component reiterated
structures with rather surprising macroscopic behavior. In [9] and [22] three types of
structures were analyzed: the laminate structure (Figure 1), the iterated cube structure
(Figure 2) and a mixed iterated structure (Figure 5), the latter being a mixture of the
first two structures and a structure of chess-board type. In particular, in [9] and [22] we
pointed out some cases where the macroscopic behaviors of the iterated cube structure
and the mixed reiterated structure possess a higher or lower effective energy density
than that of the best possible laminate structure of rank n (where n is the dimension
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Figure 3: Iterated hexagonal honeycombs (illustrated for m = 3).

of the space). The fact that this has proven to be impossible for two-phase linear
conductivity problems makes these structures particularly interesting (it should be
mentioned that infinite rank laminates do as well as these structures in the non-linear
case). Moreover, the results in [9] imply that the effective properties corresponding to
the mixed reiterated structure are extremely sensitive to the growth on the local energy
density. Other examples of surprising phenomena have been reported for nonlinear
iterated checkerboard structures [25].

Reiterated homogenization of linear elliptic operators and effective differential
medium theory has proven to be an important tool in the construction of iterated lam-
inates and other iterated structures with optimal effective behavior. The discoveries
so far even include globally isotropic structures with negative Poisson’s ratio (for
more information see Milton [33] and Lakes [19]). Concerning optimal structures
and bounds on effective material properties in general we refer to the collection of
classical papers [12], where the introduction gives a good selection of references, and
particularly the recent book of Milton [34]. Here, we only mention a few examples of
optimal iterated structures. Concerning optimal iterated laminates for the conductivity
problem see Lurie and Cherkaev [27], Milton [29], Schulgasser [42] and Tartar [45].
On optimal microstructures for the elasticity case in two-dimensions (transversely
isotropic case) there exist periodic (i.e. non-iterated) geometries found by Vigdergauz
[46, 47, 48, 49, 50] which are optimal for the effective bulk modulus. A very readable
treatment of his work can be found in [14]. There is also a new class of optimal
iterated structures found recently by Sigmund [43]. For the effective shear modulus,
there appear to be no “simple microstructures”. All known ones have structure on
at least 5 well-separated length scales (iteration levels). They simultaneously attain
both the shear and bulk modulus bounds. The result that the Hashin-Shtrikman shear
bound is attained is in essence in an article of Roscoe [41]. The only missing part
is a rigorous proof that the differential scheme (in the effective differential medium
theory) corresponds to some geometry. Such a proof can be found in Avellaneda [4].
Independent of this, the attainability of the shear modulus bound has been shown by
Norris [38], Francfort and Murat [13] and Milton [32]. There was also an appendix
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Figure 4: Globally isotropic structures with negative Poisson’s ratio (of Milton).

in a preprint of Lurie and Cherkaev, written during the same time, that showed re-
alizability. Unfortunately their paper was published without the appendix. Another
iterated structure which yields the same effective behavior can be found in [24] (by
similar methods one can also verify that this even holds for iterated triangular honey-
combs). Moreover, in that paper (see also [22]) an iterated cube structure consisting
of m iteration levels was analyzed for the elasticity and the conductivity problem.

Figure 5: A mixed iterated structure.

In particular it was proven that this structure turns optimal in the class of square
symmetric structures when m → ∞ for the elasticity case and also optimal with
respect to effective conductivity (recently, we have become aware of the fact that in
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the conductivity case this was already proven in [17] for a very similar structure. The
derivation, though, is different). Similar results were obtained for iterated hexagonal
honeycombs in [23] for the conductivity case (see Figure 3). It is also possible to
prove optimality for the effective bulk modulus for these structures. For numerical
computations on such structures we refer to [11].

For non-well ordered materials the same microstructures attain the bulk modulus
bounds. In three dimensions the Walpole bound on the shear modulus can be improved
as shown in [28, 35]. In two dimensions it is not known if the Walpole bounds can be
improved. Microgeometries found by Sigmund (see above) come close to attaining
them. There are also a number of papers on optimal microgeometries for multiphase
materials (see [34] and the references given there). Besides these structures there
is also another family of microstructures introduced in [34] in the name of partial
differential microstructures.

6. A final comment

The homogenized integrand fhom(ξ) can be seen as some kind of average of the local
function fh(·, ξ). In the laminate case we even have a direct link to the well known
arithmetic and harmonic mean. A similar example is the checkerboard structure for
which fhom(ξ) = g(λ) |ξ |2 , where g(λ) denotes the geometric mean. Power means
and compositions of such means often serve as upper and lower bounds for fhom(ξ)

(see e.g. [22], [26], [36] and [44]). Hence, there is an obvious link between reiterated
homogenization and iteration of means. The latter subject has fascinated many (see
e.g. Jaak Peetre [3], [39], [40] and the references given there).
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Boundedness and compactness criteria for the
one-dimensional Schrödinger operator
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Dedicated to Jaak Peetre on the occasion of his 65th birthday

Abstract. We establish necessary and sufficient conditions for the boundedness of the one-

dimensional Schrödinger operator L = −d2/dx2 + Q from the Sobolev space
◦
L1
p to L−1

p ,
1 < p < ∞, on a half-line or a finite line segment, for an arbitrary complex-valued potential
Q. Analogous results for Sobolev spaces W1

p on the real line, as well as the corresponding
compactness criteria, and related two weight inequalities are discussed.

2000 Mathematics Subject Classification: 26D10, 34L40, 35J10, 47E05.

1. Introduction

We are concerned with the problem of characterizing “indefinite weights” Q(x) on
� ⊂ R

n such that the weighted inequality∣∣∣∣∫
�

|u(x)|2 Q(x) dx

∣∣∣∣ ≤ const
∫
�

|∇u(x)|2 dx, (1.1)

holds for all u ∈ C∞0 (�). Here Q may be a real- or complex-valued function, or even
a distribution, without any a priori regularity assumptions on Q.

This inequality, together with its inhomogeneous analogue,∣∣∣∣∫
�

|u(x)|2 Q(x) dx

∣∣∣∣ ≤ const

(∫
�

|∇u(x)|2 dx +
∫
�

|u(x)|2 dx
)
, (1.2)

∗Supported in part by NSF Grant DMS-0070623.
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plays a major role in spectral theory of the Schrödinger operator L = −� + Q.
(See [1–3, 6, 7, 9, 11, 12].) In particular, (1.1) is equivalent to the boundedness of

L : ◦
L1

2(�) → L−1
2 (�), where

◦
L1

2(�) is the completion of C∞0 (�) with respect to

the Dirichlet norm ||∇u||L2(�), and L−1
2 (�) is the dual of

◦
L1

2(�).
The usual approach, in case Q is real-valued, is to represent it in the form Q =

Q+−Q−, whereQ+ andQ− are respectively the positive and negative parts ofQ, and
then treat them separately. However, this procedure ignores a possible cancellation
between Q+ and Q−, and diminishes the class of admissible potentials Q.

For general Q, this problem was solved recently by the authors in [9] where
necessary and sufficient conditions were found which ensure that (1.1) holds in the
case � = R

n, n ≥ 3; analogous characterizations were obtained for (1.2). Similar
results for a wide class of bounded domains � ⊂ R

n, including those with Lipschitz
boundaries, were established as well.

In this paper, we treat analogous problems for the Schrödinger operator L =
−d2/dx2 +Q on the positive real axis R+, the real line R, and a finite interval. In
particular, we characterize all admissible potentials Q such that

L : ◦
L1

2 → L−1
2 (1.3)

is a bounded operator. Moreover, we actually develop a more general theory which
includes the corresponding Lp inequalities and weighted norms.

Obviously, one encounters fewer technical difficulties in the one-dimensional case,
because there is no need to employ advanced methods of potential theory and weighted
norm inequalities. However, it is instructive to consider it in detail since many features
of the multidimensional characterizations obtained in [9] are already present in this
setting. Both the statements of the main results and the proofs become more transparent
and elementary. Nevertheless, they seem to be new, at least in the necessity part, even
for experts in spectral theory of differential operators.

We would like to mention that our investigation started with a search for bounded-
ness and compactness criteria for the Schrödinger operator on a half-line, which were
established during a visit of the first author to the University of Missouri-Columbia in
March, 1997.

We first state our main results for � = R
n, n ≥ 3. Generally, the left-hand side of

(1.1) is understood as the absolute value of the quadratic form 〈Qu, u〉 generated by
the corresponding multiplication operator (rigorous definitions are given in [9]).

Theorem I. The inequality (1.1) holds if and only ifQ is the divergence of a vector-field
9� : R

n → C
n (n ≥ 3) such that∫

Rn

|u(x)|2 | 9�(x)|2 dx ≤ const
∫

Rn

|∇u(x)|2 dx, (1.4)
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for all u ∈ C∞0 (Rn). The vector-field 9� ∈ Lloc
2 (Rn) can be chosen in the form

9� = ∇�−1Q.

Thus, the problem has been reduced to a trace inequality with nonnegative weight
| 9�(x)|2 which has been very well studied by now. (See, e.g., [3, 8, 9, 13], and
the literature cited there.) A number of explicit characterizations, including simpler
sufficient and necessary conditions which follow immediately from Theorem I are
thoroughly discussed in [9].

We now state an analogue of Theorem I for a half-line. As above, Q can be a real-
or complex-valued locally integrable function, or a distribution. We use the standard
notation D = C∞0 (R+) for C∞ functions with compact support in R+ = (0,+∞),
and D ′ = D ′(R+) for the corresponding class of distributions.

Theorem II. Let Q ∈ D ′(R+). The following statements are equivalent.

(i) The Schrödinger operator L = − d2

dx2 +Q is a bounded operator from
◦
L1

2(R+)
to L−1

2 (R+).
(ii) The inequality

|〈Qu, u〉|2 ≤ const
∫

R+
|u′(x)|2 dx (1.5)

holds for all u ∈ C∞0 (R+).
(iii) There exists � ∈ Lloc

2 (R+) so that Q = �′ in D ′(R+), and the inequality∫
R+
|u(x)|2 |�(x)|2 dx ≤ const

∫
R+
|u′(x)|2 dx (1.6)

holds for all u ∈ C∞0 (R+).
The preceding inequality holds if and only if

sup
a>0

a

∫ ∞

a

|�(x)|2 dx <∞. (1.7)

Furthermore, the multiplication operatorQmapping
◦
L1

2(R+) toL−1
2 (R+) is com-

pact if and only if

lim
a→0+ a

∫ ∞

a

|�(x)|2 dx = 0, and lim
a→+∞ a

∫ ∞

a

|�(x)|2 dx = 0. (1.8)

Remark 1. A distribution � such that Q = �′ is defined up to a constant. It
follows from (1.7) that actually � is determined uniquely. If Q ∈ Lloc

1 (R+), and

limb→+∞
∫ b
a
Q(t) dt exists for every a > 0, then

�(x) = −
∫ +∞

x

Q(t) dt.
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We will use this notation sometimes even if Q is a distribution.

Remark 2. For nonnegative Q, (1.7) is easily seen to be equivalent to the classical
Hille condition (see [4, 5]):

sup
a>0

a

∫ ∞

a

Q(x) dx <∞. (1.9)

A similar statement is true for the compactness criterion (1.8).

Remark 3. For general Q, the following simple condition obviously implies (1.7):

sup
a>0

a

∣∣∣∣∫ ∞

a

Q(x) dx

∣∣∣∣ <∞.

However, it is not necessary for any one of the equivalent statements of Theorem II to
hold. See Example 2 at the end of this section.

We observe that our boundedness and compactness results can be carried over to

Sobolev spaces
◦
L1
p(R+) where 1 < p <∞. Let 〈Q·, ·〉 be a bilinear form generated

by the corresponding multiplication operator, withQ being a complex-valued function
or distribution on R+ as above.

Theorem III. Let Q ∈ D ′(R+). Let p > 1, 1
p
+ 1

p′ = 1, and p∗ = max (p, p′).
Then the following statements are equivalent.

(i) The Schrödinger operator L = − d2

dx2 +Q is a bounded operator from
◦
L1
p(R+)

to L−1
p (R+).

(ii) The inequality

|〈Qu, v〉| ≤ const ||u′||Lp(R+) ||v′||Lp′ (R+), (1.10)

holds for all u, v ∈ C∞0 (R+).
(iii)There exists� ∈ Lloc

p∗ (R+) so that�′ = Q inD ′(R+), and both the inequalities∫
R+
|u(x)|p |�(x)|p dx ≤ const ||u′||p

Lp(R+), (1.11)

and ∫
R+
|v(x)|p′ |�(x)|p′ dx ≤ const ||v′||p′

Lp′ (R+), (1.12)

are valid with the constants which do not depend on u, v ∈ C∞0 (R+).
Inequalities (1.11) and (1.12) are equivalent to the condition

sup
a>0

ap
∗−1
∫ ∞

a

|�(x)|p∗ dx <∞. (1.13)
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Furthermore, the multiplication operator Q :
◦
L1
p(R+) → L−1

p (R+) is compact
if and only if

lim
a→0+ a

∫ ∞

a

|�(x)|p∗ dx = 0, and lim
a→+∞ a

∫ ∞

a

|�(x)|p∗ dx = 0. (1.14)

Remark 4. For any p ∈ (1, ∞), a simple condition

sup
a>0

a |�(a)| <∞ (1.15)

is sufficient, but generally not necessary for (1.13) to hold. However, for nonnegative
Q, condition (1.13) is equivalent to (1.15), and hence is actually independent of p ∈
(1,∞).

Note that in the multidimensional case the problem becomes nontrivial even for
nonnegative measures Q on R

n (see [8]).

The following examples demonstrate the difference between sharp results which
follow from Theorem III, and the usual approach where Q+ and Q− are treated
separately.

Example 1. Let

Q(x) = sin x

x1+ε , ε > 0.

Then

−�(x) =
∫ +∞

x

sin t

t1+ε
dt = cos x

x1+ε +O
( 1

x2+ε
)

as x →+∞.

As x → 0+, clearly, �(x) = O(1) for ε < 1, �(x) = O(log x) for ε = 1, and
�(x) = O(x1−ε) for ε > 1. From this it is easy to see that (1.13) is valid if and only

if 0 ≤ ε ≤ 2, and hence by Theorem III, L :
◦
L1
p(R+) → L−1

p (R+) is bounded for

1 < p < ∞. Moreover, the multiplication operator Q :
◦
L1
p(R+) → L−1

p (R+) is
compact if and only if 0 < ε < 2.

Note that the same Theorem III applied separately to Q+ and Q− gives a satisfac-
tory result only for 1 ≤ ε ≤ 2.

In the next example, Q is a (complex-valued) measure on R+, and the condition
imposed on Q depends explicitly on p.

Example 2. Let

Q =
∞∑
j=1

cj (δj − δj+1),
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where δa is a unit point mass at x = a, and cj are complex numbers. Then clearly

�(x) =
∞∑
j=1

cj χ(j,j+1)(x).

It follows that (1.13) holds if and only if

sup
n≥1

np
∗−1

∞∑
j=n

|cj |p∗ <∞.

In particular, for 1 < r ≤ 2, let cj = j−1/r if j = 2m, and cj = 0 otherwise.

Then L :
◦
L1
p(R+)→ L−1

p (R+) if and only if r ≤ p ≤ r/(r − 1). Note that in this
example condition (1.15) fails for all r > 1.

In the next section we prove Theorem III, and also discuss related results for a
finite interval and the real line, as well as some two weight generalizations.

2. Boundedness and compactness criteria

We start with the operator L = − d2

dx2 + Q on a half-line. Define by
◦
L1

2(R+) the
completion of C∞0 (R+) with respect to the Dirichlet norm ||u′||L2(R+). Equivalently,
◦
L1

2(R+) can be defined as the space of absolutely continuous functions u : R+ → C

such that u(0) = 0, and

||u|| ◦
L1

2(R+)
=
[∫

R+
(x−2 |u(x)|2 + |u′(x)|2) dx

] 1
2

<∞. (2.1)

By L−1
2 (R+) we denote the dual space [ ◦L1

2(R+)]∗.
As was already pointed out in the Introduction, the boundedness of the operator

L : ◦
L1

2(R+)→ L−1
2 (R+) is equivalent to the quadratic form inequality∣∣∣∣∫

R+
|u(x)|2 Q(x) dx

∣∣∣∣ ≤ const
∫

R+
|u′(x)|2 dx, u ∈ C∞0 (R+), (2.2)

and hence by the polarization identity, to the boundedness of the corresponding
sesquilinear form:∣∣∣∣∫

R+
u(x) v(x) Q(x) dx

∣∣∣∣ ≤ const ||u′||L2(R+) ||v′||L2(R+), (2.3)

where the constant is independent of u, v ∈ C∞0 (R+).
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More generally, denote by
◦
L1
p(R+), 1 < p <∞, the completion ofC∞0 (R+)with

respect to the norm ||u′||Lp(R+), and let L−1
p (R+) = [

◦
L1
p′(R+)]∗, 1/p + 1/p′ = 1.

The operator L :
◦
L1
p(R+) → L−1

p (R+) is bounded if and only if∣∣∣∣∫
R+

u(x) v(x) Q(x) dx

∣∣∣∣ ≤ const ||u′||Lp(R+) ||v′||Lp′ (R+), (2.4)

for all u, v ∈ C∞0 (R+).
Let us assume first that Q is a locally integrable real- or complex-valued function

such that

lim
b→+∞

∫ b

a

Q(x) dx =
∫ ∞

a

Q(x) dx (2.5)

exists for every a > 0.
Notice that a similar argument works with minor changes when the integration

in (2.4) is performed against a locally finite complex-valued measure dQ in place of
Q(x)dx.

Theorem 2.1. Under the above assumptions on Q, let

�(x) = −
∫ ∞

x

Q(t) dt, x > 0.

Let 1 < p <∞, and p∗ = max (p, p′). Then (2.4) is valid if and only if

sup
a>0

ap
∗−1

∫ ∞

a

|�(x)|p∗ dx <∞. (2.6)

It is not difficult to see that (2.6) is equivalent to a pair of conditions,

sup
a>0

ap−1
∫ ∞

a

|�(x)|p dx <∞, sup
a>0

ap
′−1
∫ ∞

a

|�(x)|p′ dx <∞. (2.7)

Proof. For u, v ∈ C∞0 (R+), let

〈Qu, v〉 =
∫ ∞

0
Q(x) u(x) v(x) dx.

We can extend 〈Qu, v〉 by continuity to the case where

u(x) =
∫ x

0
f (t) dt, v(x) =

∫ x

0
g(τ) dτ,
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for f, g ∈ C∞0 (R+), by setting:

〈Qu, v〉 = lim
a→+∞

∫ a

0
Q(x) u(x) v(x) dx.

To show that the limit on the right-hand side exists, assume that both f and g are
supported in (δ, b) ⊂ R+. Then clearly,

lim
a→+∞

∫ a

0
Q(x) u(x) v(x) dx =

∫ b

δ

Q(x)

(∫ x

δ

f (t) dt

∫ x

δ

g(τ ) dτ

)
dx

+
∫ ∞

b

Q(x) dx

∫ b

δ

f (t) dt

∫ b

δ

g(τ ) dτ.

Observe that we have to be careful here: in what follows one cannot estimate the
two terms on the right-hand side of the preceding equation separately because this
would lead to the restriction:

sup
b>0

b

∣∣∣∣∫ ∞

b

Q(x) dx

∣∣∣∣ <∞,

which is not necessary for the boundedness of the bilinear form. (See Remark 2 in
the Introduction.)

Using Fubini’s theorem, we obtain:

〈Qu, v〉 =
∫ b

δ

∫ b

δ

f (t) g(τ )

∫ b

max (t,τ )
Q(x) dx dt dτ

+
∫ ∞

b

Q(x) dx

∫ b

δ

f (t) dt

∫ b

δ

g(τ ) dτ

=
∫ b

δ

∫ b

δ

f (t) g(τ )

∫ ∞

max {t,τ }
Q(x) dx dt dτ.

Thus, (2.4) is equivalent to the inequality∣∣∣∣∫ ∞

0

∫ ∞

0
f (t) g(τ ) �(max {t, τ }) dt dτ

∣∣∣∣ ≤ const ||f ||Lp(R+) ||g||Lp′ (R+), (2.8)

for compactly supported f, g.
Using the reverse Hölder inequality, the preceding estimate can be rewritten in the

equivalent form:∫ ∞

0

∣∣∣∣ ∫ ∞

0
�(max {t, τ }) f (t) dt

∣∣∣∣p dτ ≤ c ||f ||p
Lp(R+). (2.9)

Clearly,∫ ∞

0
�(max {t, τ }) f (t) dt = �(τ)

∫ τ

0
f (t) dt +

∫ ∞

τ

f (t) �(t) dt. (2.10)
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Suppose now that (2.6), or equivalently, both inequalities in (2.7) hold. Then the
estimate involving the first term in (2.10) is established by means of the weighted
Hardy inequality:∫ ∞

0

∣∣∣∣∫ τ

0
f (t) dt

∣∣∣∣p |�(τ)|p dτ ≤ C ||f ||p
Lp(R+), (2.11)

which holds if and only if the first part of condition (2.7) is valid (see, e.g., [7]).
The second term in (2.10) is estimated by using a similar weighted Hardy inequal-

ity: ∫ ∞

0

∣∣∣∣∫ ∞

τ

f (t) �(t) dt

∣∣∣∣p dτ ≤ C ||f ||p
Lp(R+),

which is known [7] to be equivalent to the second part of condition (2.7). This proves
the “if” part of the theorem.

To prove the “only if” part, it suffices to assume that f (x) in (2.9) is supported on
an interval [δ, a], a > 0, and restrict the domain of integration in τ on the left-hand
side of (2.9) to τ ∈ (a, +∞). Taking into account that the second term in (2.10)
vanishes, we get:∫ ∞

a

∣∣∣∣∫ a

δ

�(max{t, τ })f (t) dt
∣∣∣∣p dτ = ∣∣∣∣∫ a

δ

f (t) dt

∣∣∣∣p∫ ∞

a

|�(τ)|pdτ ≤ C||f ||p
Lp(R+).

Applying the reverse Hölder inequality again, we obtain the first part of (2.7):

ap−1
∫ ∞

a

|�(τ)|p dτ ≤ C.

Since (2.9) is symmetric, a dual estimate in Lp′ -norm yields the second part of
(2.7):

ap
′−1
∫ ∞

a

|�(τ)|p′ dτ ≤ C.

Hence (2.6) holds.

Remark 1. The corresponding compactness criterion for the multiplication operator

Q :
◦
L1
p(R+)→ L−1

p (R+) is given by the following conditions:

lim
a→0+ ap

∗−1
∫ ∞

a

|�(x)|p∗ dx = 0, lim
a→+∞ ap

∗−1
∫ ∞

a

|�(x)|p∗ dx = 0. (2.12)

The proof is analogous to the argument in [9], Sec. 3.

The general case of Theorem III stated in the Introduction, whereQ is a distribution,
involves some additional technical problems considered in the proof of the following
statement.
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Theorem 2.2. Let Q ∈ D ′(R+), and let 1 < p <∞. Then the inequality

|〈Qu, v〉| ≤ const ||u′||Lp(R+) ||v′||Lp′ (R+) (2.13)

holds for all u, v ∈ C∞0 (R+) if and only if there exists � ∈ Lp∗(R+) so that Q = �′
in the distributional sense, and (2.6) holds.

Proof. We have to show first that there exists � ∈ Lloc
1 (R+) so that Q = �′ in the

sense of distributions provided (2.13) holds. Notice that (2.13) ensures that 〈Q,w〉 is
well defined for every w = uv, where

u ∈
◦
L1
p(R+) ∩ C∞(R+), v ∈

◦
L1
p′(R+) ∩ C∞(R+).

This can be seen from the following approximation argument (cf. [9], Lemma 2.3). Let
ψn ∈ C∞0 (R+) be a sequence of functions such that 0 ≤ ψn(x) ≤ 1, |ψ ′n(x)| ≤ C/x,
and suppψn ⊂ [1/n, n], n = 1, 2, . . . . Then un = ψnu and vn = ψnv lie in
C∞0 (R+), and

lim
n→∞ ||u− un|| ◦

L1
p(R+)

= lim
n→∞ ||v − vn|| ◦

L1
p′ (R+)

= 0.

Hence

〈Q,w〉 = lim
n→∞〈Q,unvn〉 = lim

n→∞〈Q,wψ2
n〉

exists, and is independent of the choice of ψn, and of the factorization w = uv.
Next we show that 〈Q,w〉 is well defined forw = ∫ x0 f (t) dt where f ∈ C∞0 (R+).

To this end suppose that supp f ⊂ [a, b], where 0 < a < b < +∞. Let η ∈ C∞(R+)
be an increasing cut-off function such that 0 ≤ η(x) ≤ 1; η(x) = 0 for 0 ≤ x ≤ a/2;
η(x) = 1 for x ≥ 2b; and η(a) > 0. Then w(x) = ∫ x0 f (t) dt can be represented in

the form w = uv, where u = η and v = χ(a,+∞)w η−1. Obviously, η ∈
◦
L1
p(R+),

and ||η|| ◦
L1
p(R+)

≤ Ca,b, where the constant Ca,b depends on a and b. Also, since

η′(x) = 0 for x > 2b, it follows

||v|| ◦
L1
p′ (R+)

= ||η(x)−1χ(a,+∞)(x)

∫ x

a

f (t) dt || ◦
L1
p′ (R+)

≤ Ca,b ||f ||Lp′ (R+).

Thus, u, v ∈ C∞(R+) satisfy the conditions stated above, and hence � can be
defined by

〈�, f 〉 = −〈Q,uv〉 = −〈Q,

∫ x

0
f (t)dt〉,

for all f ∈ C∞0 (R+). Moreover,

|〈�, f 〉| ≤ Ca,b ||f ||Lp′ (R+),
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which yields � ∈ Lp(a, b). Interchanging the roles of u and v, one can verify that
� ∈ Lloc

p′ (R+) as well. Clearly,

〈�′, u〉 = −
∫ ∞

0
�(x)u′(x) dx = 〈Q,u〉

for all u ∈ C∞0 (R+), i.e., �′ = Q in the distributional sense.
The rest of the proof is completed in the same way as in Theorem 2.1. Indeed, let

u(x) =
∫ x

0
f (t) dt, v(x) =

∫ x

0
g(τ) dτ,

for f, g ∈ C∞0 (R+). Then

〈Q,uv〉 = −〈�, u′v〉 − 〈�, uv′〉
= −

∫ ∞

0
�(x)f (x)

∫ x

0
g(τ)dτdx −

∫ ∞

0
�(x)g(x)

∫ x

0
f (t)dtdx

= −
∫ ∞

0
g(τ)

∫ ∞

τ

�(x)f (x) dx −
∫ ∞

0
�(x)g(x)

∫ x

0
f (t)dt.

Choosing f and g as in the proof of Theorem 2.1 and using a pair of the weighted
Hardy inequalities, we complete the proof of Theorem 2.2.

Theorem 2.1 is easily carried over to the two weight setting.

Theorem 2.3. Let Wi ≥ 0, i = 1, 2, be locally integrable weight functions on R+
such that ∫ a

0
W1(x)

1−p′ dx < +∞,

∫ a

0
W2(x)

1−p dx < +∞, (2.14)

for every a > 0, and∫ +∞

0
W1(x)

1−p′ dx =
∫ +∞

0
W2(x)

1−p dx = +∞. (2.15)

Then the two weight bilinear inequality

|〈Qu, v〉| ≤ const

(∫ ∞

0
|u′(x)|p W1(x) dx

)1/p

×
(∫ ∞

0
|v′(x)|p′ W2(x) dx

)1/p′

(2.16)

holds for all u, v ∈ C∞0 (R+) if and only if Q = �′ in the distributional sense, where
� ∈ Lloc

1 (R+), and the following pair of conditions hold:

sup
a>0

(∫ a

0
W1(x)

1−p′ dx
)p−1 ∫ ∞

a

|�(x)|p W2(x)
1−pdx <∞, (2.17)
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and

sup
a>0

(∫ a

0
W2(x)

1−p
)p′−1 ∫ ∞

a

|�(x)|p′ W1(x)
1−p′dx <∞. (2.18)

It is not difficult to obtain similar theorems under other possible restrictions on the
weights Wi in place of (2.14) and (2.15), as in standard two weight Hardy inequalities
(see [10]).

For functions defined on a finite interval (a, b), Theorem 2.1 can be recast in a
similar way:

Theorem 2.4. The inequality

|〈Qu, v〉| ≤ const||u′||Lp(a,b)||v′||Lp′ (a,b) (2.19)

holds for all u, v ∈ C∞(a, b) such that u(a) = 0, v(a) = 0 if and only if Q can be
represented in the form Q = �′, where

sup
x>a

xp−1
∫ b

x

|�(t)|p∗ dt <∞. (2.20)

The corresponding compactness criterion holds with the preceding condition comple-
mented by

lim
x→a+

xp
∗−1

∫ b

x

|�(t)|p∗ dt = 0.

It is not difficult to obtain similar criteria for spaces of functions with zero boundary
values at both endpoints.

We now state an analogue of Theorem 2.1 on the real line R for the inhomogeneous
Sobolev space W 1

p(R) with norm

||u||W 1
p(R)

= ||u||Lp(R) + ||u′||Lp(R).

We assume here that Q is a distribution in the Schwartz class S′(R). Define G± ∈
S′(R) by

G+(t) = et
∫ +∞

t

e−s Q(s) ds, G−(t) = e−t
∫ t

−∞
es Q(s) ds, (2.21)

where the preceding expressions are understood in the distributional sense.

Theorem 2.5. Let 1 < p < ∞, and p∗ = max (p, p′). Then the Schrödinger
operator L : W 1

p(R)→ W−1
p (R) is bounded, or equivalently, the inequality

|〈Qu, v〉| ≤ const ||u||W 1
p(R)

||v||W 1
p′ (R)

, (2.22)
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holds for all u, v ∈ C∞0 (R), if and only if Q can be represented in the form Q =
�′ + �0, where � and �0 satisfy the following conditions:

sup
x∈R

∫ x+a

x−a
|�(t)|p∗dt <∞, sup

x∈R

∫ x+a

x−a
|�0(t)|p∗dt <∞, (2.23)

for every fixed a > 0.
Equivalently,G± defined by (2.21) are functions inLloc

p∗ (R), and, for a fixed a > 0,

sup
x∈R

∫ x+a

x−a
|G±(t)|p∗dt <∞. (2.24)

Furthermore, the multiplication operator Q : W 1
p(R)→ W−1

p (R) is compact if and
only if

lim
x→±∞

∫ x+a

x−a
|G±(t)|p∗dt = 0.

Remark 2. It can be shown that (2.24) is equivalent to the following estimate:

sup
x, y∈R

∫ x+a

x−a

∫ y+a

y−a

∣∣∣∣∫ s

t

Q(τ)dτ

∣∣∣∣p∗ dt ds ≤ c1 + c2|x − y|p∗ , (2.25)

for a fixed a > 0, where c1, c2 are nonnegative constants which may depend on a.
Here

∫ s
t
Q(τ)dτ is understood in the distributional sense.

Note that the simpler conditions:

sup
x∈R

∫ x+a

x−a

∣∣∣∣∫ t+a

t−a
Q(τ)dτ

∣∣∣∣p∗ dt <∞, or sup
x∈R

∫ x+a

x−a

∣∣∣∣∫ t

x

Q(τ)dτ

∣∣∣∣p∗ dt <∞,

are either not sufficient, or not necessary for the statements of Theorem 2.5 to hold.

The proofs of Theorem 2.5 and other related results using the approach outlined
above will appear elsewhere.
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Abstract. Using formulae for the interpolation of spaces of operators, we show that for 1 <

p < 2 and 1 ≤ q < 2 the identity map id : �p,q ↪→ �p̃,q̃ is Gaussian-summing, where
1/p̃ = 1/p − 1/2 and 1/q̃ = 1/q − 1/2. This extends the corresponding result for �p-spaces
due to Linde and Pietsch.

2000 Mathematics Subject Classification: 47B10, 46B70, 60B99

1. The main result

A linear and continuous operator T : X → Y between Banach spaces X and Y (we
will write T ∈ L(X, Y ) in the following) is called Gaussian-summing if there exists
a constant c > 0 such that for all x1, . . . , xn ∈ X(∫

�

‖
n∑

i=1

giT xi‖2
Y dP

)1/2

≤ c · sup
x′∈BX′

( n∑
i=1

|x′(xi)|2
)1/2

,

where (gi) are independent standard Gaussian variables on some probability space
(�,�, P ); here, BX′ denotes the unit ball of the dual space X′ of X. We write πγ (T )
for the smallest constant c satisfying the inequality above; in this way we obtain the
maximal Banach operator ideal ("γ , πγ ) which was originally introduced by Linde
and Pietsch (see [15]). Substituting in the above definition the Gaussian variables by
the Rademacher functions on [0, 1], this gives the same operator ideal (with an equiva-
lent ideal norm), see e. g. [11, 12.12]. Hence, a Gaussian-summing operator transfers
weakly 2-summable sequences into almost unconditionally summable ones. Linde
and Pietsch in [15] proved a connection to probability theory: A Gaussian-summing
operator T : X → Y transforms Gaussian cylindrical measures on X into Radon
measures on Y ′′ (endowed with the weak*-topology). For operators T : �2 → Y

the Gaussian-summing norm is also known as the �-norm (see e. g. [11, 12.15] and
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[24, Chapter 12]) which turned out to be of great importance within the geometry of
Banach spaces.

Amongst other examples, Linde and Pietsch in [15] proved the following result, us-
ing a factorization theorem by Maurey: For 1 ≤ p < 2 the identity map id : �p ↪→ �p̃
is Gaussian-summing, where 1/p̃ = 1/p − 1/2.

In this note we use the above result together with interpolation techniques to prove
the following analogue for Lorentz sequence spaces:

Theorem 1.1. For 1 < p < 2 and 1 ≤ q < 2 the identity map id : �p,q ↪→ �p̃,q̃ is
Gaussian-summing, where 1/p̃ = 1/p − 1/2 and 1/q̃ = 1/q − 1/2.

Recall that for 1 < p <∞, 1 ≤ q ≤ ∞ a zero-sequence (xn) is contained in �p,q
if and only if

ϕp,q((x
∗
n)) :=

( ∞∑
n=1

|x∗n |qnq/p−1
)1/q

<∞, q <∞,

and

ϕp,∞((x∗n)) := sup
n
|x∗n | n1/p <∞, q = ∞,

where (x∗n) denotes the decreasing rearrangement of the sequence (xn). For q ≤ p the
quasi-Banach space (�p,q, ϕp,q) is normed, and more general, for all p, q there exists
a canonical norm on �p,q equivalent to ϕp,q (see e. g. [13, 1.c.11]). Henceforth, we
will consider �p,q as a Banach space.

2. Real interpolation of spaces of operators

We refer to [1] for all information on interpolation of Banach spaces. For a Banach
couple (A0, A1) and 0 < θ < 1, 1 ≤ q ≤ ∞ the associated real interpolation space
is denoted by (A0, A1)θ,q (for the definition see e. g. [1, Chapter 3]).

For two symmetric Banach sequence spacesE andF (for this notion see e. g. [23])
the symmetric Banach sequence space containing all λ ∈ �∞ such that the multiplier
Mλ : E→ F , μ �→ λμ is defined (and continuous) is denoted byM(E,F), equipped
with the norm ‖λ‖M(E,F) := ‖Mλ : E → F‖. A lattice E is said to be 2-concave
if there exists c > 0 such that for all choices of finitely many x1, . . . , xn ∈ E the

inequality
(∑n

i=1 ‖xi‖2
E

)1/2 ≤ c · ‖ (∑n
i=1 |xi |2

)1/2 ‖E holds. In this case, we denote
by M(2)(E) the smallest constant c satisfying the above inequality. This is equivalent
to E being of cotype 2 (see e. g. [16, 1.f.16]).

The following lemma is a counterpart to results of Pisier, Kouba and Defant–
Michels on the complex interpolation of spaces of operators (see [14], [22] and [9]).
Earlier results for real interpolation methods by Peetre [21] have recently been ex-
tended by Cobos and Signes [2]. Essentially, the proof of the lemma is contained in
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[6] and [5] within a more general theory of interpolation of spaces of operators, but
for the sake of completeness we state it here.

Lemma 2.1. Let 1 ≤ p0, p1, q ≤ 2 such that p0 �= p1. Then for all 0 < θ < 1

sup
m,n
‖L(�m2 , �

n
pθ ,q

) ↪→ (L(�m2 , �
n
p0
),L(�m2 , �

n
p1
))θ,q̃‖ <∞,

where 1/pθ = (1− θ)/p0 + θ/p1 and 1/q̃ = 1/q − 1/2.

Proof. As usual, for 1 ≤ p ≤ ∞ its conjugated number p′ is determined by 1/p +
1/p′ = 1. For 2 ≤ r ≤ ∞ define r̃ by 1/r̃ = 1/r − 1/2. We consider powers of
sequence spaces: For a Banach sequence space E and 0 < p < ∞ let Ep be the
quasi-Banach sequence space of all x = (xn) for which |x|1/p ∈ E, endowed with
the quasi-norm ‖x‖Ep := ‖|x|1/p‖pE . The quasi-norm ‖ · ‖Ep is a norm provided
that p ≤ 1, and for p > 1 it is equivalent to a norm provided that E is p-convex.
An easy calculation shows �

p
r,s = �r/p,s/p (provided that r > p and s ≥ p) and

M(�2, E) = (((E×)2)×)1/2 for any 2-concave Banach sequence space E (see [7,
(3.2)]; here, X× denotes the Köthe dual of a Banach lattice X), hence, for 1 < r < 2,
1 ≤ s ≤ 2 or 1 ≤ r = s ≤ 2,

M(�2, �r,s) = (((�×r,s)2)×)1/2 = (�×
r ′/2,s′/2)

1/2 = �2(r ′/2)′,2(s′/2)′ = �r̃,s̃ .

Obviously 1 < pθ < 2, hence �pθ ,q is 2-concave (see e. g. [4]). Together with the
formula for the real interpolation of �p-spaces (see e. g. [1, 5.2.1]; note that there the
condition on q can be dropped) this gives

M(�2, �pθ ,q) = �p̃θ ,q̃ = (�p̃0 , �p̃1)θ,q̃ = (M(�2, �p0),M(�2, �p1))θ,q̃ . (1)

Now let T ∈ L(�m2 , �
n
pθ ,q

). By a variant of the Maurey–Rosenthal Factorization
Theorem (see [4, 4.2] and also [18]) there exist an operator R ∈ L(�m2 , �

n
2) and

λ ∈ R
n such that T = Mλ ◦ R with ‖R‖ · ‖λ‖M(�n2 ,�

n
pθ ,q

) ≤
√

2 ·M(2)(�pθ ,q) · ‖T ‖.
Obviously the map 	 defined by 	(μ) := Mμ ◦ R, μ ∈ R

n maps the couple
(M(�n2, �

n
p0
),M(�n2, �

n
p1
)) into the couple (L(�m2 , �

n
p0
),L(�m2 , �

n
p1
)) such that both

restrictions have norm less or equal ‖R‖. Hence by the interpolation property and
(1) the map 	 : M(�n2, �

n
pθ ,q

)→ (L(�m2 , �
n
p0
),L(�m2 , �

n
p1
))θ,q̃ has norm less or equal

C · ‖R‖, where C > 0 is some constant involved in (1). Thus we obtain

‖T ‖(L(�m2 ,�
n
p0
),L(�m2 ,�

n
p1
))θ,q̃

= ‖Mλ ◦ R‖(L(�m2 ,�
n
p0
),L(�m2 ,�

n
p1
))θ,q̃

≤ C · ‖R‖ · ‖λ‖M(�n2 ,�
n
pθ ,q

)

≤ √2 · C ·M(2)(�pθ ,q) · ‖T ‖L(�m2 ,�
n
pθ ,q

),

which gives the claim.
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3. The proof of the main result

For a Banach spaceX we denote by �m,weak2 (X) the vector spaceXm equipped with the

norm ‖(x1, . . . , xm)‖ := supx′∈BX′
(∑m

i=1 |x′(xi)|2
)1/2

. By the isometric identifica-

tion L(�m2 , X) = �
m,weak
2 (X), S �→ (Sei)

m
i=1 an operator T ∈ L(X, Y ) is Gaussian-

summing if and only if the maps 	m : L(�m2 , X)→ L2(Y ), S �→∑m
i=1 giT Sei are

uniformly bounded, and in this case πγ (T ) = supm ‖	m‖. Now consider for any
fixed r such that p < r < 2 the maps

	m,n : (L(�m2 , �
n
1),L(�m2 , �

n
r ))→ (Lq̃(�

n
2), Lq̃(�

n
r̃ ))

defined by 	m,n(S) :=∑m
i=1 giSei . By the results of Linde and Pietsch in [15] (with

the proof belonging to Maurey) the identity maps id : �1 ↪→ �2 and id : �r ↪→ �r̃
are Gaussian-summing. The Kahane-type inequality for Gaussian variables due to
Hoffmann-Jørgensen [12] states that there exists a constant Cq̃ > 0 such that(∫

�

‖
n∑

i=1

gixi‖q̃XdP
)1/q̃

≤ Cq̃ ·
(∫

�

‖
n∑

i=1

gixi‖2
XdP

)1/2

for any Banach space X and every finite choice of x1, . . . , xn ∈ X. We therefore
conclude that

c1 := sup
m,n
‖	m,n : L(�m2 , �

n
1)→ Lq̃(�

n
2)‖ <∞

and

c2 := sup
m,n
‖	m,n : L(�m2 , �

n
r )→ Lq̃(�

n
r̃ )‖ <∞.

By the fact that the functor (·, ·)θ,q̃ is of exponent θ (see e. g. [1, Chapter 3]) we obtain
for any 0 < θ < 1

sup
m,n
‖	m,n : (L(�m2 , �

n
1),L(�m2 , �

n
r ))θ,q̃ → (Lq̃(�

n
2), Lq̃(�

n
r̃ ))θ,q̃‖ ≤ c1−θ

1 cθ2 .

Now fix 0 < θ < 1 such that 1/p = (1− θ)/1+ θ/r . The Lions–Peetre formula for
the real interpolation of vector-valued Lp’s (see [17] and also [3]) gives

(Lq̃(�
n
2), Lq̃(�

n
r̃ ))θ,q̃ = Lq̃((�

n
2, �

n
r̃ )θ,q̃ ) = Lq̃(�

n
p̃,q̃ ),

where the constant arising in the equivalence of the norms does not depend on the
dimension n. Together with the preceding lemma and the triviality Lq̃(X) ⊂ L2(X)

for any Banach space X and any finite measure space it follows that

sup
n
πγ (id : �np,q ↪→ �np̃,q̃ ) = sup

m,n
‖	m,n : L(�m2 , �

n
p,q)→ L2(�

n
p̃,q̃ )‖ ≤ C · c1−θ

1 cθ2

for some C > 0. The maximality of the operator ideal "γ now gives the claim.
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Note that the index p̃ in our theorem is best possible (this follows by factorization
from the �p-case where it is known by [15] that p̃ is best possible). However, we do
not know whether this is also true for q̃. We believe that, under certain assumptions
on the symmetric Banach sequence spaceE (2-concave, properly contained in �2), the
identity map id : E ↪→ M(�2, E) is Gaussian-summing and that the sequence space
M(�2, E) is best possible in some sense.

For some more recent applications of interpolation formulae for spaces of operators
within the theory of summing operators we refer to [5], [6], [7], [8], [10], [19] and [20].
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Abstract. It is known that the fractional integral Iα (0 < α < n) is bounded from Lp(Rn)

to Lq(Rn) when p > 1 and n/p − α = n/q > 0, from L
p
weak(R

n) to BMO(Rn) when

p > 1 and n/p − α = 0, from L
p
weak(R

n) to Lipβ(R
n) when p > 1 and −1 < n/p − α =

−β < 0, from BMO(Rn) to Lipα(R
n) when 0 < α < 1, and from Lipβ(R

n) to Lipγ (R
n)

when 0 < α + β = γ < 1. In [4] the author introduced generalized fractional integrals and
extended the above boundedness to the Orlicz spaces and BMOφ . In this paper, we investigate
the boundedness of generalized fractional integrals on the Morrey and Campanato spaces with
p = 1. As corollaries, we have the boundedness from the weak Orlicz spaces to BMOφ and
from BMOφ to BMOψ . For this purpose, we also give the relation between the Morrey space
and the weak Orlicz space.

2000 Mathematics Subject Classification: 26A33, 46E30, 42B35, 46E15.

1. Introduction

The fractional integral Iα (0 < α < n) is defined by

Iαf (x) =
∫

Rn

f (y)

|x − y|n−α dy.

It is known that Iα is bounded from Lp(Rn) to Lq(Rn) when p > 1 and n/p − α =
n/q > 0 as the Hardy–Littlewood–Sobolev theorem. The fractional integral was
studied by many authors (see, for example, Rubin [10] or Chapter 5 in Stein [11]). The
Hardy–Littlewood–Sobolev theorem is an important result in the fractional integral
theory and the potential theory.

In [4] the author introduced generalized fractional integrals and extended the
Hardy–Littlewood–Sobolev theorem to the Orlicz spaces. It was showed, for ex-
ample, that a generalized fractional integral is bounded from expLp to expLq (see
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Theorem 3.1 and Example 3.1). In [5] the author also extended to spaces of homoge-
neous type and gave several examples.

Let B(a, r) be the ball {x ∈ R
n : |x − a| < r} with center a and of radius r > 0,

and B0 = B(0, 1) with center the origin and of radius 1. The modified fractional
integral Ĩα (0 < α < n+ 1) is defined by

Ĩαf (x) =
∫

Rn

f (y)

(
1

|x − y|n−α −
1− χB0(y)

|y|n−α
)
dy,

where χB0 is the characteristic function of B0. It is known that the modified fractional
integral Ĩα is bounded from L

p
weak(R

n) to BMO(Rn) when p > 1 and n/p − α = 0,
from L

p
weak(R

n) to Lipβ(R
n) when p > 1 and −1 < n/p − α = −β < 0, from

BMO(Rn) to Lipα(R
n) when 0 < α < 1, and from Lipβ(R

n) to Lipγ (R
n) when

0 < α + β = γ < 1. In [4] the author extended these boundedness to the Orlicz
spaces and BMOφ .

In this paper, we investigate the boundedness of generalized fractional integrals
on the Morrey and Campanato spaces with p = 1. As corollaries, we have the
boundedness from L	

weak(R
n) to BMOφ(R

n) and from BMOφ(R
n) to BMOψ(R

n).
For this purpose, we also give the relation between the weak Orlicz space and the
Morrey space. If φ(r) ≡ 1, then BMOφ(R

n) = BMO(Rn). If φ(r) = rα (0 <

α ≤ 1), then BMOφ(R
n) = Lipα(R

n). Therefore our results are generalization of the
known results.

2. Notation and definitions

For a function ρ : (0,+∞)→ (0,+∞), let

Iρf (x) =
∫

Rn

f (y)
ρ(|x − y|)
|x − y|n dy.

We consider the following conditions on ρ:∫ 1

0

ρ(t)

t
dt < +∞, (2.1)

1

A1
≤ ρ(s)

ρ(r)
≤ A1 for

1

2
≤ s

r
≤ 2, (2.2)

ρ(r)

rn
≤ A2

ρ(s)

sn
for s ≤ r, (2.3)

where A1, A2 > 0 are independent of r, s > 0. If ρ(r) = rα , 0 < α < n, then Iρ is
the fractional integral or the Riesz potential denoted by Iα .

We define the modified version of Iρ as follows:

Ĩρf (x) =
∫

Rn

f (y)

(
ρ(|x − y|)
|x − y|n − ρ(|y|)(1− χB0(y))

|y|n
)
dy.
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We consider the following conditions on ρ: (2.1), (2.2) and

ρ(r)

rn+1 ≤ A′2
ρ(s)

sn+1 for s ≤ r, (2.4)∫ +∞

r

ρ(t)

t2
dt ≤ A′′2

ρ(r)

r
, (2.5)∣∣∣∣ρ(r)rn

− ρ(s)

sn

∣∣∣∣ ≤ A3|r − s|ρ(r)
rn+1 for

1

2
≤ s

r
≤ 2, (2.6)

where A′2, A′′2, A3 > 0 are independent of r, s > 0. If ρ(r)rα is increasing for some
α ≥ 0 and ρ(r)/rβ is decreasing for some β ≥ 0, then ρ satisfies (2.2) and (2.6). If
ρ(r) = rα , 0 < α < n + 1, then Ĩρ = Ĩα . If Ĩρf and Iρf are well defined, then
Ĩρf − Iρf is a constant.

For functions θ, κ : (0,+∞)→ (0,+∞), we denote θ(r) ∼ κ(r) if there exists
a constant C > 0 such that

C−1θ(r) ≤ κ(r) ≤ Cθ(r) for r > 0.

A function θ : (0,+∞) → (0,+∞) is said to be almost increasing (almost
decreasing) if there exists a constant C > 0 such that

θ(r) ≤ Cθ(s) (θ(r) ≥ Cθ(s)) for r ≤ s.

A function θ : (0,+∞) → (0,+∞) is said to satisfy the doubling condition if
there exists a constant C > 0 such that

C−1 ≤ θ(r)

θ(s)
≤ C for

1

2
≤ r

s
≤ 2.

A function 	 : [0,+∞] → [0,+∞] is called a Young function if 	 is convex,
limr→+0 	(r) = 	(0) = 0 and limr→+∞	(r) = 	(+∞) = +∞. Any Young
function is increasing. For aYoung function	, the complementary function is defined
by

	̃(r) = sup{rs −	(s) : s ≥ 0}, r ≥ 0.

For example, if 	(r) = rp/p, 1 < p <∞, then 	̃(r) = rp
′
/p′, 1/p + 1/p′ = 1. If

	(r) = r , then 	̃(r) = 0 (0 ≤ r ≤ 1),= +∞ (r > 1).
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For a Young function 	, let

L	(Rn) =
{
f ∈ L1

loc(R
n) :

∫
Rn

	(ε|f (x)|) dx < +∞ for some ε > 0

}
,

‖f ‖	 = inf

{
λ > 0 :

∫
Rn

	

( |f (x)|
λ

)
dx ≤ 1

}
,

L	
weak(R

n) =
{
f ∈ L1

loc(R
n) : sup

r>0
	(r) m(r, εf ) < +∞ for some ε > 0

}
,

‖f ‖	,weak = inf

{
λ > 0 : sup

r>0
	(r) m

(
r,
f

λ

)
≤ 1

}
,

where m(r, f ) = |{x ∈ R
n : |f (x)| > r}|.

Then

L	(Rn) ⊂ L	
weak(R

n) and ‖f ‖	,weak ≤ ‖f ‖	.
We have Hölder’s inequality for Orlicz spaces:∫

Rn

|f (x)g(x)| dx ≤ 2‖f ‖	‖g‖	̃. (2.7)

If a Young function 	 satisfies

0 < 	(r) < +∞ for 0 < r < +∞, (2.8)

then 	 is continuous and bijective from [0,+∞) to itself. The inverse function 	−1

is increasing, continuous and concave, so it satisfies the doubling condition.
Let χB be the characteristic function of B(a, r). Then

‖χB‖	̃ ∼ 	−1(1/rn)rn. (2.9)

A function 	 is said to satisfy the ∇2-condition, denoted 	 ∈ ∇2, if

	(r) ≤ 1

2k
	(kr), r ≥ 0,

for some k > 1.
If 	 is a Young function with (2.8) and

	(r) =
{

1/ exp(1/rp) for small r,

exp(rp) for large r,
p > 0,

then we denote the Orlicz space L	 and the weak Orlicz space L	
weak by expLp and

expLp
weak, respectively. In this case, 	 satisfies the ∇2-condition.

Let Mf (x) be the maximal function, i.e.

Mf (x) = sup
B%x

1

|B|
∫
B

|f (y)| dy,

where the supremum is taken over all balls B containing x.
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We assume that 	 satisfies (2.8). Then M is bounded from L	(Rn) to
L	

weak(R
n) and

‖Mf ‖	,weak ≤ C0‖f ‖	. (2.10)

If 	 ∈ ∇2, then M is bounded on L	(Rn) and

‖Mf ‖	 ≤ C0‖f ‖	. (2.11)

For 1 ≤ p <∞ and a function φ : (0,+∞)→ (0,+∞), let

‖f ‖Lp,φ = sup
B=B(a,r)

1

φ(r)

(
1

|B|
∫
B

|f (x)|p dx
)1/p

,

Lp,φ(R
n) = {f ∈ L

p
loc(R

n) : ‖f ‖Lp,φ < +∞
}
.

We assume that φ satisfies the doubling condition and that φ(r)rn/p is almost in-
creasing. If φ(r) = r(λ−n)/p (0 ≤ λ ≤ n), then Lp,φ(R

n) = Lp,λ(Rn) which is
the classical Morrey space. If λ = 0, then Lp,λ(Rn) = Lp(Rn). If λ = n, then
Lp,λ(Rn) = L∞(Rn).

For 1 ≤ p <∞ and a function φ : (0,+∞)→ (0,+∞), let

‖f ‖Lp,φ = sup
B=B(a,r)

1

φ(r)

(
1

|B|
∫
B

|f (x)− fB |p dx
)1/p

,

Lp,φ(R
n) = {f ∈ L

p
loc(R

n) : ‖f ‖Lp,φ < +∞
}
,

where fB = 1

|B|
∫
B

f (x) dx.

We assume that φ satisfies the doubling condition and that φ(r)rn/p is almost increas-
ing. If φ(r) = r(λ−n)/p (0 ≤ λ ≤ n + 1), then Lp,φ(R

n) = Lp,λ(Rn) which is the
classical Campanato space.

If φ is almost increasing, then Lp,φ(R
n) = L1,φ(R

n) for all p > 1. We denote
L1,φ(R

n) by BMOφ(R
n). If φ ≡ 1, then BMOφ(R

n) = BMO(Rn). If φ(r) = rα ,
0 < α ≤ 1, then it is known that BMOφ(R

n) = Lipα(R
n).

The letter C shall always denote a constant, not necessarily the same one.

3. Main results

In [4] the author extended the Hardy–Littlewood–Sobolev theorem to the Orlicz spaces
as follows:



394 E. Nakai

Theorem 3.1 ([4]). Let ρ satisfy (2.1)–(2.3). Let 	 and � be Young functions with
(2.8). Assume that there exist constants A,A′, A′′ > 0 such that, for all r > 0,∫ +∞

r

	̃

(
ρ(t)

A
∫ r

0 (ρ(s)/s) ds 	
−1(1/rn)tn

)
tn−1 dt ≤ A′, (3.1)∫ r

0

ρ(t)

t
dt 	−1

(
1

rn

)
≤ A′′ �−1

(
1

rn

)
, (3.2)

where 	̃ is the complementary function with respect to 	. Then, for any C0 > 0,
there exists a constant C1 > 0 such that, for f ∈ L	(Rn),

�

( |Iρf (x)|
C1‖f ‖	

)
≤ 	

(
Mf (x)

C0‖f ‖	
)
. (3.3)

Therefore Iρ is bounded from L	(Rn) to L�
weak(R

n). Moreover, if 	 ∈ ∇2, then Iρ is
bounded from L	(Rn) to L�(Rn).

O’Neil [7] showed the boundedness for convolution operators on the Orlicz spaces.
Cianchi [1] gave a necessary and sufficient condition on 	 and� so that the fractional
integral Iα is bounded from L	 to L� .

Example 3.1 ([5]). Let ρ satisfy the doubling condition and

ρ(r) =
{

1/(log(1/r))α+1 for small r,

(log r)α−1 for large r,
α > 0. (3.4)

Then ∫ r

0

ρ(t)

t
dt ∼

{
1/(log(1/r))α for small r,

(log r)α for large r.

If 0 < p < 1/α, 1/q = 1/p−α, then the generalized fractional integral Iρ is bounded
from expLp(Rn) to expLq(Rn).

For other applications of Theorem 3.1, see [5].
Now, we investigate the boundedness on Morrey and Campanato spaces.

Theorem 3.2. Let ρ satisfy (2.1)–(2.3). Let φ and ψ satisfy the doubling condition,
and let φ(r)rn and ψ(r)rn be almost increasing. Assume that there exists a constant
A > 0 such that, for all r > 0,∫ r

0

ρ(t)

t
dt φ(r)+

∫ +∞

r

ρ(t)φ(t)

t
dt ≤ Aψ(r). (3.5)

Then Iρ is bounded from L1,φ(R
n) to L1,ψ (R

n).

Theorem 3.3. Let ρ satisfy (2.1), (2.2), (2.4) and (2.6). Let φ and ψ satisfy the
doubling condition, and let φ(r)rn and ψ(r)rn be almost increasing. Assume that
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there exists a constant A > 0 such that, for all r > 0,∫ r

0

ρ(t)

t
dt φ(r)+ r

∫ +∞

r

ρ(t)φ(t)

t2
dt ≤ Aψ(r). (3.6)

Then Ĩρ is bounded from L1,φ(R
n) to L1,ψ (R

n).

We have the following relation between a weak Orlicz space and a Morrey space:

Theorem 3.4. Let 	 be a Young function with (2.8) and φ(r) = 	−1(1/rn). Then

L	(Rn) ⊂ L1,φ(Rn), and ‖f ‖L1,φ ≤ C‖f ‖	. (3.7)

Moreover, if 	 ∈ ∇2, then

L	
weak(R

n) ⊂ L1,φ(Rn), and ‖f ‖L1,φ ≤ C‖f ‖	,weak. (3.8)

Combining Theorems 3.3 and 3.4, we have the following:

Corollary 3.5. Let ρ satisfy (2.1), (2.2), (2.4) and (2.6). Let 	 be a Young function
with (2.8) and let φ satisfy the doubling condition and be almost increasing. Assume
that there exists a constant A > 0 such that, for all r > 0,∫ r

0

ρ(t)

t
dt 	−1

(
1

rn

)
+ r

∫ +∞

r

ρ(t)	−1(1/tn)

t2
dt ≤ Aφ(r). (3.9)

Then Ĩρ is bounded from L	(Rn) to BMOφ(R
n). Moreover, if 	 ∈ ∇2, then Ĩρ is

bounded from L	
weak(R

n) to BMOφ(R
n).

Example 3.2. Let ρ be as in (3.4). Let φβ satisfy the doubling condition and

φβ(r) =
{

1/(log(1/r))β for small r,

(log r)β for large r.
(3.10)

If p > 0, 0 ≤ β = α − 1/p < 1, then Ĩρ is bounded from expLp
weak(R

n) to
BMOφβ (R

n).

The next result is for the Campanato spaces:

Theorem 3.6. Let ρ satisfy (2.1), (2.2), (2.5) and (2.6). Let φ and ψ satisfy the
doubling condition, and let φ(r)rn and ψ(r)rn be almost increasing. Assume that
there exists a constant A > 0 such that, for all r > 0,∫ r

0

ρ(t)

t
dt φ(r)+ r

∫ +∞

r

ρ(t)φ(t)

t2
dt ≤ Aψ(r). (3.11)

Then Ĩρ is bounded from L1,φ(R
n) to L1,ψ (R

n).

Remark 3.1. From Lemma 4.3 it follows that Ĩρ1 is a constant. Hence Ĩρ is well
defined as an operator from L1,φ(R

n) to L1,ψ (R
n).
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The boundedness of the fractional integral Iα on a Campanato space is known
(Peetre [8, Theorem 5.4]).

Corollary 3.7 ([4]). Let ρ satisfy (2.1), (2.2), (2.5) and (2.6). Let φ and ψ satisfy
the doubling condition and be almost increasing. Assume that there exists a constant
A > 0 such that, for all r > 0,∫ r

0

ρ(t)

t
dt φ(r)+ r

∫ +∞

r

ρ(t)φ(t)

t2
dt ≤ Aψ(r). (3.12)

Then Ĩρ is bounded from BMOφ(R
n) to BMOψ(R

n).

Example 3.3. Let ρ be as in (3.4). Let φβ and φγ be as in (3.10). If β ≥ 0 and
γ = α + β, then Ĩρ is bounded from BMOφβ (R

n) to BMOφγ (R
n).

4. Proofs

First, we state a lemma to prove Theorems 3.2 and 3.3.

Lemma 4.1. Let ρ, φ and ψ be functions from (0,+∞) to itself with the doubling
condition. Let k = 0 or k = 1. If there exists a constant C > 0 such that, for all
r > 0,

rk
∫ +∞

r

ρ(t)φ(t)

t1+k
dt ≤ Cψ(r),

then there exists a constant C′ > 0 such that, for all f ∈ L1,φ(R
n), a ∈ R

n and
r > 0,

rk
∫
B(a,r)C

ρ(|a − y|)
|a − y|n+k |f (y)| dy ≤ C′ψ(r)‖f ‖L1,φ .

Proof. We have

rk
∫
B(a,r)C

ρ(|a − y|)
|a − y|n+k |f (y)| dy = rk

+∞∑
j=1

∫
2j−1r≤|a−y|≤2j r

ρ(|a − y|)
|a − y|n+k |f (y)| dy

≤ Crk
+∞∑
j=1

ρ(2j r)

(2j r)n+k

∫
B(a,2j r)

|f (y)| dy ≤ Crk
+∞∑
j=1

ρ(2j r)φ(2j r)

(2j r)k
‖f ‖L1,φ

∼ rk
∫ +∞

r

ρ(t)φ(t)

t1+k
‖f ‖L1,φ ≤ C′ψ(r) ‖f ‖L1,φ .
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Proof of Theorem 3.2. For any ball B = B(a, r), let

EB
1(x) =

∫
B

f (y)
ρ(|x − y|)
|x − y|n dy, EB

2(x) =
∫
BC

f (y)
ρ(|x − y|)
|x − y|n dy.

By (3.5) we have∫
B

(∫
B

|f (y)|ρ(|x − y|)
|x − y|n dx

)
dy

≤
∫
B

|f (y)|
(∫

B(y,2r)

ρ(|x − y|)
|x − y|n dx

)
dy ≤

∫
B

|f (y)| dy
∫ 2r

0

ρ(t)

t
dt

≤ C‖f ‖L1,φ r
nφ(r)

∫ r

0

ρ(t)

t
dt ≤ C‖f ‖L1,φ r

nψ(r).

From Fubini’s theorem it follows that EB
1 is well defined and that∫

B

|EB
1(x)| dx ≤ Cψ(r)rn‖f ‖L1,φ . (4.1)

From Lemma 4.1 with k = 0 it follows that EB
2 is well defined and

|EB
2(x)| ≤ Cψ(r)‖f ‖L1,φ . (4.2)

Therefore we have the desired result.

Proof of Theorem 3.3. For any ball B = B(a, r), let B̃ = B(a, 2r) and

EB(x) =
∫

Rn

f (y)

(
ρ(|x − y|)
|x − y|n − ρ(|a − y|)(1− χ

B̃
(y))

|a − y|n
)
dy,

CB =
∫

Rn

f (y)

(
ρ(|a − y|)(1− χ

B̃
(y))

|a − y|n − ρ(|y|)(1− χB0(y))

|y|n
)
dy,

EB
1(x) =

∫
B̃

f (y)
ρ(|x − y|)
|x − y|n dy,

EB
2(x) =

∫
B̃C

f (y)

(
ρ(|x − y|)
|x − y|n − ρ(|a − y|)

|a − y|n
)
dy.

Then

Ĩρf (x)− CB = EB(x) = EB
1(x)+ EB

2(x) for x ∈ B.

By (2.6) we have∣∣∣∣ρ(|a − y|)(1− χ
B̃
(y))

|a − y|n − ρ(|y|)(1− χB0(y))

|y|n
∣∣∣∣

≤
⎧⎨⎩C, |a − y| ≤ max(2|a|, 2r)

C|a|ρ(|a − y|)
|a − y|n+1 , |a − y| ≥ max(2|a|, 2r).
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From Lemma 4.1 it follows that CB is well defined. By (3.6) we have∫
B̃

(∫
B

|f (y)|ρ(|x − y|)
|x − y|n dx

)
dy

≤
∫
B̃

|f (y)|
(∫

B(y,3r)

ρ(|x − y|)
|x − y|n dx

)
dy ≤

∫
B̃

|f (y)| dy
∫ 3r

0

ρ(t)

t
dt

≤ C‖f ‖L1,φ r
nφ(r)

∫ r

0

ρ(t)

t
dt ≤ C‖f ‖L1,φ r

nψ(r).

From Fubini’s theorem it follows that EB
1 is well defined and that∫

B

|EB
1(x)| dx ≤ Cψ(r)rn‖f ‖L1,φ . (4.3)

From (2.6) and Lemma 4.1 with k = 1 it follows that EB
2 is well defined and

|EB
2(x)| ≤ Cψ(r)‖f ‖L1,φ . (4.4)

By (4.3) and (4.4) we have

1

|B|
∫
B

∣∣∣Ĩρf (x)− CB

∣∣∣ dx ≤ Cψ(r)‖f ‖L1,φ ,

‖Ĩρf ‖L1,ψ ≤ C‖f ‖L1,φ .

Lemma 4.2. Let	 be aYoung function. If	 ∈ ∇2, then there exists a constantC > 0
such that ∫ ∞

r

dt

	(t)
≤ C

r

	(r)
, r > 0.

Proof. By definition, there exists a constant k > 1 such that

1

	(kj r)
≤ 1

(2k)j
1

	(r)
.

Then ∫ kj+1r

kj r

dt

	(t)
≤ kj+1r − kj r

	(kj r)
≤ k − 1

2j
r

	(r)
.

Hence ∫ ∞

r

dt

	(t)
≤

∞∑
j=0

k − 1

2j
r

	(r)
= 2(k − 1)

r

	(r)
.
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Proof of Theorem 3.4. Let χB be the characteristic function of B = B(a, r). By (2.7)
and (2.9), we have∫

B

|f (x)| dx ≤ 2‖χB‖	̃‖f ‖	 ∼ φ(r)rn‖f ‖	,

and so (3.7).
Let 	 ∈ ∇2. For B = B(a, r) and for λ > ‖f ‖	,weak, let

η = λ	−1
(

1

rn

)
= λφ(r),

and

f = f η + fη, f η(x) =
{
f (x) |f (x)| ≥ η,

0 |f (x)| < η.

By Lemma 4.2 we have∫
B

|f η(x)| dx ≤
∫ ∞

0
m(t, f η) dt =

∫ η

0
m(η, f ) dt +

∫ ∞

η

m(t, f ) dt

≤ η

	(η/λ)
+
∫ ∞

η

dt

	(t/λ)
≤ C

η

	(η/λ)
= Cλφ(r)rn.

Let

	1(t) = ε

n+ ε
rε	(t)(n+ε)/n, ε > 0.

Then 	1 is a Young function and∫
B

|fη(x)| dx ≤ 2‖fη‖	1‖χB‖	̃1
.

Since

	1
−1
(

1

rn

)
= 	−1

((
(n+ ε)

ε

)n/(n+ε) 1

rn

)
∼ 	−1

(
1

rn

)
= φ(r),

we have ‖χB‖	̃1
∼ 	1

−1(1/rn)rn ∼ φ(r)rn. Since

d	1(t) = (ε/n)rε(	(t))ε/n d	(t),

we have∫
Rn

	1

( |fη(x)|
λ

)
dx =

∫ η/λ

0
m

(
t,
f

λ

)
d	1(t) ≤

∫ η/λ

0

1

	(t)
d	1(t)

=
∫ η/λ

0

ε

n
rε(	(t))−1+ε/n d	(t) =

∫ 	(η/λ)

0

ε

n
rετ−1+ε/n dτ = 1.
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Hence ‖fη‖	1 ≤ λ. Therefore we have∫
B

|fη(x)| dx ≤ Cλφ(r)rn,

and so (3.8) follows.

From the next lemma it follows that Ĩρ is well-defined as an operator from L1,φ(R
n)

to L1,ψ (R
n).

Lemma 4.3 ([4]). If ρ satisfies (2.1), (2.2), (2.5) and (2.6), then

ρ(|x1 − y|)
|x1 − y|n − ρ(|x2 − y|)

|x2 − y|n (4.5)

is integrable on R
n as a function of y and its value is equal to 0 for every choice of x1

and x2.

The assumption in Theorem 3.6 is weaker than [4, Theorem 3.4]. Replacing
‖f ‖BMOφ by ‖f ‖L1,φ in [4, the proof of Lemma 3.4], and using (3.11), we have the
following:

Lemma 4.4. Under the assumption in Theorem 3.6, there exists a constant C > 0
such that, for all a ∈ R

n and r > 0,∫
B(a,r)C

ρ(|a − y|)
|a − y|n+1

∣∣f (y)− fB(a,r)
∣∣ dy ≤ C

ψ(r)

r
‖f ‖L1,φ .

Proof of Theorem 3.6. Replacing ‖f ‖BMOφ by ‖f ‖L1,φ in [4, the proof of Theo-
rem 3.4], and using Lemmas 4.3 and 4.4, we have the desired result.
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Optimal Sobolev embeddings – old and new

Luboš Pick ∗

Dedicated to Jaak Peetre on the occasion of his 65th birthday

Abstract. We study Sobolev-type embeddings of the first degree on domains of finite measure
in R

n. We develop an elementary unified proof of a sharp Sobolev embedding which can be
used to prove most of the known results on embeddings of Sobolev spaces built upon spaces of
various types, namely Orlicz, Lorentz and Lorentz–Zygmund spaces. We show the optimality
of function spaces involved. As a by-product we obtain in the limiting case of embedding a new
function class of independent interest. We point out some of its basic properties and relations
to known function spaces.

2000 Mathematics Subject Classification: Primary 46E30; Secondary 26D10, 47G10

1. Introduction

Let � ⊂ R
n, n ≥ 2, be a bounded open set. Without loss of generality we shall

throughout assume that |�| = 1. Let W 1,p
0 (�), 1 ≤ p ≤ ∞, be the closure of C1

0(�)

in the norm

‖u‖W 1,p(�) = ‖u‖Lp(�) + ‖Du‖Lp(�),

where D denotes the distributional gradient of u. The classical Sobolev embedding
theorem states that, if 1 ≤ p < n, then

W
1,p
0 (�) ↪→ Lp∗(�) where p∗ = np

n− p
. (1.1)

In the limiting situation when p = n, we have

W
1,n
0 (�) ↪→ Lq(�) for every 1 ≤ q <∞, (1.2)

and, in the super-limiting case when p > n,

W
1,p
0 (�) ↪→ L∞(�). (1.3)

∗This research was partly supported by the grant no. 201/01/0333 of the Grant Agency of the Czech
Republic and by the grant no. MSM 113200007 of the Czech Ministry of Education
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All the embeddings (1.1)–(1.3) can be sharpened as far as the target space is concerned,
although they cannot be sharpened within the context of Lp spaces. In the limiting
case when p = n, we have

W
1,n
0 (�) ↪→ expL

n
n−1 (�), (1.4)

where expL
n

n−1 (�) is the exponential-type Orlicz space endowed with the norm

‖u‖
expL

n
n−1 (�)

= inf

{
λ > 0;

∫
�

exp

(( |u(x)|
λ

) n
n−1
)
dx ≤ 1

}
.

The embedding (1.4) is usually associated to Trudinger [25], similar results had been
obtained earlier by Pokhozhaev [21] and Yudovich [26].

In general, let A be a Young function, that is, a convex strictly increasing function
A on [0,∞) such that A(0) = 0. We define the Orlicz space LA(�) as the set of all
measurable functions u on � for which there exists a positive λ such that∫

�

A

( |u(x)|
λ

)
dx <∞.

The Orlicz space is furnished with the Luxemburg norm

‖u‖LA(�) = inf

{
λ > 0;

∫
�

A

( |u(x)|
λ

)
dx ≤ 1

}
.

Since every Lp–space is Orlicz space, both (1.1) and (1.4) can be considered as
embeddings of Sobolev spaces into Orlicz spaces. It is thus reasonable to ask whether
the target spaces in these embeddings are optimal in the context of Orlicz spaces. The
answer is in both cases known to be positive: there is no Orlicz space LA(�) strictly
smaller than Lp∗(�) for which we would have

W
1,p
0 (�) ↪→ LA(�), (1.5)

and, similarly, there is no Orlicz space LA(�) strictly smaller than expL
n

n−1 (�) such
that

W
1,n
0 (�) ↪→ LA(�). (1.6)

Put another way, if (1.5) or (1.6) holds, then necessarily Lp∗(�) ↪→ LA(�) or
expL

n
n−1 (�) ↪→ LA(�), respectively. This is a result of Hempel, Morris and Trudin-

ger [12] in the case of (1.2). A general construction (covering in particular both the
above cases) of the optimal Orlicz target space was given by Andrea Cianchi [6].

It is now natural to ask about the optimality of the domain, too. This however
requires some explanation. We can think of W 1,p

0 (�) as the first-order Sobolev space
built upon the Lebesgue space Lp(�). In this sense, Lp(�) is a domain space of the
Sobolev embedding. We would like to know whether or not this space is optimal, that
is, whether or not it can be replaced by a bigger space. While it is quite clear that
both Lp(�) in (1.1) and Ln(�) in (1.4) are optimal domain Lebesgue spaces, it is
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an interesting question whether the same is true also in the broader context of Orlicz
spaces.

This problem was solved in a joint work with Ron Kerman. The solution is rather
surprising; it turns out that the answer is positive in the case of (1.1), but it is negative
in the case of (1.4). Let us be more precise.

Theorem 1.1 (Kerman, Pick 1999). (i) Let p ∈ [1, n). Then, Lp∗(�) is the largest
Orlicz space which renders (1.1) true.

(ii) The space Ln(�) is not the largest Orlicz space which renders (1.2) true.

The negative result in (ii) raises the question what is the optimal (largest) Orlicz
domain space LA(�) such that

W 1
0LA(�) ↪→ expL

n
n−1 (�). (1.7)

Our next result shows that there does not exist such a space.

Theorem 1.2 (Kerman, Pick 1999). Let A be a Young function such that (1.7) holds.
Then there is another Young function B such that LA(�) � LB(�) and

W 1
0LB(�) ↪→ expL

n
n−1 (�).

To prove Theorem 1.1 (i) we combine the results from [9], where an optimal
rearrangement-invariant domain space is found (see below) with the idea that there is
always only one Orlicz space corresponding to a given fundamental function. Theo-
rem 1.2 is proved by the construction of the Young function B; Theorem 1.1 (ii) then
clearly follows. Details can be found for example in [19] or [20], see also [7].

The situation described in Theorem 1.2 can be interpreted as that there exists
an open set (with no endpoint) of Orlicz domain spaces satisfying the limiting Sobolev
embedding.

This motivates us to broaden still the context of function spaces in which we look
for optimal results. The appropriate next step is to consider rearrangement-invariant
Banach function spaces.

Denote by M(�) the class of real-valued measurable functions on � and by
M+(�) the class of nonnegative functions in M(�). Given f ∈ M(�), its non-
increasing rearrangement is defined by

f ∗(t) = inf {λ > 0; |{x ∈ �; |f (x)| > λ}| ≤ t} , 0 < t < |�|.
Definition 1.3. A rearrangement-invariant norm & on M+(0, 1) is defined by the
following seven axioms:

(A1) &(f ) ≥ 0 with &(f ) = 0 if and only if f = 0 a.e.;
(A2) &(af ) = a&(f ) for all a ≥ 0;
(A3) &(f + g) ≤ (&(f )+ &(g)) for all f, g ∈M+(0, 1);
(A4) fn ↗ f implies &(fn)↗ &(f );
(A5) &(χ(0,1)) <∞;
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(A6) there exists C > 0 such that∫ 1

0
f (x) dx ≤ C&(f ) for all f ∈M+(0, 1);

(A7) &(f ) = &(f ∗).

As an example let us mention the familiar Lorentz (quasi-)norms, given for every
p, q ∈ (0,∞] by

‖u‖Lp,q (�) = &p,q(u
∗) = ‖t 1

p
− 1

q u∗(t)‖Lq(0,1), u ∈M+(�),

and their generalization, Lorentz–Zygmund (quasi-)norms, given for every p, q ∈
(0,∞] and α ∈ R by

‖u‖Lp,q;α(�) = &p,q;α(u∗) = ‖t
1
p
− 1

q
(
log( e

t
)
)α
u∗(t)‖Lq(0,1), u ∈M+(�).

In the new context of r.i. spaces, the target spaces in (1.1) and (1.4) are no longer
optimal. As for the sublimiting embedding (1.1), we have ([17], [18])

Theorem 1.4 (O’Neil 1963, Peetre 1966). Let 1 ≤ p < n, then

W
1,p
0 (�) ↪→ Lp∗,p(�). (1.8)

For the limiting embedding (1.4), we have ([16], [11], [5])

Theorem 1.5 (Maz’ya 1964, Hansson 1979, Brézis–Wainger 1980).

W
1,n
0 (�) ↪→ L∞,n;−1(�). (1.9)

It is not difficult to verify that (1.8) and (1.9) give sharper results than (1.1)
and (1.4), respectively. This follows immediately from the well-known embeddings
Lp∗,p(�) ↪→ Lp∗(�) and L∞,n;−1(�) ↪→ expL

n
n−1 (�) (cf. for instance [3]).

Now, it was shown by Michael Cwikel and Evgenniy Pustylnik [8] that the target
space in (1.9) is optimal (even in a broader sense). In [9], a general method, based
on reduction of Sobolev embeddings to Hardy-type inequalities, is developed which
allows us to conclude our analysis of optimality in the following way.

Theorem 1.6 (Edmunds, Kerman, Pick 2000). (i) Let 1 ≤ p < n. Then both the
domain space Lp(�) and the target space Lp∗,p(�) are optimal for the Sobolev
embedding (1.8).

(ii) The target space L∞,n;−1(�) is an optimal r.i. space in the Sobolev embed-
ding (1.9), but the domain spaceLn(�) is not optimal as it can be replaced by a strictly
larger space X(�) endowed with the norm

‖u‖X(�) = &∞,n;−1

(∫ 1

t

s
1
n
−1u∗(s) ds

)
.
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2. Elementary proof of Sobolev embeddings (1.8) and (1.9)

Now we know that the embeddings (1.8) and (1.9) are sharp as far as their target spaces
are concerned. In a recent joint work with Jan Malý [14] we compiled an elementary
and unified proof of both of these embeddings, which we shall sketch in this section.
The proof is based on a general idea that strong-type estimates can be obtained from
their weak-type analogues if an appropriate strategy is adopted. Such idea is not
new. The fact that strong-type Sobolev estimates can be derived from weak ones
has been observed by Federer [10] when deriving the Sobolev–Gagliardo–Nirenberg
inequality (p = 1) from the isoperimetric inequality. The co-area integral argument
can be simplified by the truncation trick which has been invented by Maz’ya [15] in
connection with capacitary estimates. Its application to getting strong-type Sobolev
embeddings from their weak forms is pursued for example by Bakry, Coulhon, Ledoux
and Saloff-Coste in [1]. The point of departure in [1] is the well-known equivalence
of the Sobolev embedding to Nash and Moser inequalities, which is avoided here.
Weak estimates are usually being proved by means of Hardy–Littlewood maximal
inequalities based on covering techniques. Our proof avoids the use of covering
tricks. Another elementary proof based on a simple interpolation can be found in the
book [23] by Stein.

In the limiting situation our approach gives a slight improvement of the target
space. Of course, as we already know, this is not possible in the context of r.i. spaces.

Definition 2.1. Let 0 < p ≤ ∞. We define Wp(�) as the family of all measurable
functions on � for which

‖u‖Wp(�) :=

⎧⎪⎪⎨⎪⎪⎩
(∫ |�|

0
(u∗( t2 )−u∗(t))p

t
dt

) 1
p

<∞ when p <∞;
sup

0<t<1

(
u∗( t2 )− u∗(t)

)
when p = ∞.

Theorem 2.2 (Malý, Pick 2000). If |�| <∞, then

W
1,n
0 (�) ↪→ Wn(�). (2.1)

It is not difficult to verify thatWn(�) � L∞,n;−1(�), hence Theorem 2.2 improves
Theorem 1.5. Let us note that this is not a contradiction with Theorem 1.6 (ii),
becauseWn(�) is not an r.i. space. (Of course it is obviously a rearrangement-invariant
structure but it is not a linear set; see Theorem 3.1 below.)

Our first step is the following lemma.

Lemma 2.3. For every u ∈ W
1,1
0 (�) and λ > 0, the weak Sobolev–Gagliardo–

Nirenberg inequality

λ
(
|{|u| ≥ λ}|

) 1
n′ ≤ C

∫
�

|∇u| dx (2.2)

holds.
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Next, we show that the weak Sobolev–Gagliardo–Nirenberg inequality contains
already all the information needed to prove the desired sharp Sobolev embeddings.
Our next step is a lemma based on the Maz’ya’s truncation trick.

Lemma 2.4. Let |�| <∞ and 1 ≤ p ≤ n. Let u ∈ W
1,p
0 (�) and denote

tk = 21−k|�| and ak = u∗(tk), k ∈ N. (2.3)

Then
∞∑
k=1

t

p

p∗
k

(
ak+1 − ak

)p ≤ C

∫
�

|∇u|p dx (2.4)

with C depending only on p and n.

It is worth noticing that (2.4) is a universal estimate covering both sublimiting and
limiting cases.

Proof of Theorem 1.5. Let tk and ak have the same meaning as in (2.3). Given ε > 0,
the convexity of tp yields ([13, Lemma 1.1])

a
p
k+1 ≤ (1+ 1

ε
)p−1(ak+1 − ak

)p + (1+ ε)p−1a
p
k .

Hence (taking into account that a1 = u∗(t1) = 0)

2
p

p∗
∞∑
k=1

t

p

p∗
k+1 a

p
k =

∞∑
k=1

t

p

p∗
k+1 a

p
k+1

≤ (1+ ε)p−1
∞∑
k=1

t

p

p∗
k+1 a

p
k +

(
1+ 1

ε

)p−1 ∞∑
k=1

t

p

p∗
k+1

(
ak+1 − ak

)p
.

Choosing ε > 0 so small that (1+ ε)p−1 < 2
p

p∗ , we obtain

∞∑
k=1

t

p

p∗
k+1

(
u∗(tk)

)p ≤ C

∫
�

|∇u|p dx,

which is a discrete version of (2.1).

Proof of Theorem 2.2. Note that, for p = n, (2.4) reads as

∞∑
k=1

(
ak+1 − ak

)n ≤ C

∫
�

|∇u|n dx, (2.5)

which is just a discrete version of (2.1).
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3. A new function space

Finally, let us mention some basic properties of the new function space Wp(�).

Theorem 3.1. (i) ‖χE‖Wp(�) = (log 2)
1
p for every measurable E ⊂ �;

(ii) L∞(�) = W1(�);

(iii) for p ∈ [1,∞), each integer-valued u ∈ Wp(�) is bounded;

(iv) for p ∈ (1,∞), Wp(�) is not a linear set;

(v) for p ∈ (1,∞), Wp(�) � BWp(�);

(vi) Wp(�) � Wq(�) for every 0 < p < q ≤ ∞.

Proof. To show (i), (ii) and (v) is an easy exercise.
(iii) Suppose that u is an integer-valued unbounded function on �. Then there are

α1 > α2 > · · · > 0 such that u∗(αj−)−u∗(αj+) ≥ 1, j ∈ N. For each j = 1, 2, . . . ,
we have

u∗( t2 )− u∗(t) ≥ 1, αj ≤ t < 2αj ,

and thus ∫ 2αj

αj

(
u∗( t2 )− u∗(t)

)p
t

dt ≥
∫ 2αj

αj

dt

t
= log 2.

From the system {(αj , 2αj )} of intervals we may obviously select an infinite disjoint
subsystem, and thus ∫ |�|

0

(
u∗( t2 )− u∗(t)

)p
t

dt = ∞,

whence u /∈ Wp(�).
(iv) It follows from (ii) that there is a nonnegative function u ∈ Wp(�) such that

u∗ is unbounded. Let [u] be the integer part of u and set w := [u] + 1, v := w − u.
Then |v| ≤ 1, thus v ∈ Wp(�) by (ii). On the other hand, w = u+v is integer valued
but unbounded, hence w /∈ Wp(�) by (iii).

(vi) Fix t ∈ (0, 1), then

u∗( t2 )− u∗(t) ≤ u∗( s2 )− u∗(2s) for every s ∈ ( t2 , t),

hence (
u∗( t2 )− u∗(t)

)p ≤ ∫ t

t/2

(
u∗( s2 )− u∗(2s)

)p ds

s
,

which yields

u∗( t2 )− u∗(t) ≤ C‖u‖Wp(�)
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by the triangle inequality. On taking supremum over t we get

‖u‖W∞(�) ≤ ‖u‖Wp(�). (3.1)

Now, let q > p, then

‖u‖Wq(�) =
(∫ 1

0

[
u∗( t2 )− u∗(t)

]q−p [
u∗( t2 )− u∗(t)

]p dt

t

)1/q

≤ ‖u‖1− p
q

W∞(�)‖u‖
p
q

Wp(�)
≤ ‖u‖Wp(�) by (3.1).

To see that the inclusion in (vi) is proper, note that, for α ∈ R, the function uα , such
that u∗α = (log(e/t))α for small t , belongs to Wp(�) if and only if α < 1− 1

p
.
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Moduli of smoothness and the interrelation
of some classes of functions

Sergey Yu. Tikhonov ∗

Dedicated to Jaak Peetre

Abstract. In this article the functions are considered which have generalized derivative in
Weyl’s sense. The lower and upper estimates for the modules of smoothness ωβ(f, t)p of these
derivatives are expressed in terms of the modules of smoothness of the function itself. Our
results provide embedding theorems of generalized Besov class and generalized Weyl class.

2000 Mathematics Subject Classification: 46E30, 42A99, 46E35, 42A08.

1. Introduction

Let Lp (1 < p < ∞) be the space of 2π -periodic, measurable functions f (x) such

that ‖f ‖p =
( ∫ 2π

0 |f (x)|p dx
) 1

p
<∞; ωβ(f, t)p is the modulus of smoothness of

order β (β > 0) of function f ∈ Lp, that is, ωβ(f, t)p = sup|h|≤t ‖1β
h‖p, where

1β
h =

∞∑
ν=0

(−1)ν
β(β − 1) . . . (β − ν + 1)

ν! f (x + (β − ν)h).

For the sake of brevity, the trigonometric series

a0

2
+

∞∑
n=1

(an cos nx + bn sin nx)

∗Partially supported by the Russian Foundation for Fundamental Research (grant no. 00-01-00042) and
the Leading Scientific Schools (grant no. 00-15-96143).



414 S. Yu. Tikhonov

will be written in a form
∑∞

k=0 Ak(x). We shall also use the notation 10 = A0(x),

1m = ∑2m−1
k=2m−1 Ak(x), k = 1, 2, . . . ; and θ = min(2, p), τ = max(2, p), where

1 < p <∞.
If F(η) ≥ 0 and G(η) ≥ 0 for all η, then the notation F(η) < G(η) will mean

that there exists a positive constant c not depending on η and such that F(η) ≤ cG(η)

for all η. If F(η)< G(η) and G(η)< F(η) hold simultaneously, then we shall write
F(η) � G(η).

Given a numerical sequence {λn}, let σ(f, λn) be the transformed Fourier series,
that is, such that, if f (x) ∼∑∞

n=0 An(x), then σ(f, λn) :=∑∞
n=0 λnAn(x).

We note that for ωβ(f
(r), δ)p ( r > 0 ) the following estimates can be obtained

(see [1]):

{∫ δ

0
t−rτ−1ωτ

r+β(f, t)pdt
} 1

τ

< ωβ(f
(r), δ)p <

{∫ δ

0
t−rθ−1ωθ

r+β(f, t)pdt
} 1

θ

.

If we consider the estimates ofωβ(f
(r−ε), δ)p andωβ(f

(r+ε), δ)p under the condition
of the fixed ωr+β(f, t)p then the inequalities change (see [2],[3]):

1)

{∫ δ

0
t−(r−ε)τ−1ωτ

r+β(f, t)pdt + δβτ
∫ 1

δ

t−(r−ε+β)τ−1ωτ
r+β(f, t)pdt

} 1
τ

< ωβ(f
(r−ε), δ)p

<
{∫ δ

0
t−(r−ε)θ−1ωθ

r+β(f, t)pdt + δβθ
∫ 1

δ

t−(r−ε+β)θ−1ωθ
r+β(f, t)pdt

} 1
θ

(0 < ε < r),

2)

{∫ δ

0
t−(r+ε)τ−1ωτ

r+β(f, t)pdt
} 1

τ < δβ−ε
{ 1∫
δ

t−(β−ε)θ−1ωθ
β(f

(r+ε), t)pdt
} 1

θ ;

δβ−ε
{∫ 1

δ

t−(β−ε)τ−1ωτ
β(f

(r+ε), t)pdt
} 1

τ <
{∫ δ

0
t−(r+ε)θ−1ωθ

r+β(f, t)pdt
} 1

θ

(0 < ε < β).

In these cases the sequences {λn} transforming the Fourier series of f (x) are
λ
(1)
n = nr − ε and λ

(2)
n = nr + ε.

We shall obtain the estimates of the modulus of a function which has Fourier
series

∑∞
n=1 λnAn(x), where either λ(1)n = nr

(lnN(ndN ))A
, or λ(2)n = nr · (lnN(ndN))A

respectively. Here ln1 u = ln u, lni u = ln(lni−1 u) (i = 2, 3, . . . , N) and the
constants di such that lni di ≥ 1.

We shall use the notation P0(t) = 1, PN(t) = ∏N
i=1 lni

di
t

for ∀N ∈ N and
∀ t ∈ (0, 2π ]. Let us introduce some classes of functions.
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• By W(p, λn) denote the generalized Weyl class, that is, the class of functions
f (x) ∈ Lp with Fourier series

∑∞
n=0 An(x), for which the series σ(f, λn) is

the Fourier series of some function ϕ(x) ∈ Lp.

• Let B(1)(p, r, A, β, s) [B(2)(p, r, A, β, s)] be the generalized Besov class of
functions f (x) ∈ Lp such that I (1)(p, r, A, β, s) < ∞[I (2)(p, r, A, β, s) <
∞], where

I (1)(p, r, A, β, s) =
(∫ 1

0

t−rs−1

PN(t) (lnN
dN
t
)As

ωs
β(f, t)pdt

) 1
s

[
I 2(p, r, A, β, s) =

(∫ 1

0
t−rs−1 (lnN

dN

t
)Asωs

β(f, t)pdt

) 1
s
]

and N ∈ N, s, β, r and A ∈ (0,+∞).

• Mγ denotes the class of functions, for which the Fourier series is
∑∞

n=1 an cos nx,
where ann−γ ↓ 0 (n→∞) for some given number γ ≥ 0.

• �denotes the class of functions, for which the Fourier series is
∑∞

n=1 an cos 2nx.

Note, that if β < r , then B(1)(p, r, A, β, s) [B(2)(p, r, A, β, s)] consist of the
functions which are equivalent constants.

The author is grateful to professor M. K. Potapov for constant attention to this
work.

2. Fourier series transformed by means of λ
(1)
n = nr

(lnN(ndN))A

Theorem 2.1. If s ≤ θ , then B(1)(p, r, A, r, s) ⊂ W(p, λ(1)), in other words, if
f (x) ∈ B(1)(p, r, A, r, s), then σ(f, λ

(1)
n ) is the Fourier series of some function

ϕ(x) ∈ Lp. Also

‖ϕ‖p < I (1)(p, r, A, r, s)

and ∀β > 0

ωs
β(ϕ, δ)p <

δ∫
0

t−rs−1

(lnN
dN
t
)As

ωs
r+β(f, t)pdt

+ δβs
∫ 1

δ

t−(r+β)s−1

PN(t) (lnN
dN
t
)As

ωs
r+β(f, t)pdt.
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Theorem 2.2. If s ≥ τ , then W(p, λ(1)) ⊂ B(1)(p, r, A, r, s), besides,

I (1)(p, r, A, r, s)< ‖ϕ‖p
and ∀β > 0

δ∫
0

t−rs−1

(lnN
dN
t
)As

ωs
r+β(f, t)pdt + δβs

∫ 1

δ

t−(r+β)s−1

PN(t) (lnN
dN
t
)As

ωs
r+β(f, t)pdt

< ωs
β(ϕ, δ)p.

Theorem 2.3. If f (x) ∈ Mγ , then

a) the conclusion of Theorem 2.1 will hold if we substitute the condition 0 < s ≤ θ

by 0 < s ≤ p;

b) the conclusion of Theorem 2.2 will hold if we substitute the condition τ ≤ s <

+∞ by p ≤ s < +∞.

Theorem 2.4. If f (x) ∈ �, then

a) the conclusion of Theorem 2.1 will hold if we substitute the condition 0 < s ≤ θ

by 0 < s ≤ 2;

b) the conclusion of Theorem 2.2 will hold if we substitute the condition τ ≤ s <

+∞ by 2 ≤ s < +∞.

3. Fourier series transformed by means of
λ

(2)
n = nr · (lnN(ndN))A

Theorem 3.1. If s ≤ θ and at some β > 0 f (x) ∈ B(2)(p, r, A, r + β, s), then
σ(f, λ

(2)
n ) is the Fourier series of some function ϕ(x) ∈ Lp. That is, B(2)(p, r, A, r+

β, s) ⊂ W(p, λ(2)). Also

‖ϕ‖p < I (2)(p, r, A, r + β, s)

and {
δβτ (lnN

dN

δ
)Aτ

1∫
δ

t−βτ−1

PN(t)(lnN
dN
t
)Aτ

ωτ
β(ϕ, t)pdt + ωτ

β(ϕ, δ)p

} 1
τ

<
{ δ∫

0

t−rs−1(lnN
dN

t
)Asωs

r+β(f, t)pdt
} 1

s

.



Moduli of smoothness and the interrelation of some classes of functions 417

Theorem 3.2. If s ≥ τ , then W(p, λ(2)) ⊂ B(2)(p, r, A, r + β, s), besides,

I (2)(p, r, A, r + β, s)< ‖ϕ‖p
and ∀β > 0{∫ δ

0
t−rs−1(lnN

dN

t
)Asωs

r+β(f, t)pdt
} 1

s

<
{
δβθ (lnN

dN

δ
)Aθ
∫ 1

δ

t−βθ−1

PN(t)(lnN
dN
t
)Aθ

ωθ
β(ϕ, t)pdt + ωθ

β(ϕ, δ)p

} 1
θ

.

Theorem 3.3. If f (x) ∈ Mγ , then

a) the conclusion of Theorem 3.1 will hold if we substitute the conditions 0 < s ≤ θ

and τ = max(2, p) by 0 < s ≤ p and τ = p.

b) the conclusion of Theorem 3.2 will hold if we substitute the conditions τ ≤ s <

+∞ and θ = min(2, p) by p ≤ s < +∞ and θ = p.

Theorem 3.4. If f (x) ∈ �, then

a) the conclusion of Theorem 3.1 will hold if we substitute the conditions 0 < s ≤ θ

and τ = max(2, p) by 0 < s ≤ 2 and τ = 2;

b) the conclusion of Theorem 3.2 will hold if we substitute the conditions τ ≤ s <

+∞ and θ = min(2, p) by 2 ≤ s < +∞ and θ = 2.

4. Auxiliary results

Lemma 1 (see [4]). Assume that f (x) ∈ Lp, 1 < p < ∞, possesses the Fourier
series

∑∞
n=1 An(x). Then

‖f ‖p �
(∫ 2π

0

〈 ∞∑
n=0

12
n

〉 p
2
dx

) 1
p

.

Lemma 2 (see [5]). Assume that f (x) ∈ Lp, 1 < p < ∞, possesses the Fourier
series

∑∞
n=0 An(x), and let the sequence {λn} be such that

|λn| ≤ M, n ∈ N;
2ν+1−1∑
n=2ν

|λn − λn+1| ≤ M, ν = 0, 1, 2, . . .

Then the series
∑∞

n=1 λnAn(x) is the Fourier series of some function ϕ(x) ∈ Lp and
‖ϕ‖p ≤ c ‖f ‖p, where c = c(p, {λn}).
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Lemma 3 (see [1]). Assume that f (x) ∈ Lp, 1 < p < ∞, possesses the Fourier
series

∑∞
n=1 An(x). Then

(a) ωβ(f,
1
m
)p � m−β

∥∥∥ m∑
n=1

nβAn(x)

∥∥∥
p
+
∥∥∥ ∞∑
n=m+1

An(x)

∥∥∥
p
;

(b) If f (x) ∈ Mγ , then

ωβ(f,
1

m
)p � m−β

( m∑
n=1

a
p
n n

βp+p−2
) 1

p +
( ∞∑
n=m+1

a
p
n n

p−2
) 1

p ;

(c) If f (x) ∈ �, then

ωβ(f,
1

2m
)p � 2−mβ

( m∑
n=1

a2
n22βn

) 1
2 +

( ∞∑
n=m+1

a2
n

) 1
2
.

5. Proofs

We will prove only Theorem 2.2 in detail.

Proof of Theorem 2.2. Using method of work [6], it is not difficult to show that
W(p, λ(1)) ⊂ B(1)(p, r, A, r, s) and the estimate I (1)(p, r, A, r, s) < ‖ϕ‖p. Let us
show that I1 + I2 < ωs

β(ϕ, δ)p, where

I1+I2 :=
δ∫

0

t−rs−1

(lnN
dN
t
)As

ωs
r+β(f, t)pdt+δβs

∫ 1

δ

t−(r+β)s−1

PN(t) (lnN
dN
t
)As

ωs
r+β(f, t)pdt.

Let n be a natural number such that 1
2n+1 ≤ δ < 1

2n .

I1 + I2 <
∞∑
ν=n

2νrs

(lnN (dN2ν))As
ωs
r+β(f,

1

2ν
)p

+ 2−nβs
n∑

ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

ωs
r+β(f,

1

2ν
)p.
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According to Lemma 3(a),

I1 <
∞∑
ν=n

2νrs

(lnN (dN2ν))As

∥∥∥ ∞∑
ξ=2ν+1

Aξ(x)

∥∥∥s
p

+
∞∑
ν=n

2−νβs

(lnN (dN2ν))As

∥∥∥ 2ν∑
ξ=1

Aξ(x)ξ
r+β
∥∥∥s
p
=: I3 + I4.

Making use of Lemma 1 and the generalized Minkowski inequality first for sum,
then for integrals and sums ( s2 ≥ 1, s

p
≥ 1) gives

I3 <
∞∑
ν=n

2νrs

(lnN (dN2ν))As

(∫ 2π

0

〈 ∞∑
m=ν

12
m

〉 p
2
dx

) s
p

<
{∫ 2π

0

( ∞∑
ν=n+1

2νrs

(lnN (dN2ν))As

〈 ∞∑
m=ν+1

12
m

〉 s
2
) p

s
dx

} s
p

<
{∫ 2π

0

( ∞∑
m=n+1

12
m

〈m−1∑
ν=n

2νrs

(lnN (dN2ν))As

〉 2
s
) p

2
dx

} s
p

.

Using
〈∑m−1

ν=n 2νrs

(lnN (dN2ν ))As
〉 2
s < 22mr

(lnN (dN2m))2A
, we get

I3 <
{∫ 2π

0

( ∞∑
m=n+1

12
m

22mr

(lnN (dN2m))2A

) p
2
dx

} s
p

.

Let us estimate I4.

I4 <
∞∑
ν=n

2−νβs

(lnN (dN2ν))As

∥∥∥ 2n∑
ξ=1

Aξ(x)ξ
r+β
∥∥∥s
p
+

+
∞∑
ν=n

2−νβs

(lnN (dN2ν))As

∥∥∥ 2ν∑
ξ=2n+1

Aξ(x)ξ
r+β
∥∥∥s
p
=: I5 + I6.

An argument, analogous to the one that was used in the proof of the upper estimate
for I3, provides the estimate for I5:

I5 <
∞∑
ν=n

2−νβs

(lnN (dN2ν))As

(∫ 2π

0

〈 n∑
m=1

12
m22m(β+r)〉 p2 dx) s

p

<
{∫ 2π

0

( ∞∑
ν=n

2−νβs

(lnN (dN2ν))As

〈 n∑
m=1

12
m22m(β+r)〉 s2 ) p

s
dx

} s
p

.
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Since

∞∑
ν=n

2−νβs

(lnN (dN2ν))As
< 2−nβs

(lnN (dN2n))As
,

it follows that

I5 < 2−nβs
{∫ 2π

0

( n∑
m=1

12
m

22m(r+β)

(lnN (dN2m))2A

) p
2
dx

} s
p

.

We shall estimate I6 as follows

I6 <
∞∑
ν=n

2−νβs

(lnN (dN2ν))As

(∫ 2π

0

〈 ν∑
m=n

12
m22m(β+r)〉 p2 dx) s

p

<
{∫ 2π

0

( ∞∑
ν=n

2−νβs

(lnN (dN2ν))As

〈 ν∑
m=n

12
m22m(β+r)〉 s2 ) p

s
dx

} s
p

<
{∫ 2π

0

( ∞∑
m=n

12
m22m(β+r)〈 ∞∑

ν=m

2−νβs

(lnN (dN2ν))As

〉 2
s
) p

2
dx

} s
p

<
{∫ 2π

0

( ∞∑
m=n

12
m

22mr

(lnN (dN2m))2A

) p
2
dx

} s
p

.

Now, we shall estimate I2. Repeating the same argument which resulted above in
the estimate for I1 proves the fulfilment of the following chain of inequalities:

I2 < 2−nβs
n∑

ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

∥∥∥ ∞∑
ξ=2ν+1

Aξ(x)

∥∥∥s
p

+ 2−nβs
∞∑

ν=n+1

1

PN(
1
2ν ) (lnN (dN2ν))As

∥∥∥ 2ν∑
ξ=1

Aξ(x)ξ
r+β
∥∥∥s
p
=: I7 + I8.

Clearly,

I7 < 2−nβs
n∑

ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

∥∥∥ 2n+1−1∑
ξ=2ν+1

Aξ(x)

∥∥∥s
p

+ 2−nβs
n∑

ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

∥∥∥ ∞∑
ξ=2n+1

Aξ(x)

∥∥∥s
p
=: I9 + I10.
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Making use of Lemma 1 and the generalized Minkowski inequality twice gives

I9 < 2−nβs
n+1∑
ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

(∫ 2π

0

〈 n+1∑
m=ν

12
m

〉 p
2
dx

) s
p

< 2−nβs
{∫ 2π

0

( n+1∑
ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

〈 n+1∑
m=ν

12
m

〉 s
2
) p

s
dx

} s
p

< 2−nβs
{∫ 2π

0

( n+1∑
m=1

12
m

〈 m∑
ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

〉 2
s
) p

2
dx

} s
p

.

Since

〈 m∑
ν=1

2ν(r+β)s

PN(
1
2ν ) (lnN (dN2ν))As

〉 2
s < 22m(r+β)

(lnN (dN2m))2A
(∗)

holds, we have

I9 < 2−nβs
{∫ 2π

0

( n∑
m=1

12
m

22m(r+β)

(lnN (dN2m))2A

) p
2
dx

} s
p

.

Further, we shall estimate I10 and I8. Using (∗) and Lemma 1, we get

I10 < 2nrs

(lnN (dN2n))2A

∥∥∥ ∞∑
ξ=2n+1

Aξ(x)

∥∥∥s
p

< 2nrs

(lnN (dN2n))2A

(∫ 2π

0

〈 ∞∑
m=n

12
m

〉 p
2
dx

) s
p

.

Thus,

I10 <
{∫ 2π

0

( ∞∑
m=n+1

12
m

22mr

(lnN (dN2m))2A

) p
2
dx

} s
p

.
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We have

I8 < 2−nβs
n+1∑
ν=1

1

PN(
1
2ν ) (lnN (dN2ν))As

(∫ 2π

0

〈 ν∑
m=1

12
m22m(β+r)〉 p2 dx) s

p

< 2−nβs
{∫ 2π

0

( n+1∑
ν=1

1

PN(
1
2ν ) (lnN (dN2ν))As

〈 ν∑
m=1

12
m22m(β+r)〉 s2 ) p

s
dx

} s
p

< 2−nβs
{∫ 2π

0

( n+1∑
m=1

12
m22m(β+r)〈 n+1∑

ν=m

1

PN(
1
2ν ) (lnN (dN2ν))As

〉 2
s
) p

2
dx

} s
p

< 2−nβs
{∫ 2π

0

( n+1∑
m=1

12
m

22m(r+β)

(lnN (dN2m))2A

) p
2
dx

} s
p

.

Thus we have

I1 + I2 < I3 + I5 + I6 + I8 + I9 + I10

< 2−nβs
{∫ 2π

0

( n+1∑
m=1

12
m

22m(r+β)

(lnN (dN2m))2A

) p
2
dx

} s
p

+
{∫ 2π

0

( ∞∑
m=n+1

12
m

22mr

(lnN (dN2m))2A

) p
2
dx

} s
p

.

From the definition of W(p, λ(1)) it follows that we have ϕ(x) ∈ Lp and ϕ(x) ∼∑∞
ν=1 λn An(x) exists.
Hence the sequence λ∗ν = λm

2 /λν (2m−1 ≤ ν < 2m) and the function ϕ(x) satisfy
the conditions of Lemma 2.

Using Lemmas 2, 1 and 3(a), we get

I1 + I2 < 2−nβs
∥∥∥ 2n∑
m=1

Am(x)
mr+β

(lnN (dNm))A

∥∥∥s
p

+
∥∥∥ ∞∑
m=2n+1

Am(x)
mr

(lnN (dNm))A

∥∥∥s
p

< ωs
β(ϕ, δ)p.

This completes the proof of Theorem 2.2.

Other theorems can be proved in the same way as this one but we have to apply
Lemma 3(b) (in place of Lemma 3(a) ) in the proofs of Theorems 2.3, 3.3 and Lemma
3(c) in the proofs of Theorems 2.4 and 3.4. In the proofs of Theorems 2.1, 3.1 and 3.2
we have to apply Lemma 3(a).
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Towards a Gausslet analysis:
Gaussian representations of functions

Hans Triebel

Dedicated to Professor Jaak Peetre on his sixty-fifth birthday

Abstract. We survey in Section 2 some types of analysis: Gabor, wavelet, quarkonial, Gausslet.
Section 3 deals with Gaussian representations of functions belonging to some function spaces
of Sobolev–Besov type on Euclidean n-space.

2000 Mathematics Subject Classification: 46E35, 42C40 [MSC 2000]

1. Introduction

This paper is the outgrowth of some relevant parts of the two books [Tri97], [Tri01],
and of [Tri98]. In [Tri98] we complemented quarkonial decompositions in the spaces
Bs
pq(R

n) and F s
pq(R

n) as considered in [Tri97] and [Tri01] by Gaussian decomposi-
tions based on the building blocks

xβe−
|x|2

2 , where xβ =
n∏

j=1

x
βj
j , β ∈ N

n
0, x = (x1, . . . , xn) ∈ R

n. (1)

As it stands, there is a problem with the convergence of some series. One aim of this
paper is to correct this weak point. But we use this opportunity to incorporate our
results in the realm of different types of representations of functions now available in
the literature and characterised by such key words as Gabor analysis (or time-frequency
analysis), wavelet analysis and quarkonial analysis. They have all in common that one
starts with one or a few functions g which are multiplied typically

by eikx where k ∈ Z
n or by xβ where β ∈ N

n
0, (2)

and which are afterwards subject to translations, dilations or both translations and
dilations typically of the form

x �→ x +m where m ∈ Z
n and x �→ 2j x where j ∈ N0, (3)
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with x ∈ R
n. It is the question to find appropriate functions g where one is starting

from and to find out what can be expected. In this general scheme fit the Gabor analysis
(time-frequency analysis), wavelet analysis, quarkonial analysis and, what we wish to
outline here, Gausslet analysis. In Section 2 we give a brief description of a few relevant
points, always restricted to our intentions. We are not experienced in Gabor analysis
or in wavelet analysis and therefore we mainly rely on the recent well-written book by
K. Gröchenig, [Gro01], and the references given there. Note however that we rephrase
some standard definitions and assertions from Gabor analysis and wavelet analysis in
order to emphasize the intended unified scheme we have in mind. In this spirit we set
in Section 2 the stage for Section 3, dealing there with Gaussian representations of
functions belonging to some function spaces Bs

pq(R
n) and F s

pq(R
n). We define there

what we call now Gausslets, in modification of [Tri98]. Afterwards we prove in detail
a representation theorem in some spaces Bs

pq(R
n) and F s

pq(R
n) in terms of Gausslets.

Looking only at the specific formulation of the theorem given, one can simplify the
offered proof. But this will not be done, because at the end of this paper we have a
discussion, based on the proof given, about further possibilities, parallel to what is
available now in Gabor analysis and wavelet analysis. At this moment there are no
further results in this new direction beyond those stated explicitly in this paper. But the
examination of the proofs provides the feeling that there might be a Gausslet analysis
similar to Gabor analysis and wavelet analysis (as far as representations of functions
belonging to distinguished function spaces are concerned) with the quarkonial analysis
and the Gaussian representations from the theorem as special cases.

Acknowledgement. I would like to thank Hans G. Feichtinger (Vienna, Austria) and
Karlheinz Gröchenig (Vienna, Austria; Storrs, USA). They read the first draft of this
paper and made many valuable suggestions which have been incorporated in the text.

2. Types of analysis

2.1. Gabor analysis

In connection with functions and distributions on Euclidean n-space we always use
standard notation without further explanations. In case of doubt one may consult
[Tri97], [Tri01]. Let Q be the cube in R

n, centred at the origin, with side-length 1
and sides parallel to the axes of coordinates. Let χ be the characteristic function of
Q. Then f ∈ L2(R

n) can be represented by

f (x) =
∑
m∈Zn

∑
k∈Zn

cmk e
2πikxχ(x −m), x ∈ R

n, (4)

where we can use the coefficients

cmk =
∫

Rn

e−2πikyχ(y −m)f (y) dy, m ∈ Z
n, k ∈ Z

n. (5)
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Then

‖f |L2(R
n)‖ =

(∑
m,k

|cmk|2
) 1

2
. (6)

In Gabor analysis one studies the question under which circumstances one can replace
χ(x) by an L∞ function g(x) (window) with a counterpart of (4) (unconditional
convergence in L2(R

n)), of (5) (a linear procedure with respect to f to calculate
frame-coefficients cmk) and of (6), now as an equivalence, (frame) instead of equality.
More precisely, let

g ∈ L∞(Rn) ∩ L2(R
n), α > 0, β > 0. (7)

If any f ∈ L2(R
n) can be represented by

f (x) =
∑
m∈Zn

∑
k∈Zn

cmk e
2πiβkxg(x − αm), x ∈ R

n, (8)

(unconditional convergence in L2(R
n)) with a linear procedure, (scalar product in

L2(R
n)),

f �→ cmk(f ) = (f, emk) ∈ C, m ∈ Z
n, k ∈ Z

n, (9)

(frame coefficients) and

‖f |L2(R
n)‖ ∼

( ∑
m∈Zn

∑
k∈Zn

|cmk|2
) 1

2
, (10)

(frame), then g, α, β in (7) is called a Gabor frame in L2(R
n) and denoted by

G(g, α, β). Here∼means that there are two positive constants c1 and c2 such that for
all f ∈ L2(R

n),

c1 ‖f |L2(R
n)‖ ≤

(∑
m,k

|cmk(f )|2
) 1

2 ≤ c2 ‖f |L2(R
n)‖. (11)

In addition it is always assumed that the synthesis operator D,

(Dc)(x) =
∑
m∈Zn

∑
k∈Zn

cmk e
2πiβkx g(x − αm), x ∈ R

n, (12)

where c = {cmk : m ∈ Z
n , k ∈ Z

n}, is a bounded map from �2 into L2(R
n).

Altogether this is equivalent to the usual way to say what is meant by Gabor analysis.
We refer to [Gro01], in particular Sections 7.3 and 5.2. The generating functions
emk(x) in (9) have the same structure as the corresponding functions in (8). The above
reformulation is convenient for us and adapted to our later intentions. Otherwise we
refer, in addition to [Gro01], to [FeS98], and in particular to the papers [BHW98]
and [FeZ98] in this book. There one finds a detailed discussion of diverse aspects of
Gabor frames and synthesis operators.
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Hence the first natural question is to ask for conditions on g such that the syn-
thesis operator D in (12) is a bounded map from �2 into L2(R

n). This is the case if
g ∈ W(Rn), the Wiener algebra, that means

‖g |W(Rn)‖ =
∑
m∈Zn

ess sup
x∈Q

|g(x −m)| <∞. (13)

To justify this well-known claim we may assume α = β = 1. Let Ql = l +Q be the
cube centred at l ∈ Z

n with side-length 1 (and sides parallel to the axes). Then

‖Dc |L2(Ql)‖ ≤
∑
m∈Zn

∥∥∥ ∑
k∈Zn

cmk e
2πikx g(x −m) |L2(Ql)

∥∥∥
≤
∑
m∈Zn

‖g |L∞(Ql−m)‖
( ∑
k∈Zn

|cmk|2
) 1

2
(14)

=
∑
m∈Zn

‖g |L∞(Qm)‖
( ∑
k∈Zn

|cl−m,k|2
) 1

2

≤ ‖g |W(Rn)‖ 1
2

(∑
m,k

‖g|L∞(Qm)‖ |cl−m,k|2
) 1

2
.

Now it follows that

‖Dc |L2(R
n)‖2 =

∑
l

‖Dc |L2(Ql)‖2 ≤ ‖g|W(Rn)‖2 ‖c|�2‖2. (15)

Hence, (12) makes sense and D is a bounded map from �2 into L2(R
n) if g ∈ W(Rn).

As for conditions under which G(g, α, β) is a Gabor frame we have so far the above
example g = χ . We formulate the more substantial criterion by D. F. Walnut, [Wal92],
which may be found in [Gro01], Theorem 6.5.1, p. 121:

Let g ∈ W(Rn) and let for some α > 0 and a > 0,∑
m∈Zn

|g(x − αm)|2 ≥ a, x ∈ R
n, a.e. (16)

Then there is an β0 = β0(α) > 0, such that G(g, α, β) is a Gabor frame for all
0 < β ≤ β0.

This applies especially to related compactly supported functions g. An other distin-
guished example is the (adapted) Gauss function

gG(x) = e−|x|2π , x ∈ R
n, (17)

from which the whole theory started from. In other words, one asks for representations
of all f ∈ L2(R

n) by

f (x) =
∑
m∈Zn

∑
k∈Zn

cmk e
2πiβkx e−|x−αm|2π , x ∈ R

n, (18)
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with (9), (10). By the above criterion, G(gG, α, β) is a Gabor frame if αβ > 0 is
small. If n = 1 then one has the following definitive improvement:

G(gG, α, β) is a Gabor frame if, and only if, αβ < 1.

We refer to [Gro01], Theorem 7.5.3, p. 140, and the literature mentioned there. The
case n = 1 and α = β = 1, hence,

f (x) =
∑
m∈Z

∑
k∈Z

cmk e
2πikx e−π(x−m)2 , x ∈ R, (19)

is the original representation suggested by J. v. Neumann, [Neu32], and D. Gabor,
[Gab46]. It came out later that any f ∈ L2(R) can be represented in this way, as
Gabor conjectured, but is not stable since it is not a frame, in particular (11) does not
hold. A discussion of these points may be found in [FeZ98] and in [Gro01], 7.5. In
particular it was shown in [Jan81] that for some f ∈ S(R) the series in (19) converges
only in S′(R).

Gabor analysis preferably takes place in L2(R
n). An attempt to extend this theory

to Lp(R
n) or, more generally, to Bs

pq(R
n) and F s

pq(R
n), collides with the dyadic

structure of these spaces according to the Littlewood–Paley theory. To make clear
what is meant we look at the Fourier transform of (8) and obtain that

f̂ (ξ) =
∑
m∈Zn

∑
k∈Zn

c′mk e−iαmξ ĝ (ξ − 2πβk). (20)

Hence also on the Fourier side one has translations and modulations as structural
elements. On the other hand the structure of the spaces Bs

pq(R
n) and F s

pq(R
n) is

dominated on the Fourier side by dyadic dilations ξ �→ 2j ξ , where j ∈ N0. This ob-
servation, combined with (20), suggests the escape route: One replaces on the Fourier
side dyadic annuli, which are characteristic for the spaces Bs

pq(R
n) and F s

pq(R
n), by

congruent cubes. Then one gets the so-called modulation spaces of type Ms
pq(R

n),
where s might be a function or a real number and 0 < p ≤ ∞, 0 < q ≤ ∞. We
do not go into detail. The theory of these spaces goes back to H. G. Feichtinger in
the early eighties in the larger context of abelian groups. We refer to [Fei83], [Fei89],
[FeG88]. The present state of the art may be found in [Gro01], Sections 11–14, con-
centrating on the Gabor analysis in these spaces and including striking applications to
pseudo-differential operators. There one finds also the relevant references.

2.2. Wavelet analysis

Wavelet analysis is a very fashionable subject nowadays. After a slow start this theory
gained speed in the last two decades. There are numerous books and many papers
dealing with all aspects, theory and a wide range of applications. From our point
of view (the theory of function spaces) we refer in particular to [Dau90], [Mey92],
[Dau92], [HeW96], [Woj97], [Mal99]. We give a rough description of some aspects
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of relevance for our later intentions adapted to our purposes. Let g(x) be a continuous
function in R

n. Then the (discrete) wavelet system is given by

2j t g(2j x −m) with j ∈ Z and m ∈ Z
n, (21)

where t ∈ R is a normalising factor, for example t = n
2 in case of L2(R

n). We say
that g generates a wavelet frame in L2(R

n) if any f ∈ L2(R
n) can be represented as

f (x) =
∑
j∈Z

∑
m∈Zn

cjm 2j
n
2 g(2j x −m), x ∈ R

n, (22)

(unconditional convergence in L2(R
n)) with the counterpart of (9), (10), this means,

a linear procedure, (scalar product in L2(R
n)),

f �→ cjm(f ) = (f, ejm) ∈ C, m ∈ Z
n, j ∈ Z, (23)

(frame coefficients) and

‖f |L2(R
n)‖ ∼

(∑
j∈Z

∑
m∈Zn

|cjm|2
) 1

2
, (24)

(frame). Again we modified what is usually called a wavelet frame, but the outcome is
the same. In particular, the generating functions ejm(x) in (23) have the same wavelet
structure as in (21).

Comparing the Gabor representation (8) with the wavelet representation (22) one
has in both cases translations. But frequency or oscillation is expressed rather differ-
ently. As a result that wavelet transforms are better adapted to the type of function
spaces we have in mind. But first of all one has to ask whether there are frame-
generating functions g with the desired properties. This has been studied in detail in
the books mentioned above. There are necessary conditions and (different) sufficient
conditions. A typical ingredient of these conditions is given by

|̂g(ξ)| ≤ c |ξ |r
1+ |ξ |s , ξ ∈ R

n, for some r > 0 and s > r + n. (25)

This formulation may be found in [Gro01], Theorem 10.5, p. 212, where also precise
assertions and references are given. One has in particular∫

Rn

g(x) dx = 0. (26)

Let n = 1. The question of whether{
2
j
2 g
(
2j x −m

) : j ∈ Z , m ∈ Z
}

(27)

is an orthonormal basis in L2(R) goes far beyond the problem of frame-generating
procedures. It is one of the central topics of the books and papers mentioned at the
beginning of this subsection. It results in the so-called multi-resolution analysis and the
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restrictions for g are even more severe. There is an extension from the one-dimensional
case L2(R) to the n-dimensional case L2(R

n).

In contrast to Gabor representations, wavelet representations can be extended from
L2(R

n) to other function spaces of interest in our later context such as Lp(R
n),

1 < p < ∞, Hardy spaces, Hölder–Zygmund spaces, Besov spaces, BMO, (frac-
tional) Sobolev spaces. This applies both the bases and to frames. We refer to [Mey92]
and [Woj97]. Some assertions may also be found in [Dau92], Section 9. A correspond-
ing theory for the spaces Bs

pq(R
n) and F s

pq(R
n) has been developed in [FJW91],

Section 7, and in [RuS96], 2.3.3, pp. 62–66, and recently in [KyP99]. One may also
consult [Gro91], where related problems are treated from the unifying point of view of
coorbit spaces actually showing that in any such context there is always an appropriate
family of spaces surrounding the Hilbert space just as the above-mentioned spaces are
surrounding L2 in the wavelet context.

2.3. Quarkonial analysis

Temporarily we suppose that the reader knows what is meant byBs
pq(R

n) andF s
pq(R

n).
One may also consult 3.2 below. First we collect a few notation which will be useful
now and in the later considerations. We follow [Tri01], Section 2. We use standard
symbols. In case of doubt one should consult [Tri01], Section 2. Let Qjm (in case
when extra clarity is desirable written as Qj,m) be a cube in R

n with sides parallel to
the axes of coordinates, centred at 2−jm, with side length 2−j , where m ∈ Z

n and
j ∈ N0. If Q is a cube in R

n and r > 0 then rQ is the cube in R
n concentric with Q

and with side length r times the side length ofQ. We denote by χ(p)
jm the p-normalised

characteristic function of the cube Qjm, which means

χ
(p)
jm (x) = 2

jn
p if x ∈ Qjm and χ

(p)
jm (x) = 0 if x �∈ Qjm, (28)

where j ∈ N0 , m ∈ Z
n, and 0 < p ≤ ∞. Let 0 < p ≤ ∞ , 0 < q ≤ ∞ and

λ = {λjm ∈ C : j ∈ N0, m ∈ Z
n
}
. (29)

We introduce the sequence spaces

bpq =
{
λ : ‖λ |bpq‖ =

( ∞∑
j=0

( ∑
m∈Zn

|λjm|p
) q

p
) 1

q
<∞

}
(30)

and

fpq =
{
λ : ‖λ |fpq‖ =

∥∥∥( ∞∑
j=0

∑
m∈Zn

∣∣∣λjm χ
(p)
jm (·)

∣∣∣q) 1
q |Lp(R

n)

∥∥∥ <∞} (31)

with the usual modifications if p = ∞ and/or q = ∞. As for more details and a few
properties we refer to [Tri01], 2.2, 2.3. To understand what follows one may always
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think about p = q; then bpp = fpp = �p, appropriately interpreted. Let ψ be a
non-negative C∞ function in R

n with

suppψ ⊂ {y ∈ R
n : |y| < 2r

}
(32)

for some r > 0 and ∑
m∈Zn

ψ(x −m) = 1 if x ∈ R
n (33)

(resolution of unity). Let

s ∈ R, 0 < p ≤ ∞, β ∈ N
n
0, j ∈ N0, m ∈ Z

n, (34)

and ψβ(x) = xβ ψ(x) with xβ = x
β1
1 . . . x

βn
n . Then

(βqu)jm(x) = 2−j (s−
n
p
)
ψβ(2j x −m), x ∈ R

n, (35)

is called an (s, p)-β-quark related to Qjm. We refer to [Tri01], 2.4, 2.5. Let 0 < p ≤
∞, 0 < q ≤ ∞, and a+ = max(a, 0) if a ∈ R. Then we put

σp = n

(
1

p
− 1

)
+

and σpq = n

(
1

min(p, q)
− 1

)
+
. (36)

Let & > 0 and

λ = {λβ : β ∈ N
n
0

}
with λβ = {λβjm ∈ C : j ∈ N0, m ∈ Z

n
}
. (37)

We put

‖λ |bpq‖& = sup
β∈N

n
0

2&|β| ‖λβ |bpq‖ (38)

and

‖λ |fpq‖& = sup
β∈N

n
0

2&|β| ‖λβ |fpq‖ . (39)

One of the main aims of [Tri01], Section 2, is the proof of the following quarkonial
representations of some spaces Bs

pq(R
n) and F s

pq(R
n):

2.3 (i). Let & > r , where r is given by (32) and let

0 < p ≤ ∞, 0 < q ≤ ∞, s > σp. (40)

Then Bs
pq(R

n) is the collection of all g ∈ S′(Rn) which can be represented as

f =
∑
β∈N

n
0

∞∑
j=0

∑
m∈Zn

λ
β
jm (βqu)jm(x), x ∈ R

n, (41)

where (βqu)jm are (s, p)-β-quarks according to (35) and

‖λ |bpq‖& <∞. (42)
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Furthermore,

‖f |Bs
pq(R

n)‖ ∼ inf ‖λ |bpq‖& (43)

(equivalent quasi-norms), where the infimum is taken over all admitted representations
(41), (42).

2.3 (ii). Let & > r , where r is given by (32) and let

0 < p <∞, 0 < q ≤ ∞, s > σpq. (44)

Then F s
pq(R

n) is the collection of all f ∈ S′(Rn) which can be represented as in (41)
where (βqu)jm are (s, p)-β-quarks according to (35) and

‖λ |fpq‖& <∞. (45)

Furthermore,

‖f |F s
pq(R

n)‖ ∼ inf ‖λ |fpq‖& (46)

(equivalent quasi-norms), where the infimum is taken over all admitted representations
(41), (45).

2.3.1. Comments. We discuss the convergence of the right-hand side of (41) inS′(Rn)

under the restriction (42) or (45). If β ∈ N
n
0 is fixed and if p <∞ and q <∞ then the

inner sums over j ∈ N0 and m ∈ Z
n converge in Bs

pq(R
n) or F s

pq(R
n), respectively,

to some function f β . If p = ∞ or q = ∞ then one has at least convergence in S′(Rn)

(even in Bs−ε
pq (Rn) for any ε > 0). This follows from the usual atomic decomposition

as it may be found in [Tri97], Theorem 13.8, p. 75. Afterwards one gets immediately
that

f =
∑
β∈N

n
0

f β, convergence being in S′(Rn),

[if p < ∞, q < ∞, then one has covergence even in Bs
pq(R

n) or F s
pq(R

n), respec-
tively]. But one can say more. Under the above circumstances the right-hand side of
(41) converges absolutely and, hence, unconditionally, in some spaces Lp(R

n) with
1 ≤ p ≤ ∞, and hence unconditionally in S′(Rn). (If p ≥ 1, then one may choose
p = p; if p < 1 then one can take p = 1). In particular, we may shorten (41) by

f =
∑
β,j,m

λ
β
jm (βqu)jm(x), x ∈ R

n, (47)

without any ambiguity. We discussed this point in detail in [Tri01], 1.4, 2.6, 2.7, 2.11.
In general, however there is no claim that (41) and (47) converge unconditionally with
respect to all three indices β, j , m, in, say, Bs

pq(R
n) with p <∞, q <∞.

2.3.2. In analogy to what has been said in connection with Gabor analysis and wavelet
analysis there are again frame coefficients, this means linear procedures

f �→ λ
β
jm(f ) ∈ C, β ∈ N

n
0, j ∈ N0, m ∈ Z

n, (48)
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and related frames. More precisely:

Under the above respective hypotheses in 2.3 (i) and 2.3 (ii), there are universal frame
coefficients

λ
β
jm(f ) = 2j (s−

n
p
) 2−&|β|

(
f,�

β,&

jm

)
, f ∈ S′(Rn), (49)

with respect to the dual pairing in S(Rn) and S′(Rn) where

�
β,&

jm ∈ S(Rn), β ∈ N
n
0, j ∈ N0, m ∈ Z

n, (50)

such that (frame)

‖f |Bs
pq(R

n)‖ ∼ ‖λ(f ) |bpq‖&, ‖f |F s
pq(R

n)‖ ∼ ‖λ(f ) |fpq‖&, (51)

respectively.

Again we refer to [Tri01], in particular 2.12.

2.3.3. To avoid a misunderstanding we add a comment about the miraculous role of
&. If & > r is fixed then we have (43), (46), or the frame versions in (51). But the
equivalence constants depend on &. In [Tri01], 2.11, we did some calculations with
the outcome that these coefficients depend exponentially on &, this means as 2c& for
some c > 0.

2.3.4. The theory can be extended to Bs
pq(R

n) with s ≤ σp and F s
pq(R

n) with
s ≤ σpq . The outcome looks a little bit more complicated (one needs quarks satisfying
some moment conditions). This is more or less a technical matter. We refer to
[Tri01], Section 3. In this paper we always restrict ourselves to s > σp and s > σpq ,
respectively.

2.4. Discussion; Gausslet analysis

2.4.1. Discussion. First we say a few words about the origin of and the motiva-
tions resulting in the quarkonial analysis outlined in 2.3. Atomic decompositions for
Bs
pq(R

n) and F s
pq(R

n) with the full range of the admitted parameters s, p, q go back
to [FrJ85], [FrJ90], [FJW91]. We refer also to [Tri97], Section 13, where one finds
new proofs. In contrast to the diverse frames considered so far, [Gabor in (8) and
(18); wavelet in (22); quarkonial in (41)], atoms are not constructive building blocks;
they are defined in qualitative terms. But this is not very suitable if one wishes to use
decomposition techniques in connection with entropy numbers of compact embed-
dings between function spaces. Let � be a bounded domain in R

n (no smoothness
assumptions are needed) and let Bs

p(�) be the restriction of Bs
pp(R

n) to �, where
s ∈ R and 0 < p ≤ ∞. Then the embedding

id : Bs1
p (�) �→ Bs2

p (�) with 0 < p ≤ ∞, ∞ > s1 > s2 > −∞, (52)
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is compact and one has for its entropy numbers ek ,

ek ∼ k−
s1−s2

n , k ∈ N. (53)

This is the proto-type of more general assertions dealing with all compact embeddings
between Bs

pq(�) and F s
pq(�) spaces. We proved this assertion in [ET96], 3.3, avoid-

ing explicit decompositions, by direct reductions to the original Fourier-analytical
definitions of the spaces involved. If one replaces � by, say, compact fractal sets � in
R
n, or by some manifolds, then the situation is different. The techniques developed

in [ET96] (and the forerunners mentioned there) do not work any longer to get asser-
tions of type (53). One needs rigid decompositions of function spaces (frames in the
above understanding) which allow to reduce problems of type (53) to sequence spaces,
preferably of type bpq in (30) and their weighted generalisations. This cannot be done
by atoms. On the other hand, frames provide constructive building blocks. However
by our remarks at the end of 2.1 it is clear that Gabor frames do not fit in our scheme.
Wavelet frames as outlined in 2.2, are better adapted. However dealing with function
spaces near and on fractals �, or on manifolds, or asking for intrinsic characterisation
of spaces of type Bs

pq(�) or F s
pq(�) in smooth and non-smooth bounded domains

� in R
n, one needs permanently local diffeomorphic distortions, cutting functions in

pieces, gluing together, and all that based on adapted irregular dyadic lattices. It is
quite clear that wavelets, generating frames or bases, subject to more or less severe
conditions, for example of type (25) or (26), cannot survive this torture. One needs
simple robust localised but flexible building blocks such as adapted resolutions of
unity. This became clear in the middle of the nineties and resulted in the theory of
subatomic decompositions as presented in [Tri97], Section 14. Originally invented as
a tool it developed its own live in the years after. This theory maybe found in [Tri01],
including new applications, for example to semi-linear equations.

2.4.2. Gausslet analysis. We just explained the (or our) necessity to develop quarko-
nial decompositions when dealing not only with R

n but also with fractals, manifolds,
(irregular) domains etc. But in this paper we are back to R

n. Accepting that quarko-
nial analysis might well be the beginning of a self-contained theory parallel to Gabor
analysis and wavelet analysis as outlined in 2.1 and 2.2 one can ask the same questions
as there, taking in account what had been said in 2.3. Let again g(x) be a bounded
continuous function in R

n. Gabor analysis and wavelet analysis are characterised by
the search for conditions for g such that (8) and (22) are frames as explained there.
Relying on the constructions in 2.3 we assume in addition∑

m∈Zn

g(x −m) = 1 if x ∈ R
n (54)

(resolution of unity). Again let gβ(x) = xβ g(x) and let s, p, β, j , m be as in (34).
Recall xβ = x

β1
1 . . . x

βn
n . Then we put

(βg)jm(x) = 2−j (s−
n
p
)
gβ(2j x −m), x ∈ R

n. (55)
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In analogy to (41) one may ask for (frame) representations

f =
∑
β∈N

n
0

∞∑
j=0

∑
m∈Zn

λ
β
jm (βg)jm(x), x ∈ R

n, (56)

of functions belonging to Bs
pq(R

n) or F s
pq(R

n). If g = ψ with (32), (33), then one
gets the quarkonial analysis as outlined in 2.3, based on the sequence spaces bpq , fpq ,
and (42), (45). Instead of tame functions of type eikx in the Gabor analysis (8) one has
now to cope with the much more aggressive monomials xβ . This must be reflected
by appropriately chosen sequence spaces. We do not deal in general here with such
questions. In analogy to the original set-up in Gabor analysis we concentrate on the
modified Gauss function

G(x) = e−
|x|2

2 H−1(x), x ∈ R
n, (57)

with

H(x) =
∑
m∈Zn

e−
|x−m|2

2 , x ∈ R
n. (58)

Then we have the counterpart of (54). The corresponding functions according to (55)
are called Gausslets (in modification of [Tri98]). Section 3 deals with representations
of type (56) and corresponding sequence spaces. The subsequent discussion gives a
few hints on possible further generalisations.

This might be called Gausslet analysis in the same way as Gabor analysis stands
not only for (18) but also for (8). The constructions given in [KyP99] of more general
representations in Bs

pq(R
n) and F s

pq(R
n), based on special functions, include also the

Gauss function e−
|x|2

2 as a building block.

3. Gaussian representations

3.1. Some preparations

We collect a few estimates which will be useful in the later considerations.

3.1.1. The function 
. We need an improvement of (2.62) in [Tri01]. Let' ∈ D(Rn).
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Then

xβ Dα'∨(x) = xβi|α|(2π)−
n
2

∫
Rn

eixξ ξα'(ξ) dξ

= i|α|−|β|(2π)−
n
2

∫
Rn

D
β
ξ

(
eixξ
)
ξα'(ξ) dξ

= i|α|+|β|(2π)−
n
2

∫
Rn

eixξ D
β
ξ

[
ξα'(ξ)

]
dξ. (59)

We need an estimate for some β, say, with |β| ≤ K , and all α ∈ N
n
0. Then, for some

c ≥ 0, ∣∣Dβ
ξ

[
ξα'(ξ)

] ∣∣ ≤ cK
∑

γ+η=β

∣∣Dγ ξα
∣∣ ∣∣Dη'(ξ)

∣∣
≤ c′K (1+ |α|)K 2c|α| if ξ ∈ supp '. (60)

Inserting (60) in (59) and again using that ' has a compact support it follows that

|xβ Dα'∨(x)| ≤ cK 2C|α|, x ∈ R
n, (61)

for some C > 0. Hence, for given b > 0, we have∣∣Dα'∨(x)
∣∣ ≤ cb 2C|α|

(
1+ |x|2)−b, x ∈ R

n, α ∈ N
n
0, (62)

where cb is independent of x and α. This is the improvement of (2.62) in [Tri01] we
are looking for.

3.1.2. The function H . Let

H(x) =
∑
m∈Zn

e−
|x−m|2

2 = (2π)
n
2
∑
m∈Zn

e−2π2|m|2 e2πimx. (63)

The first equality can be taken as a definition. The second one follows from Poisson’s
summation formula. We will not need this assertion explicitly (so far). But it sheds
light on what is going on. We give a short proof. Let Q be a cube centred at the origin
with side-length 1 and sides parallel to the axes of coordinates. Obviously, H(x) is
periodic. We expand H(x) in Q in its Fourier series. The Fourier coefficient cm with
respect to e2πimx is given by

cm =
∫
Q

e−2πimx
∑
k∈Zn

e−
|x−k|2

2 dx (64)

=
∫

Rn

e−2πimx e−
|x|2

2 dx = (2π)
n
2 e−2π2|m|2 ,

where we used that e−
|x|2

2 coincides with its Fourier transform. This proves (63).
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3.1.3. Modified Gauss functions. Let

Gβ(x) = xβ√
β! e

− |x|22 H−1(x), β ∈ N
n
0, x ∈ R

n, (65)

where H(x) is given by (63). To get a feeling we derive some elementary estimates.

The maximum of the one-dimensional function Gβ(t) = tβ e− t2
2 can be calculated by

0 = G′β(t0) = t
β−1
0 (β − t20 ) e

− t20
2 , hence t0 =

√
β, (66)

and

max
t∈R

Gβ(t) = β
β
2 e−

β
2 , β ∈ N . (67)

Recall Stirling’s formula

�(t) = e−t t t−
1
2
√

2π e
�(t)
t with 0 < �(t) <

1

12
, (68)

where t > 0. This may be found in [ET96], p. 98, with a reference to [WhW52],
12.33. In particular,

k! = �(k + 1) ∼ e−k kk+
1
2 , k ∈ N . (69)

Hence, by (67), (65),

max
x∈Rn

Gβ(x) ∼
n∏

j=1

(1+ βj )
− 1

4 , β ∈ N
n
0, (70)

where the equivalence constants are independent of β. This is sharper than needed.
On the other hand, this estimate must be extended to DγGβ(x) for some derivatives
γ ∈ N

n
0 with, say, |γ | ≤ K . By the above considerations and (65) it follows that for

given ε > 0 there is a constant c (depending on ε and K) such that∣∣DγGβ(x)
∣∣ ≤ c 2ε|β| , x ∈ R

n, |γ | ≤ K, β ∈ N
n
0 . (71)

3.2. Function spaces

The theory of the spacesBs
pq(R

n) andF s
pq(R

n) has been developed in detail in [Tri83],
[Tri92], [Tri97]. To fix our notation we repeat the Fourier-analytical definition of these
spaces. Recall that we normalise the Fourier transform in R

n by

ϕ̂(ξ) = (Fϕ)(ξ) = (2π)−
n
2

∫
Rn

e−ixξ ϕ(x) dx, ξ ∈ R
n. (72)

Then the inverse Fourier transform ϕ∨(ξ) or (F−1ϕ)(ξ) is given by (72) with i in
place of −i. As usual, F and F−1 are defined first on S(Rn) and then extended to
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S′(Rn). Let ϕ ∈ S(Rn) with

ϕ(x) = 1 if |x| ≤ 1 and ϕ(x) = 0 if |x| ≥ 3

2
. (73)

We put ϕ0 = ϕ , ϕ1(x) = ϕ(x2 )− ϕ(x), and

ϕk(x) = ϕ1
(
2−k+1x

)
, x ∈ R

n, k ∈ N. (74)

Then, since

1 =
∞∑
k=0

ϕk(x) for all x ∈ R
n, (75)

the ϕk form a dyadic resolution of unity in R
n. Recall that (ϕkf̂ )∨ is an entire analytic

function on R
n for any f ∈ S′(Rn). In particular, (ϕkf̂ )∨(x) makes sense pointwise.

Let

s ∈ R, 0 < p ≤ ∞, 0 < q ≤ ∞, (76)

(with p <∞ in case of F -spaces). Then Bs
pq(R

n) is the collection of all f ∈ S′(Rn)

with

‖f |Bs
pq(R

n)‖ =
( ∞∑
j=0

2jsq
∥∥∥(ϕj f̂ )∨ |Lp(R

n)

∥∥∥q) 1
q
<∞ (77)

and F s
pq(R

n) is the collection of all f ∈ S′(Rn) with

‖f |F s
pq(R

n)‖ =
∥∥∥( ∞∑

j=0

2jsq
∣∣ (ϕj f̂ )(·)∣∣q) 1

q |Lp(R
n)

∥∥∥ <∞ (78)

(usual modification if q = ∞). We introduced σp and σpq in (36). Recall

Bs
pq(R

n) ⊂ Lloc
1 (Rn) and F s

pq(R
n) ⊂ Lloc

1 (Rn) if s > σp. (79)

Furthermore no moment conditions for atoms, quarks, and Gausslets are needed

if s > σp in case of Bs
pq(R

n) and if s > σpq in case of F s
pq(R

n). (80)

We deal here only with these cases. The extension of what follows to s ∈ R is a
technical matter (lifting) which may be found in [Tri97] and [Tri01] and which will
not be repeated here.

3.3. Gausslets

We combine the structure of the (s, p)-β-quarks in (35) with the estimates concerning
the modified Gauss function given in 3.1.3. Let, as in (34),

s ∈ R, 0 < p ≤ ∞, β ∈ N
n
0, j ∈ N0, m ∈ Z

n, (81)
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and let Gβ(x) be the modified Gauss functions introduced in (65). Then

G
β
jm(x) = 2−j (s−

n
p
)
Gβ(2j x −m) (82)

= 2−j (s−
n
p
) (2j x −m)β√

β! e−
|2j x−m|2

2 H−1(2j x), x ∈ R
n,

are called Gausslets, or, more precisely (s, p)-β-Gausslets related to the cubes Qjm,
introduced in 2.3. We used that H(x) in (63), and hence also H−1(x), is periodic with
respect to Z

n. We are looking for the counterpart of the quarkonial representations in
Bs
pq(R

n) and F s
pq(R

n) as described in 2.3(i) and 2.3(ii), respectively. As discussed in
2.3.1 the writing in (41) can be shortened by (47) since the series involved converge
absolutely and, hence, unconditionally in some spaces Lp(R

n) with 1 ≤ p <∞. In
particular it converges unconditionally in S′(Rn). This will also be the case here and
it follows as a by-product of the estimates of the proof of the theorem below. This
justifies to use the counterpart of the short version (47). Otherwise the sequence spaces
bpq and fpq have the same meaning as in 2.3, including the abbreviations (38), (39).

3.4. Theorem

(i) Let & > 0 and let

0 < p ≤ ∞, 0 < q ≤ ∞, s > σp. (83)

Then Bs
pq(R

n) is the collection of all f ∈ S′(Rn) which can be represented as

f =
∑
β,j,m

λ
β
jm G

β
jm(x), x ∈ R

n, (84)

unconditional convergence in S′(Rn) , where Gβ
jm(x) are (s, p)-β-Gausslets accord-

ing to (82), and

‖λ |bpq‖& <∞ . (85)

Furthermore,

‖f |Bs
pq(R

n)‖ ∼ inf ‖λ |bpq‖& (86)

(equivalent quasi-norms), where the infimum is taken over all admitted representations
(84), (85).

(ii) Let & > 0 and let

0 < p <∞, 0 < q ≤ ∞, s > σpq . (87)

ThenF s
pq(R

n) is the collection of all f ∈ S′(Rn)which can be represented as (84), un-

conditional convergence in S′(Rn), where Gβ
jm(x) are (s, p)-β-Gausslets according
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to (82), and

‖λ |fpq‖& <∞. (88)

Furthermore,

‖f |F s
pq(R

n)‖ ∼ inf ‖λ |fpq‖& (89)

(equivalent quasi-norms), where the infimum is taken over all admitted representations
(84), (88).

Proof. Step 1. First we prove that the right-hand side of (84) with (85) converges
unconditionally in S′(Rn) to some f ∈ Bs

pq(R
n). Furthermore there is a number

c > 0 such that for all admitted representations

‖f |Bs
pq(R

n)‖ ≤ c ‖λ |bpq‖&. (90)

According to [FJW91], Section 5, the GaussletsGβ
jm(x), given by (82), are molecules,

and (84) can be interpreted as molecular representations. But we do not rely on this
observation and give a detailed proof reducing (84) to atomic representations. We fix
& > 0 and choose 0 < ε < &. In modification of 3.1.3 we need some estimates of
G
β
jm(x) given by (82). Let

l = 1, . . . , n; j ∈ N0 and β = (β1, . . . , βn) ∈ N
n
0 .

Then, using the Taylor series for ey ,

2εβl

( [
2−ε

(
2j xl −ml

)]2βl
βl !

) 1
2

e−
(2j xl−ml)2

2 (91)

≤ 2εβl e2−2ε−1(2j xl−ml)
2
e−

(2j xl−ml)2
2 ≤ 2εβl e−a(2j xl−ml)

2

for some a = aε = 1
2 (1 − 2−2ε) > 0. Now we fix k ∈ Z

n, and also j ∈ N0 and
β ∈ N

n
0. To convert (84) in an atomic decomposition we use the resolution of unity

given by (32), (33). Then it follows by (84), (82), and (91) that

ψ(2j x − k)

∣∣∣ ∑
m∈Zn

λ
β
j,m+k G

β
j,m+k(x)

∣∣∣ (92)

≤ c 2−j (s−
n
p
)
ψ(2j x − k)

∑
m∈Zn

∣∣λβj,m+k∣∣ (2j x −m− k)β√
β! e−

|2j x−m−k|2
2

≤ c 2ε|β| 2−j (s−
n
p
)
ψ(2j x − k)

∑
m∈Zn

∣∣λβj,m+k∣∣ e−a|2j x−m−k|2
≤ c′ 2ε|β| 2−j (s−

n
p
)
ψ(2j x − k)

∑
m∈Zn

∣∣λβj,m+k∣∣ e−a|m|2 .
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Again for fixed β ∈ N
n
0 we put

λ
β
j =

{
λ
β
jm : m ∈ Z

n
}
, (93)

�
β
jk =

∑
m∈Zn

∣∣λβj,m+k∣∣ e−a|m|2 2ε|β|, (94)

and

G
β
jk

(
λ
β
j , x
) = (�β

jk

)−1 ∑
m∈Zn

λ
β
j,m+k G

β
j,m+k(x) (95)

= 2−j (s−
n
p
)
H−1(2j x) (�β

jk)
−1

∑
m∈Zn

λ
β
j,m+k

(2j x −m− k)β√
β! e−

|2j x−m−k|2
2 .

Then we have

f =
∑
β,j,m

λ
β
jm G

β
jm(x) (96)

=
∑
β∈N

n
0

∞∑
j=0

[ ∑
k∈Zn

ψ(2j x − k)
∑
m∈Zn

λ
β
j,m+k G

β
j,m+k(x)

]

=
∑
β∈N

n
0

∞∑
j=0

∑
k∈Zn

�
β
jk a

β
jk(x) =

∑
β∈N

n
0

f β

with

a
β
jk(x) = ψ(2j x − k) G

β
jk

(
λ
β
j , x
)
, x ∈ R

n. (97)

We claim that aβjk are essentially (s, p)-atoms with respect to the cubes Qjk . Of
course, they are correctly located. By (92)–(95) we have∣∣∣aβjk(x)∣∣∣ ≤ c 2−j

(
s− n

p

)
, x ∈ R

n, (98)

where c is independent of β, j , k. We need a corresponding estimate for the derivatives
of aβjk(x) up to order K = 1+ [s]. By (95) it follows that∣∣∣Dγ a

β
jk(x)

∣∣∣ ≤ c (1+ |β|)K 2j |γ | 2−j
(
s− n

p

)
≤ cδ 2δ|β| 2j |γ |−j

(
s− n

p

)
(99)

for some δ > 0 and some cδ > 0. We may assume that δ > 0 is included in the above
ε > 0. Then we have by the usual atomic decomposition for Bs

pq(R
n) as it may be

found, for example, in [Tri97], Section 13, f β ∈ Bs
pq(R

n), and

‖f β |Bs
pq(R

n)‖ ≤ c ‖�β |bpq‖, (100)
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where we used (30) with �β in place of λ, in analogy to (37). By (94) and standard
arguments it follows that

‖f β |Bs
pq(R

n)‖ ≤ c 2ε|β| ‖λβ |bpq‖ ≤ c ‖λ |bpq‖& 2(ε−&)|β|. (101)

Since ε < & we get f ∈ Bs
pq(R

n) and

‖f |Bs
pq(R

n)‖ ≤ c ‖λ |bpq‖&. (102)

In case of the spaces F s
pq(R

n) we must replace the sequence spaces bpq in (38) by the
more complicated sequence spacesfpq in (39). This causes some technical difficulties.
We dealt with this complication in detail in [Tri01], in Step 2 of the proof of Theorem
2.9, in particular in connection with the formula (2.71). Then we get the counterpart
of (102),

‖f |F s
pq(R

n)‖ ≤ c ‖λ |fpq‖&. (103)

In all cases under consideration we have absolute and (hence) unconditional con-
vergence of the series involved in Lp(R

n) with p = max(1, p), and in particular
unconditional convergene in S′(Rn). We refer for details to [Tri01], 2.7. This justifies
the writing in (84).

Step 2. We prove the converse assertion: Let f ∈ Bs
pq(R

n)with (83) or f ∈ F s
pq(R

n)

with (87). Then we wish to prove that f can be represented by (84) with

‖λ |bpq‖& ≤ c ‖f |Bs
pq(R

n)‖, f ∈ Bs
pq(R

n), (104)

where c is independent of f . Similarly for F s
pq(R

n) with the converse of (103). The
corresponding quarkonial decomposition maybe found in 2.3 above. A detailed proof
of this quarkonial decomposition has been given in [Tri01], Theorem 2.9. We modify
Step 2 of this proof. As said above we are interested to give a proof which does not only
cover the above specific situation but which indicates also possible generalisations.
Let f ∈ Bs

pq(R
n) or f ∈ F s

pq(R
n) with (83) or (87), respectively. We have (77) or

(78), where the ϕk are defined by (73)–(75). Hence,

f̂ (ξ) =
∞∑
k=0

ϕk(ξ) f̂ (ξ), ξ ∈ R
n, (105)

(convergence in S′(Rn)). Let Qk be a cube in R
n centred at the origin and with

side-length, say, 2π2k . In particular, suppϕk ⊂ Qk . We interpret ϕkf̂ as a periodic
distribution and expand it in Qk by(

ϕkf̂
)
(ξ) =

∑
m∈Zn

bkm exp(−i2−kmξ), ξ ∈ Qk, (106)
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with

bkm = c 2−kn
∫
Qk

exp
(
i2−kmξ

) (
ϕkf̂

)
(ξ) dξ

= c′ 2−kn
(
ϕkf̂

)∨(2−km). (107)

Let

� = {�km : k ∈ N0, m ∈ Z
n
}

(108)

with

�km = 2k
(
s− n

p

) (
ϕkf̂

)∨(2−km). (109)

We may assume that

‖f |Bs
pq(R

n)‖ ∼ ‖� |bpq‖ and ‖f |F s
pq(R

n)‖ ∼ ‖� |fpq‖, (110)

respectively (equivalent quasi-norms). Details and references may be found in [Tri01],
2.10. Let ' ∈ S(Rn),

'k(ξ) = '
(
2−kξ

)
, 'k(ξ) = 1 if ξ ∈ suppϕk, supp 'k ⊂ Qk, (111)

where k ∈ N0. We multiply (106) with 'k and extend it by zero from Qk to R
n. Then

we have (
ϕkf̂

)∨
(x) =

∑
m∈Zn

bkm '∨k
(
x − 2−km

)
= 2kn

∑
m∈Zn

bkm'
∨(2kx −m

)
(112)

= c
∑
m∈Zn

�km 2−k
(
s− n

p

)
'∨
(
2kx −m

)
, x ∈ R

n,

where we used (107), (109). We expand the entire analytic function '∨(2kx −m) in
(112) at the point 2−k−Kl, where l ∈ Z

n and K ∈ N is fixed. Let

G(x) = e−
|x|2

2 H−1(x) = G0(x) (113)

according to (65). We have by (65),

G
(
2k+Kx − l

)
'∨
(
2kx −m

)
(114)

=
∑
β∈N

n
0

2k|β|

β!
(
Dβ'∨

)(
2−Kl −m

)(
x − 2−k−Kl

)β
G
(
2k+Kx − l

)
=
∑
β∈N

n
0

(
Dβ'∨

)(
2−Kl −m

)
√
β! Gβ

(
2k+Kx − l

)
2−K|β|.
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By (63), (113) ,

1 =
∑
l0

∑
l∈Zn

G
(
2k+Kx − 2Kl − l0

) =∑
l∈Zn

G
(
2k+Kx − 2Kl

)+ · · · (115)

is a resolution of unity, where the finite sum with respect to l0 is taken over all lattice
points l0 = (l0,1, . . . , l0,n) ∈ Z

n with 0 ≤ l0,j < 2K where j = 1, . . . , n. As
indicated in (115) we concentrate on the term with l0 = 0, where+ · · · stands for the
remaining terms which can be treated in the same way. Then we obtain by (112),

(ϕkf̂ )∨(x) = c 2−k
(
s− n

p

) ∑
m∈Zn

�km

∑
l∈Zn

G
(
2k+Kx−2Kl

)
'∨
(
2kx−m)+· · · (116)

and hence by (114),(
ϕkf̂

)∨
(x)

= c 2−k
(
s− n

p

) ∑
β∈N

n
0

∑
l∈Zn

Gβ
(
2k+Kx − 2Kl

) ∑
m∈Zn

Dβ'∨(l −m)√
β! �km 2−K|β|

+ · · · (117)

= c′
∑
β∈N

n
0

∑
l∈Zn

λ
β

k+K,2Kl
G
β

k+K,2Kl
(x) 2K

(
s− n

p

)
+ · · · ,

where Gβ

k+K,2Kl
(x) are the (s, p)-β-Gausslets according to (82) and

λ
β

k+K,2Kl
= 2−K|β|

∑
m∈Zn

Dβ'∨(l −m)√
β! �km. (118)

Using (62) we get∣∣λβ
k+K,2Kl

∣∣ ≤ cb 2(C−K)|β| 1√
β!

∑
m∈Zn

|�km|
1+ |l −m|b . (119)

Recall that K and b can be chosen arbitrarily large. Similar estimates hold for
λ
β

k+K,2Kl+l0 as described above. Using the notation introduced in (37), (30), it follows
by (110) that

‖λβ |bpq‖ ≤ c 2−&|β| 1√
β! ‖� |bpq‖ ≤ c

2−&|β|√
β! ‖f |B

s
pq(R

n)‖. (120)

This proves, in particular, (104) for any given & > 0. In case of the spaces F s
pq(R

n)

there are again some technical complications. We again refer to Step 2 of the proof of
Theorem 2.9 in [Tri01], especially to formula (2.71). Then we get a similar assertion
for the spaces F s

pq(R
n). The proof is complete.
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3.5. Discussion

3.5.1. Frames. The procedure how to get the coefficients λβjm in Step 2 of the above
proof is constructive and linear with respect to f . As in (49), (50), one gets universal
frame coefficients

λ
β
jm(f ) = 2j (s−

n
p
) 2−&|β|√

β!
(
f , �̃

β,&

jm

)
, f ∈ S′(Rn), (121)

with respect to the dual pairing in S(Rn) and S′(Rn), where

�̃
β,&

jm ∈ S(Rn), β ∈ N
n
0 , j ∈ N0, m ∈ Z

n, (122)

such that (frame)

‖f |Bs
pq(R

n)‖ ∼ ‖λ(f ) |bpq‖&, ‖f |F s
pq(R

n)‖ ∼ ‖λ(f ) |fpq‖&, (123)

respectively. As for the convergence in (84) we have the same situation as discussed
in 2.3.1. Here we used the word frame in a wider sense. Commonly, this notation is
restricted to the case of Hilbert spaces. Its extension to Banach spaces, then called
Banach frames, goes back to [Gro91].

3.5.2. Improvement. We proved more than stated. Let & > 0. By Step 2 of the
proof of the theorem it is clear that one can replace (85), (88), by

sup
β∈N

n
0

2&|β|
√
β! ‖λβ |bpq‖ , sup

β∈N
n
0

2&|β|
√
β! ‖λβ |fpq‖ , (124)

respectively. Hence, the decay of ‖λβ |bpq‖ and of ‖λβ |fpq‖ with respect to |β| can
be assumed to be even more rapid than in (85), (88), at the expense of the equivalence
constants. A reformulation of the theorem with the sequence spaces from (124) in
place of ‖λ |bpq‖& and ‖λ |fpq‖& in (86) and (89), respectively, is not only possible,
but might be even more natural.

3.5.3. Quarkonial analysis. We described in 2.3 what is meant by quarkonial
analysis in R

n. We formulated the outcome in 2.3(i) and 2.3(ii) with a reference to
[Tri01], Theorem 2.9. Checking now the proof of the above theorem it comes out that

‖λ |bpq‖& in (42) and ‖λ |fpq‖& in (45)

can be even strengthened by

sup
β∈N

n
0

2&|β| β! ‖λβ |bpq‖ and sup
β∈N

n
0

2&|β| β! ‖λβ |fpq‖ , (125)

respectively. Here & can be any positive number. The main point is to replace formula
(2.62) in [Tri01] by (62) above. Again a reformulation of 2.3(i) and 2.3(ii) or of
Theorem 2.9 in [Tri01] with the sequence spaces from (125) in place of ‖λ |bpq‖& and
‖λ |fpq‖&, respectively, might be even more natural.
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3.6. Towards a Gausslet analysis

We return to 2.4.2. The question arises of whether quarks in 2.3(i), 2.3(ii) and Gausslets
in the above Theorem 3.4 can be replaced by more general functions (windows) g
parallel to the Gabor analysis and wavelet analysis as outlined in 2.1 and 2.2. What
we have in mind is described in 2.4.2, especially in (54)–(56). For this purpose one
can examine the proof of the above theorem. In Step 1 one needs normalising factors

in order to get atoms. This is, with respect to β, the factor (β!)− 1
2 in (95). Secondly

one must be sure that one can prove (101) as a consequence of (100) and (94). Here
one does not need a decay of type e−a|m|2 in (94). Something like (1 + |m|2)−b
with a sufficiently large b > 0 is sufficient. Glancing at Step 2 of the proof of the
above theorem it comes out that one always has the factors 2−&|β| with arbitrarily large
& > 0 at hand. The crucial point here is (114). One has to use the factor (β!)−1 to
compensate the needed normalising factors for the building blocks involved; in our

case (β!)− 1
2 , in connection with Gβ(2k+Kx − l). Replacing the above Gausslets by

more general building blocks g with (54)–(56), then in the respective counterpart of
(114) at most (β!)−1 is available to normalise the resulting atoms, not to speak about

2−&|β|. Looking at the considerations in 3.1.3 then the decay e−
|x|2

2 can be replaced by
a decay of type e−|x| if |x| > 1, but not less. Hence an exponential decay of g(x) fits in
the arguments of the both steps of the proof of the theorem. One can follow the proof
starting with a more general function g(x) in place ofG(x) in (113) and one can check
which conditions for g(x) are needed. Then one gets a Gausslet analysis according to
(55), (56). We do not go into detail. In connection with quarkonial decompositions we
explained in 2.4.1 our own way. It was not so much R

n, but smooth and non-smooth
domains, manifolds, and fractals which triggered off the search for β-quarks. In the
present paper we are exclusively in R

n. Gabor analysis and wavelet analysis have not
only their intrinsic, self-contained theories, but also many applications. On the other
hand, for Gaussian representations according to the above Theorem 3.4 and for the
just outlined more general Gausslet analysis it is not so clear, so far, whether there are
good applications.
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